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Chapter 0O

Review of Contents from Basic
Mathematics

0.1 Sets

Definition 0.1. A set is a collection of objects called elements or members of the set.

To denote a set, we make a complete list {z1,xs, -+, 2y} or use the notation

{:U : P(x)} or {l"P(I)},

where the sentence P(x) describes the property that defines the set. A set A is said to be a
subset of S if every member of A is also a member of S. We write x € A (or A contains )
if x is a member of A, and write A < S (or S includes A) if A is a subset of S. The empty

set, denoted (¥, is the set with no member.

Definition 0.2. Let S be a given set, and A € S, B < S. The set Au B, called the union
of A and B, consists of members belonging to set A or set B, and the set A n B, called the
intersection of A and B, consists of members belonging to both set A and set B.
Let .Z be a collection of subsets in S. The set | J A, called the union of sets in .7, is
defined by e
U A={zeS|FAec F)(zec A},

AeF
and (| A= {ze S|(VAe F)(xz e A)} is the intersection of sets in .#. When .F =
AeF
{Aa | o€ I}, the union and the intersection of sets in .% can also be written as | J A, and
ael

xi
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() Aa, respectively. When # = {Al, Ay, VA N}, the union and the intersection of sets in

ael

N N
F can also be written as | J A; and () A;, respectively.
i=1 =1

Example 0.3. Let .% be the collection of open intervals with length 2 and mid-point in
[0,1]. Then .# = {(a — 1,a+ 1) |a € [0,1]}. Moreover,

JAa= J@-La+1)=(-1,2) and []A= () (a=1a+1)=(01).
AeF ael0,1] AeF aef0,1]
Definition 0.4. Let S be a given set, and A € S, B < S. The complement of A relative
to B, denoted B\A, is the set consisting of members of B that are not members of A. When
the universal set S under consideration is fixed, the complement of A relative to S or simply
the complement of A, is denoted by A°, or S\A.

Theorem 0.5. (De Morgan’s Law)

LB\UA = N(B\A) or B\ A= (1 (B\A).

ael ael AeF

2. B\ 4a = U(B\A,) or B\ A= | (B\A).

ael ael AeF AeF

Proof. By definition,

xeB\UAa@xeBand:cgéUAa@xeBand:c¢AaforallaeI

ael ael
< reB\A, forallael < x e ﬂ(B\Aa)
ael
The proof of the second identity is similar, and is left as an exercise. =

Definition 0.6. An ordered pair (a,b) is an object formed from two objects a and b,
where a is called the first coordinate and b the second coordinate. Two ordered pairs
are equal whenever their corresponding coordinates are the same. An ordered n-tuples
(a1,aq,--- ,a,) is an object formed from n objects ai,as,- - ,a,, where for each j, a; is
called the j-th coordinate. Two n-tuples (a1, ag, - - ,a,), (c1,¢2,- -+, ¢,) are equal if a; = ¢;

forall je{1,---,n}.

Definition 0.7. Given sets A and B, the Cartesian product A x B of A and B is the
set of all ordered pairs (a,b) with a € Aand be B, Ax B ={(a,b) |a€ A and b€ B}. The

Cartesian of three or more sets are defined similarly.
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0.2 Functions

Definition 0.8. Let S and T be given sets. A function f : S — T consists of two sets
S and T together with a “rule” that assigns to each x € S a special element of T denoted
by f(x). One writes x — f(z) to denote that z is mapped to the element f(x). S is called
the domain (% & 3) of f, and T is called the target or co-domain (¥ /&3) of f. The
range (%) of f or the émage of f, is the subset of T defined by f(5) = {f(x) ‘ z e S}.

f
7N

Definition 0.9. A function f : S — T is called one-to-one (- ¥+ - ), injective or an
injection if x1 # vy = f(x1) # f(x2) (which is equivalent to that f(x1) = f(z2) =
r1 = x2). A function f: S — T is called onto (P =), surjective or an surjection if

VyeT, 3o €S, 3 f(x) = y (that is, f(S) = T). A function f : S — T is called an
bijection if it is one-to-one and onto.

Definition 0.10. For f: S — T, A< S, we call f(A) = {f(x) ’x € A} the image of A
under f. For B< T, we call f~}(B) = {a: €S \ f(x) e B} the pre-image of B under f.

T
B = eags) o

Proposition 0.11. Let f: S — T be a function, Cy ,Co €T and Dy, Dy < S.

(a) f7HCLUCy) = fH(Ch) L fH((C).
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(b) f(D1v Dy) = f(D1) v f(Ds).

(€) [THCL N Ca) = f7HC) N f7HCo).

(d) f(D1n D)< f(D1) N f(D2).

(e) FUf(D1)) 2 Dy (“=7if  is one-to-one).
() fF(f7HC)) € Cr (“="1if C1 < f(9)).

Proof. We only prove (c) and (d), and the proof of the other statements are left as an
exercise.

(c) We first show that f~1(C1nCq) < f71(C1) N f~1(Cy). Suppose that x € f~1(C; N Cy).
Then f(x) € C; nCy. Therefore, f(z) € Cy and f(x) € Cy, or equivalently, z € f~1(C})
and z € f~1(Cy); thus z € f~H(Cy) n f7HCy).

Next, we show that f~1(Cy) n f71(Cy) < f~1(C1 n Cy). Suppose that z € f~1(C1) n
f7HCy). Then z € f~YCy) and z € f~'(Cy) which implies that f(z) € C; and
f(x) € Cy; thus f(x) € C; n Cy or equivalently, x € f~1(Cy n Cy).

(d) Suppose that y € f(D; n Ds). Then there exists © € D; n Dy such that y = f(z). As
a consequence, y € f(Dy) and y € f(Dy) which implies that y € f(D1) n f(D2). o

0.3 Countability of Sets

Definition 0.12. A set S is called denumerable or countably infinite (& % ¥ #ch) if
S can be put into one-to-one correspondence with N; that is, S is denumerable if and only
if there exists f : N — S which is one-to-one and onto. A set is called countable (¥ #c:)

if it is either finite or denumerable, and is called uncountable if it is not countable.

Remark 0.13. If f: N;I>S, then f=1: SLN. Therefore,

1
onto onto

S is denumerable < 3 f : N-LS < 3 g=f1: 5L

onto onto

N.

f can be thought as a rule of counting/labeling elements in S since S = {f(l), f(2),--- }

Example 0.14. N is countable since f : N-—5N with f(z) =z, YneN.

onto
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1 ifz=0
Example 0.15. Z is countable. f:7Z — N with f(x) = 2z ifz>0.
—2rx+1 ifx<0

k -3 -2 -1 0 1 2 3
fky 7 5 3 1 2 4 6
—>
e
_—>

Figure 1: An illustration of how elements in Z are labeled

Example 0.16. The set N x N = {(a,b)‘a,b € N} is countable. In fact, two ways of

mapping are shown in the figures below.

Y Y
5 5 o o o o o
I ®
;l ;l 10111213
- O, O, O]
5 5 9 8 7114
. . 21 3] 6115
: ©
1 4 516 17
1 2 3 4 5 z 1 2 3 4 5 T

Figure 2: The illustration of two ways of labeling elements in N x N

Proposition 0.17. Let S be a non-empty set. The following three statements are equivalent:

(a) S is countable;
(b) there exists a surjection f: N — S;
(c) there exists an injection f : S — N.

Proof. “(a) = (b)” First suppose that S = {z1,--- ,x,} is finite. Define f : N — S by
| ay itk <n,
f(k)_{xn if k>n.

Then f : N — S is a surjection. Now suppose that S is denumerable. Then by

definition of countability, there exists f : Nl—_tl>5.
onto
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“(a) < (b)” W.L.O.G. (without loss of generality, # % - # %) we assume that S is an

infinite set. Let k; = 1. Since #(5) = o, S; = S\{f(k1)} # &; thus N; = f~1(S;)
is a non-empty subset of N. By the well-ordered property of N (that is, non-empty
subset of N has least element), N; has a smallest element denoted by ks. Since
#(S) = w0, Sy = S\{f(k1), f(ko)} # &; thus Ny = f~1(S;) is a non-empty subset
of N and possesses a smallest element denoted by k3. We continue this process and

obtain a set {ki, ks, -} S N, where k; < ky < ---, and k; is the smallest element of
Njfl = f_l(S\{f(k1>7 f(k2)7 T 7f(k“]'*1)})'

Claim: f: {ky,ko,---} — S is one-to-one and onto.

Proof of claim: The injectivity of f is due to that f(k;) ¢ {f(k1), f(k2),- -, f(kj—1)}
for all j > 2. For surjectivity, assume that there is s € S such that s ¢ f({kq, ko, --}).
Since f : N — Sis onto, f~({s}) is a non-empty subset of N; thus possesses a smallest
element k. Since s ¢ f({k, ka, - }), there exists £ € N such that ky < k < ksy1. As a
consequence, there exists k € N, such that & < ky; which contradicts to the fact that

keyq1 is the smallest element of N,.

Define g : N — {ky, ko, --} by g(j) = kj. Then g : N — {ky, ks, -- -} is one-to-one and
onto; thus h = go f: N-+LgS.

onto

“(a) = (¢)” If S = {zy,--- ,x,} is finite, we simply let f : S — N be f(z,) =n. Then f is

clearly an injection. If S is denumerable, by definition there exists ¢ : NI—T>S which

shows that f = ¢! : S — N is an injection.

“(a) <= (c)” Let f: S — N be an injection. If f is also surjective, then f : S—=LN which

onto

implies that S is denumerable. Now suppose that f(S) < N. Since S is non-empty,
there exists s € S. Let g : N — S be defined by

[ ) ifne f(9),
g(”)_{ s iftng f(S).

Then clearly g : N — S is surjective; thus the equivalence between (a) and (b) implies
that S is countable. =

Example 0.18. The set N x N is countable since the map f : N x N — N defined by

f((m,n)) =2m3" is an injection.

Theorem 0.19. Any non-empty subset of a countable set is countable.
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Proof. Let S be a countable set, and A be a non-empty subset of S. Since S is countable,
by by Proposition 0.17 there exists a surjection f: N — S. On the other hand, since A is a

non-empty subset of S, there exists a € A. Define
(z) = r ifxeA,
=1 a ifa ¢ A.
Then h = go f: N — A is a surjection, and Proposition 0.17 implies that A is countable. o

Theorem 0.20. The union of countable countable sets is countable. (¥ #cip ¥ #c f 85 &

¥ #in)

oo
Proof. Let A; be countable, and define A = (J A;. Write A; = {1, %2, T3, - }. Then
i=1

A={zyli =12, j<#(4)+1}, where #(A;) = o if A; is countably infinite. Let
S={(,j)]i=1,2,--,j < #(4) + 1}, and define f : S — A by f((i,j)) = z;;. Then
f: S8 — Ais a surjection. On the other hand, since S is a subset of N x N, Theorem 0.19
implies that S is countable; thus Proposition 0.17 guarantees the existence of a surjection
g:N— S Then h= fog:N — Ais a surjection which, by Proposition 0.17 again, implies
that A is countable. o

Example 0.21. Z x 7Z is countable.

Proof. For i € Z, let A; = {(i,j) ‘j € Z}. By Example 0.15, A; is countable for all i € Z.
Since Z x Z = |J,o;; Ai which is countable union of countable sets, Theorem 0.20 implies

that Z x 7Z is countable. =
Theorem 0.22. Q is countable.
Proof. Define

(p,q), ifx>0, x:%, ged(p,q) =1, p> 0.
flz) = (0,0), ifx=0.
(p,—q), if z <0, x:—%, ged(p,q) =1, p> 0.

Then f : Q — Z x Z is one-to-one; thus f : Q%f((@). Since Z x 7 is countable, its

non-empty subset f(Q) is also countable. As a consequence, there exists g : f (Q)—%;1 N;

thush:g0f:@i>N. o

onto
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Theorem 0.23. The open interval (0,1) is uncountable.

Proof. Assume the contrary that there exists f : N — (0,1) which is one-to-one and onto.
Write f(k) in decimal expansion (- & =& B ); that is,

f(l) - 0.d11d21d31 vt
f(?) - O.dlgdggdgg tee

f(k?) — O.dlkdgkdgk et

Here we note that repeated 9’s are chosen by preference over terminating decimals; that is,
1 1
for example, we write 1= 0.249999 - - - instead of 1= 0.250000 - - -
Let = € (0,1) be such that z = 0.dyds - - -, where

5 if dpr # 5,
dp = .

(24— B o 8| HeBT 5 b ket f(k) 5] BB T 5 kB3 %) Thenx # f(k)
for all k € N, a contradiction; thus (0, 1) is uncountable. o

Corollary 0.24. The collection of real numbers is uncountable.

0.4 Exercises
§ 0.1 Sets
Problem 0.1. Let A, B, C be given sets. Show that
. AuB)nC=(AnC)u(Bn(O).
2. (AnB)uC=(AuC)n(BuC).
§ 0.2 Functions
Problem 0.2. Let S and T be given sets, Ac S, B< T, and f:S — T. Show that

1. f(f~(B)) < B, and f(f~(B)) = B if B < f(S).
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2. f7Hf(A) 2 A, and f7I(f(A)) = Aif f: S — T is one-to-one.
Problem 0.3. Let A and B be two non-empty sets and f : A — B. Show that

L f~YD1uDy) = f~HD1)uf N (Dy), f~H(DinDy) = f~H(D1)nf~ (D), f~H(Di\Ds) =
FTHD)\fH(Dy) for all Dy, Dy < B.

2. f(Cl V) Cg) = f(Cl) U f(CQ), f(Cl N Cg) - f(Cl) N f(CQ) for all 01702 c A.

Problem 0.4. Let A and B be two non-empty sets and f : A — B. Show that the following
three statements are equivalent; that is, show that each one of the following statements

implies the other four.
1. f is one-to-one.
2. For every y in B, the set f~'({y}) contains at most one point.
3. f7Uf(C)) =C forall C < A.
4. f(Cy n Cy) = f(C1) n f(Cy) for all subsets Cy and Cy of A.
5. f(C\Ch) = f(Cy) — f(Cy) for all Cy € Cy € A.

§ 0.3 Countability of Sets

Problem 0.5 (True or False). Determine whether the following statements are true or

false. If it is true, prove it. Otherwise, give a counter-example.
1. Given two sets A and B. Then A x B is countable if and only if A and B are countable.
2. The set {(z,y) € R? |z + y € Q} is countable.

3. Let A < R satisfy

sup { Z b ‘ B is a non-empty finite subsets of A} < 0.
beB

Then {z € A |z # 0} is countable.



Chapter 1

The Real Number System and
Completeness

1.1 Ordered Fields

Definition 1.1. A set F is said to be a field (%#8) if there are two operations + and - such

that

. For every z € F, x # 0, there exists y € F (usually y is denoted by x~

r+yeF, x-yeFifz,yeF. (FFH)

.z+y=y+xforall z,y e F. (commutativity, 4ri* ér< & 4)

(x+y)+z=x+ (y+ 2) for all x,y,z € F. (associativity, 4viz en’ & |4)

. There exists 0 € F, called the additive identity (#ciz ¥ i+~ %), such that z +0 ==z

for all x € F. (the existence of zero)

For every z € F, there exists y € F (usually y is denoted by —z and is called the
additive inverse (#tiz F = %) of z) such that x +y = 0. One writes z —y = x + (—y).

r-y=y-xforall z,yeF. (FiZzh2 )

(x-y)-z=a-(y-z) foral x,y,zeF. (2 &)

. There exists 1 € F, called the multiplicative identity (3 ;* ¥ = =~ %), such that

x-1=ua for all x € F. (the existence of unity)

! and is

1
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called the multiplicative inverse (3 /% ¥ = %) of z) such that z -y = 1. One writes
roy=x-x =1

10. z-(y+2)=a-y+az-zforall z,y,z € F. (distributive law, 4 fie &)

11. 0 # 1.

Remark 1.2. Let z and y be both multiplicative inverse (3 ¥ =% ) of a number a in
(F,+,-). Then

roa=1 = (r-a)-y=1ly=y = =zx-l=z (a-y) =y;
thus x = y. In other words, the multiplicative inverse of a number is unique. Similarly, the
additive inverse of a number is also unique.
Remark 1.3. A set [F satisfying properties 1 to 10 with 0 = 1 consists of only one member:
By distributive law, -0 = z-(0+0) = z-0+42z-0; thus —(x-0)4(2-0) = —(2-0)+(z-0)+(x-0)
which implies that - 0 = 0. Therefore, if 0 =1, then z =2 -1 =2-0 =0 for all x € FF.
Hence, the set F consists only one element 0.
Remark 1.4. If z € F, then ((1+ (—1)) - 2 = 0 which implies that z + (=1) -z = 0.
Therefore, (1) -z =—-2z+z+(-1) -2 =—-2+0=—z.
Example 1.5. Let F = {a, b, ¢} with the operations + and - defined by

—l—‘abc ~‘a,bc
ala b c ala a a
b|b ¢ a a b c
clc a b a ¢ b

Then F is a field because of the following: Properties 1, 2, 3, 6, 7 are obvious.

Property 4: 3 “0” s x + “0” = x for all x € F. In fact, “0” = a.

Property 5: Ve eF, dyeF sx+y =0, here b = —c, c = —b.

Property 8: 3 “1”7 3 x-“1” = z for all z € F. In fact, “1” = b (so Property 11 holds since
a#b).

Property 9: Vx #0, € F, 3z€F sx -2z =1, here z = x.

The validity of Property 10 is left as an exercise.

Example 1.6. Let (F,+,-) be a field. Consider the set F = F x F = {(a,b) |a,b € F}.
Define

(a,b) ® (¢,d) = (a+c¢,b+d) and (a,b)®(c,d)=(a-c—b-d,a-d+b-c).

Then (F,®,0) is also a field. The ordered pair (a,b) in F is sometimes denoted by a + bi.
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Example 1.7. Let (F,+,-) be a field. Then (z —y)(z +y) = 2> —y? for all z,y € F. In
fact,

(@—yle+y)=(@-—y) z+(x—y)y (
=z-(z—y)+y (z—y) (by 3% 2 # &)
=z-x+z (Y +y oty (-y) (by #pi)

(by Remark 1.4 and 3/ 2 # &)

(by Property 5)

(

=2’ —z-y+ta-y-—y
=72 — 2 by Property 4).

Definition 1.8. An ordered field (7 7 %) is a field (F,+,-) equipped with a relation <
on F satisfying that

1. z <z for all x € F (reflexivity).

2. If z,y € F satisfies that x < y and y < x, then = = y (anti-symmetry).
3. If z,y € F satisfies that x < y and y < 2, then = < z (transitivity).

4. For each x,y € F, either x < y or y < x.

5. If # <y, then 2 + 2z < y + z for all z € F (compatibility of < and +).
6. If 0 < z and 0 < y, then 0 < x - y (compatibility of < and ).

Remark 1.9. A relation < on a field F satisfying only 1-3 in the definition above is called a
partial order. If in addition < also satisfies 4, it is called a total order or linear order. Note

that > is a relation on Q satisfying 1-5 but not 6.
Remark 1.10. In an ordered field, the multiplicative inverse of x # 0 is sometimes denoted
1
by —.
T
Definition 1.11. In an ordered field (F, +, -, <), the binary relations <, > and < are defined
by:

l.x<yifz<yand z #y.
2. x zyify <.

3. x>yify <.
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From now on, the total order < of an ordered field will be denoted by <, and

the symbols <, > and > will be denoted by <, > and >, respectively.

Adopting the definition above, it is not immediately clear that * < y < x > y. However,

this is indeed the case, and to be more precise we have the following

Proposition 1.12. (Law of Trichotomy, = - &) If x and y are elements of an ordered

field (F,+,-, <), then exactly one of the relations x <y, x =y or y < x holds.

Proof. Since F is a totally ordered field, z and y are comparable. Therefore, either x < y

or y < x. Assume that x < y.
1. If x =y, then x <y and x > y.

2. If x # y, then x < y. If it also holds that x > y, then x > y; thus by the property
of anit-symmetry of an order, we must have x = y, a contradiction. Therefore, it can

only be that z < .
The proof for the case y < x is similar, and is left as an exercise. =
Proposition 1.13. Let (F,+,-, <) be an ordered field, and a,b,x,y,z € F.

1. Ifa+x =a, then x = 0.
Ifa-z=aanda #0, then x = 1.

2. Ifa+x =0, then x = —a.
Ifa-z=1anda# 0, then v = a™>.

3. Ifr-y=0, thenx =0 ory=0.
4. Ifr <y <zorzx<y<z then x < z (the transitivity of <).

5. If a < b, then a4+ x < b+ x (the compatibility of < and +).
If0 <a and 0 < b, then 0 < a-b (the compatibility of < and -).

6. Ifa+x=0b+z, then a="b.
Ifa+z<(<)b+x, thena < (<)b.
Ifa-z=0-x and x # 0, then a = b.
Ifa-x<(<)b-x and x > 0, then a < (<)b.
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10.

11.

12.

13.

14.

15.

16

Ifz #0, thenz™' #0 and (z7')"! = z.
Ifr #0andy #0, thenx -y #0 and (v -y) ' =z~ -y L.

If x
If x

(<)y and (<) z, then x -

(>)

(<)0, then z -y
(>)0, then z -y

NN

0
0

VoA
\

z z
(<)y and z, then x - z

If x
If x

(<)0 and y
(<)0 and y

NN
A\YAR/AN

0<1and—-1<0.

r-rx=x>>=0.

If x>0, then ™! > 0. If x <0, then 27! < 0.

Proof. 1. (—a)+a+z=(—-a)+a=0=2=0.

3.

(@Y -a-r=@(@@) a=1=z=1.

(—a)+a+z=(-a)+0=—-a=2=—a.
T

=@ 1=a'l=z=0al

Assume that  # 0, then 27! -2-y=271-0=0=y = 0.
Assume that y # 0, thenz-y-y 1 =0y ! =0= 2 = 0.

4 and 5 are Left as an exercise.

6.

a+0=a+z+(—z)=b+ax+(—z)=b+0=a=0.
a+0=a+z+(—z) <b+z+ (—z) =b+ 0= a < b (compatibility of < and +).

1 L= aq=0

a-x-x - =b-x-x"
Suppose the contrary that b < a. Then 0 =b+ (—b) < a + (—b). Since z > 0, x > 0;
thus

0<(a+(=b)-z=a z+(-b)- .
As a consequence, b-x =0+b-z<a-x+(=b)-x+b-x=a-x. By assumption, we

must have a-x =b-x or (a—b) -2 = 0. Using 3, z = 0 (since a # b), a contradiction.



6 CHAPTER 1. The Real Number System and Completeness
7. See Remark 1.3.
8. (—z) +(=(-2)) =0=(—2)+z =2 =—(-1)
9. See Remark 1.4.

10. Assume 271 =0, 1 =2 -27! = 2-0 = 0, a contradiction. Therefore, =% # 0; thus
(e H)latl=l=z-2!= (a7) =a (by 4).

11. That = - y = 0 cannot be true since it is against Property 3, so x -y # 0. Moreover,

@y e y=1=11l=(@a) (yy)="y") (& y);
thus (z-y)™' =271 -y~ (by 4).

12. If x < (<) y, then 0 = z+ (—x) < (<) y+ (—x). Since 0 < (<) z, by the compatibility
of < (<) and - we must have 0 < (<) (y + (—x)) -z =y - 2+ (—z) - 2. Therefore, by
the compatibility of < (<) and +, z- 2 =0+z- 2 < (Q)y -2+ (—z) - z+z- 2=y 2.
The second statement can be proved in a similar fashion.

13. Left as an exercise.

14. If 1 < 0, then compatibility of < and + implies that 0 < —1. By the compatibility of
< and -, using 8 and 9 we find that 0 < (—1) - (—=1) = —(—1) = 1; thus we conclude
that 1 = 0, a contradiction. As a consequence, 0 < 1; thus the compatibility of < and
+ implies that —1 < 0.

15. Left as an exercise.

16. If z >0but 271 <0,then 1 =2 -27! <2 -0=0, a contradiction. =

Proposition 1.14. Let (F,+,-, <) be an ordered field, and x,y € F.

1.

2.

If0 <z <y, then x* < y>.

If0 < z,y and 2% < 2, then x < v.

Proof. 1. By definition of “<”, 0 < x <y and = # y. Using 12 of Proposition 1.13,

x2<y~x<y-y:y2.

By the transitivity of <, we conclude that x? < 3.
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2. Note that x # vy, for if not, then 22> — y*> = 0 which contradicts to the assumption

22 < y?. Assume that y < x, then 1 implies that y? < 22, a contradiction. o

Remark 1.15. Proposition 1.14 can be summarized as follows: if z,y > 0, then
r<ye <y’

Moreover, Example 1.7, Proposition 1.13 and Proposition 1.14 together imply that if x,y > 0,

then = < y if and only if 2% < v2.

Definition 1.16. The magnitude or the absolute value of x, denoted |z, is defined as

2| = xr ifx>=0,
TI=Y -2 ifz<o.

Proposition 1.17. Let (F,+,-, <) be an ordered field. Then
L. |z| =0 forallx € F.

2. |z| =0 if and only if x = 0.

3. —|z| <z < x| for all z € F.
4. |z -y|=l|z|- |y| for all z,y € F.
5. |z +y| < |x| + |y| for all x,y € F (triangle inequality, = % 7 % ;%).
6. ||z| —|yl| < |z —y| for all z,y € F.
Proof. Left as an exercise. =

Definition 1.18. Let (F,+,-, <) be an ordered field. The natural number system,
denoted by N; is the collection of all the numbers 1, 1+ 1, 1+1+1,1+1+---+ 1 and etc.
inF. Wewrite2=1+4+1,3=2+1,andn = l141+---+1.In other words, N = {1,2,3,---}.

(n times)

The integer number system, denoted by Z, is theset Z = {--- , -3,-2,—1,0,1,2,3,--- }.

The rational number system, denoted by Q, is the collection of all numbers of the form
94— ¢ p~! with p,qe Z and p # 0; that is,
p

QZ{:BGF‘:L’:i,p,qu,p#O}-
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Theorem 1.19. Let (F,+, -, <) be an ordered field. Then Q is an order field.
e Peano’s Axiom for natural numbers:
1. 1 is a natural number.

2. Every natural number has a unique successor which is a natural number (41 is defined

on natural numbers).
3. No two natural numbers have the same successor (n + 1 = m + 1 implies n = m).
4. 11is not a successor for any natural number (1 is the “smallest” natural number).

5. If a property is possessed by 1 and is possessed by the successor of every natural
number that possesses it, then the property is possessed by all natural numbers. (4r
R B BBl ey DEE > S ARB U IR SR REhT - B ARk
ArHEF 0 PRAEETF enp fﬁﬁtﬁﬁ'ﬁgﬁ‘fﬁ TR

e Principle of Mathematical Induction (PMI): If S < N has the property that

(1) 1e S, and (2) n+ 1€ S whenever n € S,
then S = N.
e Principle of Complete Induction (PCI): If S < N has the property that

VneN, neS whenever {1,2,--- n—1} < 9,

then S = N.
e Well-Ordering Principle (WOP): Every nonempty subset of N has a smallest element.
Theorem 1.20. PMI, PCI and WOP are equivalent.

Definition 1.21. An order field (F,+,-, <) is said to satisfy Archimedean Property
(AP) if for all = € F there exists n € Z such that = < n.

Example 1.22. The rational number system Q satisfies Archimedean Property. To see this,
let x € Q be given. If x < 0, we take n = 1. Otherwise if 0 < x = 9 with p, q € N, we take
p

n:q+1anditisobviousthat%<q<q+1:n.
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1.2 Sequences in Ordered Fields

Definition 1.23. A sequence in a set S is a function f : N — S (not necessary one-to-one
or onto). The values of f are called the terms of the sequence, and f(n) is called the n-th

terms of the sequence.

Remark 1.24. A sequence in S is a countable list of elements in S arranged in a particular
order, and is usually denoted by {f(n)}zozl or {z,}>_, with x,, = f(n).

Definition 1.25. Let (F,+,-, <) be an ordered field. An “open” interval in F is a set of
the form (a,b) which consists of all z € F satisfying a < z < b. A “closed” interval in F

is a set of the form [a, b] which consists of all z € F satisfying a < z < b.

Definition 1.26. Let (F, +, -, <) be an ordered field. A sequence {z,} ; < F is said to be

convergent if there exists z € IF such that for every ¢ > 0 (and ¢ € F),
#{neN|z, ¢ (z—e,x+e)} <.
Such an x is called a limit of the sequence. In logic notation,

{z,}, < Fis convergent < (JzeF)(Ve>0)(#{neN|z, ¢ (z—c,z+¢e)} <n0).
If x is a limit of {z,}*_,, we say {z,}r_, converges to « and write x,, — = as n — 0. If no
such z exists we say that {x,}’°; diverges (or the limit of {x,}’_; does not exist).
Remark 1.27. The number N may depend on ¢, and smaller ¢ usually requires larger V.

In the definition above, it could happen that there are two different limits of a convergent

sequence. In fact, this is never the case because of the following

Proposition 1.28. If {z,}>_, is a sequence in an ordered field F, and x, — x and x, — y

as n — o0, then x = y. (The uniqueness of the limit).

Proof. Assume the contrary that x # y. W.L.O.G. we may assume that x < y, and let

€= % > 0. Define

Ai={neN|z, ¢ (x—c,x+¢)} and Ay ={neN|z, ¢ (y—cy+e)}.

Then by the definition of the convergence of sequences, #A; < o and #A, < 0. Let
N; = max Ay, Ny = max Ay and N = max{Ny, No}. Since A, A, are finite, N < c0. On the
other hand, N +1 ¢ A; U Ay which implies that z,,, € (x —e,2+e)n(y—e,y+¢) = I,

a contradiction. o
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Notation: Since the limit of a convergent sequence is unique, if {z,}°_; is a convergent

sequence, we use lim x,, where n is a dummy index and can be change to other letters, to
n—aoo

denote the limit of {x,}7 ;.

Example 1.29. A permutation of a non-empty set A is a one-to-one function from A
onto A. Let 7 : N — N be a permutation of N, and {z,})°; be a convergent sequence in
an ordered field F. Then {xﬂ(n)}le is also convergent since if z is the limit of {z,}*_, and

e >0,
#{neN|tmm ¢ (@—c,ot+e)=#{neN|z, ¢ (z—¢c,z+¢)} < 0.

Proposition 1.30. Let (F,+, -, <) be an ordered field, {x,}>_; < F be a sequence, and x € F.

Then lim x, = x if and only if for every e > 0, there exists N > 0 such that |z, — x| < ¢

n—00

whenever n = N. In logic notation,

lmaz,=2 < NVe>0@E3N>0)(n=N=|z,—z <¢).

n—ao0
Proof. “=7" Let € > 0 be given. Since lim z, = z, #{n € N|xn ¢ (r—e,x+ 6)} < oo. If
n—0oo
#{neN‘xn¢(x—e,a:—l—s)} > 0, deﬁneN:maX{neN‘mngﬂc‘(x—e,x+5)}+1,

otherwise define N = 1. Then if n > N, z,, € (x — &,z + €) or equivalently,

|z, — x| <& whenever n > N.

L

]7—5—>}<—5—>}

7
X1 31‘4.TN0 \ Nxf T5T3 X9

T, forn>N= Ny+1

Figure 1.1: Let Ny be the largest index of those z,’s outside (z — ¢,z 4+ ¢). Then z,, €
(x — e,z +¢) whenever n > N = Ny + 1.

“<” Let ¢ > 0 be given. Then for some N > 0, if n > N, we have |z, — x| < € or

equivalently, if n > N, x,, € (x — ,x + ). This implies that
#{neN|z, ¢ (z—e,xz+e)} <N <om. o

Remark 1.31. By the proposition above, x,, — x as n — oo if and only if the sequence

{|z, — x\}le converges to 0; that is,

lim z, =« if and only if lim |z, —z| = 0.
n—0o0 n—0o0
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Remark 1.32. A sequence {z,}°_; < F diverges if (and only if)

n=1 S
VeeF,de>0s3#{neN|z, ¢ (r—c,x+e)} =0
which is equivalent to that
VeeF,de>03{neN|z, ¢ (zr—c,z+e))={nm <ny<---<nj<---}.
Therefore, {z,}>_, diverges if (and only if)

VreF,3¢ >05YN > 0,3n > N such that |z, — x| > €.

Example 1.33. Now we use the e-N argument as the definition of the convergence of
sequences to re-establish the convergence of the sequence in Example 1.29.
Suppose that {x,}> | is a convergent sequence with limit z, and € > 0 be given. Then

there exists Ny > 0 such that if n > Ny, we have |z, — z| < e. Let
N =max {7 '(1),77'(2), - ,7 (M)} + 1.
Then if n > N, w(n) = N; which implies that
‘a:w(n) — x‘ <¢e whenever n > N.

Therefore, lim 2., = .
n—aoo
From the example above, we notice that proving the convergence using the e-N argument
seems more complicated; however, it is a necessary evil so we encourage the readers to major

it.

Lemma 1.34 (Sandwich). If lim z,, = L, lim y, = L, {z,}_, is a sequence such that
n—o0 n—a0

Tp < Zp < Yp, then lim z, = L.
n—0o0

Proof. Let ¢ > 0 be given. Since lim z,, = L and lim y, = L, by definition
n—0o0 n—0o0

AN, >03L —e¢<x, <L+¢ whenever n> N;

and
dNy>03L —e <y, <L+¢e whenever n> Ns.

Let N = max{Ny, No}. Then forn > N, L —¢ <z, < 2z, <y, < L+¢; thus lim z, = L. o

n—0o0

Proposition 1.35. If x, <y, for allne N and lim x, = x, lim y, =y, then v < y.
n—ao n—ao
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Proof. Assume the contrary that x > y. Let ¢ = % By the fact that z,, — x and

Yn — Y as n — o0, there exists Ny, Ny > 0 such that

r—y

|z, — 2| < 2 "

whenever n > N; and |y, —y| < — whenever n > Nj.
Let N = max{Ny, No}. Then for n > N,

Tr—y r+y r—y
— = =r———<ux
2 2 2 "

a contradiction. o

Yn <y +

Corollary 1.36. 1. Ifa <z, (or x, <b) and lim x,, =z, then a < x (or z < b).
n—o0

2. Ifa <z, (orz, <b) and lim x, = x, then a < x (or x < ).
n—o0

Definition 1.37. Let (F, +,-, <) be an ordered field, and {z,} ; be a sequence in F.

1. {x,}y, is said to be bounded from above (3 * J ) if there exists B € F, called

an upper bound of the sequence, such that x,, < B for all n € N.

2. {z,}, is said to be bounded from below (7 T J ) if there exists A € F, called a

lower bound of the sequence, such that A < x,, for all n € N.
3. {z,}, is said to be bounded (F J ) if it is bounded from above and from below.

Remark 1.38. An equivalent definition of bounded sequences is stated as follows: {z,}>_,
is said to be bounded if there exists M > 0 such that |z,| < M for all n € N.

A

Proposition 1.39. A convergent sequence is bounded (#ic7|jcacsF %) .

Proof. Let {x,}°_; be a convergent sequence with limit z. Then there exists N > 0 such

that
Th€(x—1,x4+1) Vn=>=N.

Let M = max {|z1], |22, -, |z, .|, |2[ + 1}. Then |z,| < M for all n € N. o
Theorem 1.40. Suppose that x, — x and y, — y as n — . Then

1.z, £y, x££y asn — .

2. TpYp — XY asN — 0.

3. If yp,y # 0, thenzgj—nﬁg as n — 0.

n
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Proof. 1. Let € > 0 be given. Since x,, — x and ¥y, — y as n — o0, there exist N, Ny € N
such that |z, — z| < g for all n = Ny and |y, — x| < % whenever n = Nj. Define

N = max{Ny;, No}. Then N e Nand if n > N,
(@ £ yn) — (@ £ Y)| < |vn — 2|+ [y —y| <e;
thus x, £y, > * £y as n — 0.

2. Since z,, — z and y, — y as n — o0, by Proposition 1.39 there exists M > 0 such
that |z,| < M and |y,| < M. Let ¢ > 0 be given. Then

S
AN eN)(n= N, = |z, —z| < 2M)
and

AN eN)(n=No= |y, —y| <
Define N = max{Ny, No}. Then N € N, and if n > N,

27

T Yo =Yl = T Yo — Ty F Ty — oyl < ‘xn<n_ Y|+ ly - (@ — )
3
< M-y, — M -\x, — M- -—+ M- .
Yo —y| + M - |z, — 2] < 2M+ Sl =€

1 1
3. It suffices to show that lim — = — if Yn,y # 0 (because of 2). Since lim y,, = y, there
n—0oo

n—00 Yp
exists Ny € N such that |y, —y| < M whenever n > N;. Therefore, |y| — |yn| < ’Z‘
for all n > N; which further implies that Y| > |g’ for all n > N;.
2
Let € > 0 be given. Since lim Yn =y, there exists Ny € N such that |y, — y| < |y2|

whenever n > N,. Define N max{/Ny, No}. Then N e N and if n > N,

i_}‘: lyn =yl _Jy* 12

ya oyl lwallyl T2 Jyllyl
Theorem 1.41. An ordered field (F,+,-, <) has Archimedean Property if and only if the
0
sequence {E} converges to 0.
n=1

Proof. “=7 Let € > 0 be given. Define x = é Then z > 0 by Proposition 1.13. Moreover,

Archimedean Property of IF implies that there exists N such that z < N. Then N > 0
and if n > N,

1
‘——0‘ <-=c.
T

1
N
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“<" Let x € F be given. If x < 0, we choose n = 1sothat xt < 1. If x > 0, let ¢ = % Then

1
€ > 0 by Proposition 1.13. Since — — 0 as n — o, there exists N > 0 such that
n

1 1 1
—:‘——O‘<5:— whenever n > N.
n n x
. 1 1 Dy .
In particular, i < — which implies that x < N. =
X

Remark 1.42. There are ordered fields that do not have Archimedean Property, and

these fields are called non-Archimedean ordered fields (while an ordered field satisfying
Archimedean Property is called Archimedean ordered fields - AP 3 A 4#). In a non-

o0
Archimedean ordered field, the sequence {f} does not converge to 0.
nJ)n=1

1.3 Monotone Sequence Property

Definition 1.43. Let (F, +,-, <) be an ordered field, and {z,}?_; be a sequence in F.
1. {z,}2, is said to be increasing/non-decreasing if x,, < z,., for all n € N.
2. {x,}2 is said to be decreasing/non-increasing if =, > x, ., for all n € N.
3. {z,}2; is said to be strictly increasing if =, < x,., for all n € N.
4. {z,}°_, is said to be strictly decreasing if x,, > x,, for all n € N.

A sequence is called (strictly) monotone if it is either (strictly) increasing or (strictly)

decreasing.

Definition 1.44. An ordered field F is said to satisfy the monotone sequence property

(MSP) if every bounded monotone sequence converges to a limit in F.

Remark 1.45. An equivalent definition of the monotone sequence property is that every
monotone increasing sequence bounded from above converges; that is, if each sequence

{z,}_, < F satisfying
(i) @, < xpyq for all n e N,
(ii) there exists M € F such that x,, < M for all n e N,

is convergent, then we say [ satisfies the monotone sequence property.
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Example 1.46. Consider the sequence {y,}> ; in Q defined by

1 B 1
y1_§7 yn+1—71

2+
24+ yn

1. {y,}°_, is bounded from below by zero.
2. {y,}°_; is a decreasing sequence in Q (which can be proved by induction).

1
If lim y, =y, then Theorem 1.40 implies that y = — from which we conclude that
n— o0 24+ —
24y
y = —1++/2. Since y ¢ Q, {y,}>, does not converge (to a limit) in Q. In other words, Q

does not satisfy the monotone sequence property.

Proposition 1.47. An ordered field satisfying the monotone sequence property satisfies
Archimedean Property; that is, if F is an ordered field satisfying the monotone sequence

property, then for all x € F, there exists n € N such that x < n.

Proof. Assume the contrary that there exists z € F such that n < z for all n € N. Let

0

x, = n. Then {x,} , is increasing and bounded from above. By the monotone sequence

property of I, there exists Z € IF such that x,, — Z as n — o0; thus there exists N > 0 such
that

~ 1
|z, — 2| < ) whenever n > N.

. ~ 1 ~ 1
In particular, |N — Z| < T IN+1-Z| < e thus

1 1 1
1:|N+1_N|<|N+1_‘%|+|‘%_N|<Z+1:§’

a contradiction. o

Example 1.48. Let (F,+, -, <) be an ordered field satisfying the monotone sequence prop-

. o . N, .
erty, and y € F be a given positive number (that is, y > 0). Define z, = 2—:, where N, is

Ny +1
27’L

N, .
the largest integer such that 22 < y; that is, (2—”)2 < y but ( )2 > y (for example, if
) 11

?7(%.3:273’ ) Then

2
y:2,thenx1:§,x2:

1. x, is bounded from above: since 22 < y < 2y+3°+1 = (y+1)?, by the non-negativity
of x,, and y and Remark 1.15 we must have 0 < x,, <y + 1.
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2. x, is increasing: by the definition of N,

2N,

n 2n+1

NIy =4 N2<222 oy =220ty o ( )2<y=>2Nn<Nn+1.

No _ 2No _ Niga

on = ot S gt = ZTpi1. Oince I satisfies the monotone sequence

Therefore, x, =

property, there exists x € F such that x,, — x as n — . By Theorem 1.40, 22 — z?%

and by Proposition 1.35, 2% < y.

Now we show 22 = y. To this end observe that

12 N, 1 N+ 1.2 ]
(o +50) = G +50) = (55) ,
1 1
thus 72 < y < (;pn + 27)2, By Archimedean propery of F (Proposition 1.47), lim o = 0;
n—aoo
1
thus Theorem 1.40 implies that 22 = lim z2 = lim (xn + 27)2 = y. Note that Proposi-
n—aoo n—0oo

tion 1.14 implies that such an x is unique if x > 0.
In general, one can define the n-th root of non-negative number y in an ordered field
satisfying the monotone sequence property. The construction of the n-th root of y € F is

left as an exercise.

Definition 1.49. For n € N, the n-th root of a non-negative number y in an ordered field
satisfying the monotone sequence property is the unique non-negative number x satisfying

2" = y. One writes y*/™ or {/y to denote n-th root of y.

1.4 Least Upper Bound Property

Definition 1.50. Let (I, +, -, <) be an ordered field, and ¢§ # A € F. A number M € F is
called an upper bound (+ %) for A if x < M for all x € A, and a number m € F is called
a lower bound (7 J) for A if x = m for all x € A. If there is an upper bound for A, then
A is said to be bounded from above, while if there is a lower bound for A, then A is said
to be bounded from below. A number b € F is called a least upper bound (-] *+ %)
of A if

1. b is an upper bound for A, and
2. if M is an upper bound for A, then M > b.

A number a is called a greatest lower bound (# + T J ) of A if
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1. a is a lower bound for A, and

2. if m is a lower bound for A, then m < a.

- [ \
T 7 >
m A M

a lower bound for A an upper bound for A

Py >

If A is not bounded from above, the least upper bound of A is set to be oo, while if A is not
bounded from below, the greatest lower bound of A is set to be —oo. The least upper bound
of A is also called the supremum of A and is usually denoted by lubA or sup A, and “the”
greatest lower bound of A is also called the infimum of A, and is usually denoted by glbA
orinfA. If A= ¢, then sup A = —o0, inf A = 0.

We emphasize that “sup A = o0” is purely a notation denoting that A is not bounded

from above; however, co ¢ F and sup A does not exist.
Remark 1.51. Let (FF,+, -, <) be an ordered field.

1. If by, by € F are least upper bounds for a set A < F, then b; = by (since b; < by and
by < by for by, by are also upper bounds for A). Therefore, sup A is a well-defined

concept. Similarly, inf A is a well-defined concept.

2. Since the sentence “x € J = x < M7 is true for all M € F, we conclude that

sup & = —oo. Similarly, inf @ = co.
Example 1.52. In the ordered field R (pretended that you know what R is),
1. sup(0,3) = 3 and inf(0, 3) = 0.
2. sup N does not exist, but infN = 1.
3. Let A={27"|keN}. Then infA =0 and sup A = %
4. Let B = {r e Q|z? < 2}. Then inf B = —/2 and sup B = /2.

How about considering the supremum and infimum for the sets above in the ordered field

Q7

Proposition 1.53. Let (F,+,-, <) be an ordered field, and A be a non-empty subset of F.
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1. b=sup A eF if and only if
(i) b is an upper bound for A. (ii)) (Ve >0)(Fze A)(z>b—¢).
2. a=inf A € F if and only if
(i) a is a lower bound for A. (ii) (Ve>0)(Jze A)(z <a+e).
Proof. 1t suffices to prove 1.

“=7 (i) is part of the definition of being a least upper bound.

(ii) If M is an upper bound for A, then we must have M > b; thus b — € is not an

upper bound for A. Therefore, there exists z € A such that z > b — ¢.

“<” We show that if M is an upper bound of A, then M > b. Assume the contrary that
there exists an upper bound M for A satisfying M < b. Let e =b— M. Then € > 0

and there is no x € A satisfying x > b — ¢, a contradiction. =
Corollary 1.54. Let (F,+,-,<) be an ordered field, and A be a non-empty subset of F.
1. b=sup A € F if and only if
(i) Ve>0)(Vxe A)(x <b+e). (i) Ve >0)Fxz e A)(z > b—¢).
2. a=1inf A € F if and only if
(i) (Ve>0) (Ve A)(z>a—c¢). (ii) (Ve > 0)(Fz e A)(x <a+e).
Proof. By Proposition 1.53, it suffices to show that

condition 1(i) < b is an upper bound for A.

Since the direction “<="” is trivial, we only need to prove the direction “=". Suppose the
contrary that b is not an upper bound for A. Then there exists x € A such that b < x. Let

e =x — . Then € > 0 and we do not have 1(i) since x € A but x < s +«. D

Proposition 1.55. Let (F,+,-, <) be an order field, and & # A < B € F. Then inf B <

inf A < sup A < sup B whenever those numbers exist in F or are +o0.

Proof. We proceed as follows.
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1. supA < sup B: Let b = sup B, then for all x € B, x < b. Since A < B, then for all
x € A, x < b; hence b is also an upper bound for A. Since sup A is the least upper

bound of A and b is an upper bound for A, then sup A < b = sup B.
2. Tt is similar to prove inf B < inf A.

3. It is trivially true that inf A < sup A. o

Definition 1.56 (Least Upper Bound Property). Let (I, +, -, <) be an ordered field. F is
said to satisfy the least upper bound property (LUBP) if every non-empty subset of F
that has an upper bound in F has a supremum that is an element of F (23 3 + % e g
&% ]+ &) . The greatest lower bound property (GLBP) for ordered fields is
defined similarly.

Proposition 1.57. Every ordered field satisfying the least upper bound property satisfies
Archimedean Property; that is, if F is an ordered field satisfying the least upper bound

property, then for all x € F, there exists n € N such that x < n.

Proof. Let (F,+,-,<) be an ordered field with the least upper bound property, and = € F
be given. If x < 1, then the choice n = 1 validates n > x. Suppose x > 1. Define
A= {n eN ’ n < Jc} Then 1 € A and z is an upper bound for A. By the least upper bound
property of F, s = sup A € F exists. Since s is the least upper bound of A, s — 1 is not
an upper bound for A; thus there exists m € A such that m > s—1or s < m+ 1. Then
m + 1 ¢ A which implies that m + 1 < x. The choice n = m + 1 then satisfies n > x. =

1.5 Bolzano-Weierstrass Property

Definition 1.58. A sequence {y;}72, is called a subsequence (+ #7]) of a sequence
{zn ), if there exists a strictly increasing function ¢ : N — N such that y; = x4(;). In this

case, we often write ¢(j) = n; and y; = xy,.

In other words, a subsequence is a sequence that can be derived from another sequence
by deleting some elements without changing the order of remaining elements. Let f : N — F
be a sequence and z,, = f(n). A subsequence {z, }7, of {z,};_, is the image of an infinite

subset {nj,ng, -} of N under the map f (or simply the sequence fo¢: N —F).

7 zows  phxs x6 fo T
£L‘n3

‘(Enl ‘/Enz xn 5 mn

5

4
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Example 1.59. Consider the sequence {z,}> ; defined recursively by

1 1

r1 = < To = —= T = —.
1 9’ 2 1 ) n+1 2+$n

Then the sequence {y,} ; given in Example 1.46 is a subsequence of {z,}_,. In fact,
Yn =Top—1 VnEeN (with the choice of ¢(n) =2n —1).

The following proposition concerns equivalent conditions for the convergence of se-

quences.

Proposition 1.60. Let (F,+,-, <) be an ordered field, {x,};_, be a sequence in F, and
xelF. Then

1. z, = x as n — o if and only if every proper subsequence of {x,}x_, converges to .

2. x, —» x as n — o if and only if every proper subsequence of {x,}>_, has a further

subsequence that converges to x.

Proof. 1. “=" Let {x,,,}72, be a subsequence of a convergent sequence {x,};_, with limit
z, and € > 0 be given. Then there exists N > 0 such that |z, — x| < & whenever

n = N. Since n; > j for all j € N, we find that |z,, — 2| < ¢ whenever j > N.

“<" Let € > 0 be given. Since every proper subsequence of {x,}* , converges to z,

the subsequence {x,1}’2; converges to z. Therefore, there exists N7 > 0 such that
|Tp1— x| <e whenever n > Nj.

Let N = Ny + 1. Then |z, — x| < £ whenever n > N.

2. The direction “=" follows from 1. For the direction “<”, assume the contrary that

T, > x as n — o0. Then
(Fe > 0)(#{neN||z, —z| >} = 0).

Let {n € N||z, — x| = ¢} = {n; € N|n; < njy; forall j € N}. The subsequence
{n, }30:1 clearly does not have any subsequence {xn‘jk}:):l which converge to z, a

contradiction. o
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Remark 1.61. 1 of Proposition 1.60 indeed can be rephrased as “{z,}r_, converges if and

only if every proper subsequence of {x,}*_; converges”. This fact is left as an exercise.

Recall that sequence {z,}*_; converges to z if and only if
Ve >0, #{neN‘ané (x—s,x+€)} < 0.
The statement above implies that
Ve>0, #{neN|z, € (z—¢c,a+¢e)} =o0; (1.5.1)

however, if x satisfies (1.5.1),  might not be the limit of the sequence. Nevertheless, a
candidate for the limit of a sequence must satisfy (1.5.1), and we call such a point a cluster

point of {z,}*_;. To be more precise, we have the following
Definition 1.62. A point z is called a cluster point of a sequence {z,}_, if (1.5.1) holds.

We note that (1.5.1) is equivalent to that
Ve>0, #{neN||z, —z| <e} = .
Example 1.63. Let x, = (—1)". Then 1 and —1 are the only two cluster points of {z,}>_,.

Example 1.64. Let z,, = (—1)" + L
n

Claim: 1 and —1 are cluster points of {z,,}°_;.

Let € > 0 be given. We observe that
1
{neN‘xne (1—5,1+6)} ) {neN‘niseven,— <5};
n

thus #{n € N’xn € (1—¢e1+¢e)} = co. Similarly, —1 is a cluster point. Moreover, if

a # +1, a is not a cluster point of {z,}>_,.

Example 1.65. Let S = Q n [0,1]. Then S is countable since it is a subset of a countable
set Q. Therefore, there exists f : N1—j>5 or equivalently S = {q1,¢2, " ,qn, - }. The

collection of all cluster points of {¢,}>, is [0, 1] since every open interval (with mid-point

in [0,1]) contains infinitely many rational numbers in S.

Definition 1.66 (Bolzano-Weierstrass Property). Let (F,+, -, <) be an ordered field. F is
said to satisfy the Bolzano- Weierstrass property (BWP) if every bounded sequence
in [F has a convergent subsequence; that is, every bounded sequence in F has a subsequence

that converges to a limit in F.
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Remark 1.67. Q does not satisfy the Bolzano-Weierstrass property. Example 1.46 provides

an counterexample of a bounded divergent sequence in Q.

Proposition 1.68. Let (F,+,-, <) be an ordered field satisfying the Bolzano-Weierstrass
Property, {x,}>_, be a sequence in F, and v € F. Then z, — x as n — o if and only if

{x,}2 ) is bounded and x is the only cluster point of {x,}r_,.

Proof. “=7" The boundedness is concluded by Proposition 1.39. For uniqueness, suppose

the contrary that there is another cluster point y # x. Let € = |2 ; y|‘ Then
#{neN||z, —y| <e} =0,
Since {n € N||z, — z| > ¢} 2 {n € N||z, — y| < e} (this inclusion is left as an
exercise), we find that
#{neN||z, —z|>¢e} =00,
a contradiction to that z, — x as n — oo.

“«<" Suppose that {x,},=1 is a bounded sequence in F and has x as the only cluster

point but {x,}>; does not converge to x. Then
Je>03#{neN|z, ¢ (r—c,x+¢e)} =w.

Write {n € N‘xn ¢ (x —e,xz+ 6)} = {ni,ng, -+ ,Ng,---}. Then we find a subse-
quence {xnk}zozl lying outside (x — e,z 4 ¢). Since {xnk}zozl is bounded, the Bolzano-

Weierstrass Property implies that there exists a convergent subsequence {a:nkj}oo

j=1
with limit y. Since Ly, ¢ (r—ec,x+¢),y¢ (xr—e,x+¢e) by Proposition 1.35; thus

y # x. On the other hand, the limit lim Ty, =Y implies that for every € > 0,
j—®©

{jENHxnkj—y]<a}2{jeNU>J}

for some J > 0; thus #{j € N‘ ‘xnkj — y| < 5} = oo which shows that y is also a
cluster point of {x,}>,, a contradiction to the assumption that z is the only cluster

point of {x,}%_;. o
Example 1.69. Consider the sequence {z,}>_; defined by
{ n if n is odd,
T, =

1 if niseven.

Then 1 is the only cluster point of {z,}_;, but {z,}>_; does not converge to 1 (since x,, is
not bounded).
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1.6 Cauchy Sequences
If a sequence {z,}>_, in an ordered field F converges, then
JlzeFaVe>0,#{neN|z, ¢ (z—c,z+¢)} <.
We note that the statement above implies that if {z,}*_, converges, then
(Ve > 0)(3 an interval I of length 2¢)(#{neN|z, ¢ I} < ). (%)

The statement above motivates the following

Definition 1.70. A sequence {z,}°_; in an ordered field is said to be Cauchy if

(V€>O)(3N>O)(n,m>N=> |zy — x| <5).

Remark 1.71. (x) & sciten? w L B L2 iz- T He N ,Fashg 33 J—- BER I
2o R B B R e, T LB - TR R B E R A P S T R
B 43 #6450 {z,0 P (7 BB T ary SRPRFLpP ) -

Example 1.72. In Q, z; = 3,20 = 3.1,23 = 3.14,24 = 3.141,---. Then {z,}, is a
Cauchy sequence, but is not convergent. Therefore, a Cauchy sequence in an ordered field

may not converge.

Example 1.73. Let (F,+,, <) be an Archimedean ordered field, and {z,}); < F be a

sequence satisfying |z, — z,41| < STt for all n € N.

Claim: {z,}_, is Cauchy. Given ¢ > 0, choose N > 0 such that i < ¢ (such an N exists

because of Theorem 1.41 and the fact that 2 > N for all N € N). Then if N <n <m,

‘xn - xm‘ < ‘xn - anrl‘ + |$n+1 - $m|

< -

< |In_xn+1‘+|xn+1_xn+2|+'”+|xm—1_xm
DR R U

= on+l on+2 om

<t <t oo

Toon TN ’

thus {x,}>_, is Cauchy in F.

Proposition 1.74. Fvery convergent sequence is Cauchy.
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Proof. Let {x,}>_ , be a convergent sequence with limit z, and € > 0 be given. By the

definition of the convergence of sequences, there exists N > 0 such that |z, — z| < %
whenever n > N. Then by triangle inequality, if n,m > N,
e €
|Tp — Tp| < |2 — 2| + |7 — 20| < ;ts=¢
thus {x,}>_, is Cauchy. o

Lemma 1.75. Every Cauchy sequence is bounded.

Proof. Let {x,}°_; be Cauchy. There exists N > 0 such that |z, —z,,| < 1 for all n,m > N.

In particular, |z, — 2| < 1if n > N or equivalently,
r, —l<z, <z, +1 Vn=>N.
Let M = max {|21], |22, ,|2y_,|, |2y + 1}. Then |z,| < M for all n € N. o

Lemma 1.76. If a subsequence of a Cauchy sequence is convergent, then this Cauchy

sequence also CONVETGES.

Proof. Let {z,},_, be a Cauchy sequence with a convergent subsequence {z, }72, whose

limit is «, and € > 0 be given. Then there exist K, N > 0 such that
€ , €
[Tn, — x| < 5 whenever j > K, and |z, —z,|< B whenever n,m > N.
Choose j = max{K, N}. Then n; > N; thus if n > N,
e €
]xn—:v|<\xn—xnj]+\:cn].—x|<§+§:5. g

Remark 1.77. Combining Proposition 1.60 and Lemma 1.76, we conclude that a Cauchy

sequence converges if and only if a subsequence converges.

1.7 Completeness

In this section, we establish the equivalency between those properties introduced in the pre-
vious sections. These equivalent properties lead to an important concept, the completeness
of ordered fields. There is exactly one ordered field satisfying all these properties, and this

ordered field will be the real number system R.
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Theorem 1.78. An ordered field satisfies the monotone sequence property if and only if it
satisfies the least upper bound property (3 R %8¢ MSP & LUBP z 2§ {25 ) .

Proof. Let (F,+,-,<) be an ordered field.

“<" Suppose that F satisfies the least upper bound property, and let {z,}°; < F be an
increasing sequence bounded from above. By the least upper bound property of F,
the set {z1,x9, -+ ,x,, -} has a least upper bound = € F. We next show that z is

the limit of {x,}7 ;.

Let ¢ > 0 be given. By Corollary 1.54, there exists x, such that z, > x —¢.
Therefore, the fact that {x,}? , is increasing and bounded from above by = imply

that
r—e<z,<r<x+¢ Yn>=N.

This shows that |z, — 2| < € whenever n > N; thus z,, — = as n — o0.

= Suppose that [ satisfies the monotone sequence property, and let A be a non-empty

N, .
subset of F bounded from above. Let N, is the largest integer satisfying that on 8

n n

1
not an upper bound for A but is an upper bound for A, and define z,, = —.

2n

If M is an upper bound for A, z,, < M for all n € N; thus {z,}*_, is bounded from
Npt1 .

above. Moreover, by the fact that N, is the largest integer satisfying 2n:11 is not

an upper bound for A, we must have

No _ 2Ny _ Ny

Tp = on — on+1 x on+1 = Tp+1;

thus {z,}’°; is an increasing sequence. Therefore, the monotone sequence property
implies that {x,} , converges to a limit x € F. Next we show that x is the least

upper bound of A.
Let ¢ > 0 be given. Then x 4+ ¢ must be an upper bound for A for otherwise
1
if ¢ > o" for some k € N, then N is not the largest integer satisfying the required

property. On the other hand, since x,, — x as n — o0, there exists N > 0 such that
|z, — x| < ¢ whenever n > N. Therefore, z,, > x —e which shows that x —e cannot be

an upper bound for A; thus there exists y € A such that y > x — . By Corollary
1.54, we conclude that x = sup A. O

Theorem 1.79. An ordered field satisfying the monotone sequence property satisfies the
Bolzano-Weierstrass property (& MSP 5 A 4735 BWP) .
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Proof. Let (F,+,-, <) be an ordered field satisfying the monotone sequence property, and
{z,}*_, be a bounded sequence satisfying |z,| < M for all n € N. Divide [—-M, M] into
two intervals [—M, 0], [0, M], and denote one of the two intervals containing infinitely many

x, as |ay, by]; that is, #{n € N}xn € [al,bl]} = oo. Divide [ay, ] into two intervals

[CL al—i—bl} [al-i-bl
1, 92 ) 92 )
as [ag, by]. We continue this process, and obtain a sequence of intervals [ay, b] such that

bl] , and denote one of the two intervals containing infinitely many x,,

@kt bi] g, b, b — gl = sy and #{n € N| 2, € [ag, by]} = o0 for all ke N,

Since [ag, bg] 2 [ag+1,br41] for all k € N, we find that {ax}2, is increasing and {bg}
is decreasing. Moreover, ap < M, b, = —M. Therefore, the monotone sequence property
implies that a; converges to a € F and b, converges to b € F. On the other hand,

. . M
b= 0= Jim (o~ ) = Jim 2 =0,

where we have used Proposition 1.47 along with Theorem 1.41 (and Theorem 1.40) to
conclude the limit. Therefore, a = b.

Finally, we construct a convergent subsequence of {z,}*°_ ;. Let x,, be an element be-
longing to [a1,b1]. Since #{n € N|z, € [a1,b1]} = o0, we can choose ny > n; such that
T, € [ag,bs], and for the same reason we can choose ns > ny such that z,, € [as, bs]. We
continue this process and obtain a subsequence x,, € [a, by] with ng > nj_;.

T,
i
L]

<

[ * ¥ ]
-M O M
ay b1
b

a
2 2 I,
Tn,
Since ay < z,, < by for all k € N, by Sandwich Lemma klim T, = a =b. o
—00

Theorem 1.80. Fvery Cauchy sequence in an ordered field satisfying the Bolzano- Weierstrass
property converges (£ BWP 3 RAY o & #| < jgar) .

Proof. Let {x,}>_, be a Cauchy sequence in an ordered field satisfying the Bolzano-Weierstrass
property. By Lemma 1.75, {z,}>, is bounded; thus the Bolzano-Weierstrass property pro-

vides a convergent subsequence {xnj}oo of {z,}>_,. The convergence of {x,}; is then

j=1
guaranteed by Lemma 1.76. =
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Theorem 1.81. An Archimedean ordered field satisfying the property that every Cauchy
sequence converges satisfies the monotone sequence property (% X7 & #c 7| & Jc e AP

4 AAs 4 MSP) .

Proof. Let (F,+,,<) be an Archimedean ordered field. Suppose the contrary that there
is a bounded increasing sequence {x,}> ; that does not converge to a limit in F. By the

assumption that every Cauchy sequence converges, {z,}_; cannot be Cauchy; thus
(Fe>0)(YN >0)(3Fn,m= N)(Jx, — x| =¢).

Let N =1, there exists ny > n; > 1 such that |z,, —x,,| = . Let N =ny+ 1, there exists
ny > ng = ng + 1 such that |z,, —z,,| = . We continue this process and obtain a sequence

{wn,; }72, satisfying ‘xn%_l — xn2k| > ¢ for all ke N.

> e > € >e Ze
x"l anxnii .Tn4 x"s ﬁ \ xns
xnﬁ m7l7

Suppose that {z,}> , is bounded from above by M; that is, z, < M for all n € N. Then
for each k e N,
M= Tngp = Tnop — Tng,_y + Lrgk_1 = e+ Lngp_o = € + Lrgg_o — Tngy_s + Lnop_3
ZE+e+ Tngp_g = 2e + Tngk—g — Tngg_s + Lnok_s = 2 (k - 1)5 + Ty s
thus

E<1+

M — 2, VkeN,
13

a contradiction to Archimedean Property. =
Summary: In an Archimedean ordered field, the following four properties are equivalent:
1. the monotone sequence property (¥ 3# 7 B #c7] < 7 a7),
2. the least upper bound property (#£3 & &35 *+ A< 5 &) F ),
3. the Bolzano-Weierstrass property (7 B #7|% 3 Jcac+ #i7),
4. the property that every Cauchy sequence converges (17 & #c71| ¢ |z at).
Such property is called the completeness ( % # {%+) , and we have the following

Definition 1.82. An ordered field F is said to be complete (% % ) (or have the complete-

ness property, & % = # %) if it satisfies the monotone sequence property.
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Theorem 1.83. There is a complete ordered field. Moreover, if (F,+,-, <) and (F,®,0, <)

are complete ordered fields, there exists a bijection ¢ : F — F such that

L ¢(r+y) = o(x) ®o(y) and ¢(x - y) = ¢(x) © ¢(y) for all z,y € F.

2. The order < and < is consistent under the map ¢; that is, if x <y, then ¢(z) < ¢(y).

In other words, two complete order fields are isomorphic (so that there is one and only one

complete ordered field).

Axiom of the completeness of real number system R: The real number system R is

complete.
Theorem 1.84. Fvery Cauchy sequence in R is convergent.

Remark 1.85. Let f : A — R be a real-valued function. Then the supremum of the image
of A under f is denoted by sup f or sup f(z). In other words,
A €A

sup f = sup f(x) = sup{f(x) }x € A}.
A €A

Similarly, the infimum of the image of A under f is denoted by igf for in£ f(z).
e

1.8 Limit Inferior and Limit Superior

Definition 1.86. A sequence {z,}*_; is said to diverge to infinity if for all M > 0, there
exists N > 0 such that x, > M whenever n > N. It is said to diverge to negative
infinity if {—x,}> | diverge to infinity. We use lim xz, = oo or —oo to denote that {z,}>_,

n—ao0
diverges to infinity or negative infinity.

Remark 1.87. By Definition 1.26, the limit of a sequence {x,,}:°_; does not exist if lim z, =
n—0oo

o or —o0; however, we sometimes also call o0 or —oo the limit of {x,}’;.

Definition 1.88. The extended real number system, denoted by R*, is the number

system R U {00, —o0}, where oo and —oo are two symbols satisfying —o0 < z < oo for all

z € R.

Remark 1.89. 1. R* is not a field since o0 and —oo do not have multiplicative inverse.
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2. The definition of the least upper bound of a set can be simplified as follows: Let
S < R* be a set (not necessary non-empty set). A number b € R* is said to be the

least upper bound of S if

(a) bis an upper bound for S (that is, s < b for all s € S);
(b) If M € R* is an upper bound for S, then b < M.

No further discussion (such as S = ¢ or S is not bounded from above) has to be

made. The greatest lower bound can be defined in a similar fashion.

3. Any sets in R* has a least upper bound and a greatest lower bound in R*, even the

empty set and unbounded set.

4. Proposition 1.53 for the case F = R can be rephrased as follows: Let S < R*. Then
b=sup S € R if and only if

(a) bis an upper bound for S;

(b) for all € > 0, there exists s € S such that s > b —¢.

Note that b € R is crucial since there is no s € R* such that s > o0 — ¢ = 0. The

greatest lower bound counterpart can be made in a similar fashion.

5. In light of Definition 1.86, we can redefine cluster points of a real sequence as follows:
A number z € R* is said to be a cluster point of a sequence {x,}*_; < R if there exists
a subsequence {w,,}7, such that }LH;) T, = x. Note that now we can talk about if o
or —o is a cluster points of a real sequence.

In the rest of the section, one is allowed to find the least upper bound and the greatest

lower bound of a subset in R*.
Definition 1.90. Let {z,}> ; be a sequence in R.

1. The limit superior of {x,}*_,, denoted by limsupz, or lim x,, is the infimum of
n—00 n—w

the set {sup{xdn}k‘}‘keN}.

2. The limit inferior of {x,}>_,, denoted by liminfx, or lim z,, is the supremum of
n—a0 n—oo

the set {inf{mn|n>k}‘keN}.
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Remark 1.91. Let sup x,, denote the number sup {xn | n= k} and mf z,, denote the number
n=k

inf {xn ‘ n = k} Then the limit superior and the limit inferior can be written as

limsupz, = infsupzx, and liminfz, = sup inf z,.
n—00 k21 p>k n—0 k>1 n=k

Remark 1.92. Let {x,}?; be a sequence in R, and y, = supz, and z, = 1nf Z,. Then
n=k nzk

{yr}2, is a decreasing sequence, and {z}72, is an increasing sequence. Therefore, the
limit of {yx};>, and the limit of {2}, both “exist” in the sense of Definition 1.26 and
Remark 1.87. In fact, the limit of {yx};2, is the infimum of {y;};",, and the limit of {2},
is the supremum of {z;}72 ;. In other words,

lim supx, = infsupz, and lim infx, = sup inf x,;
k—0 > k=1 >k k—oo n=k k>1 n=k

thus

limsupx, = lim supx,, and liminfz, = lim inf z,.
N—>00 k—0 > n—00 k—oo n=k

Example 1.93. Let {z,,}*_; be the sequence given by z,, = (—1)". Then

yr =supx, =1 and 2z = infzx, =—1.
n=k nzk
Therefore, limsup x,, = limg_,, yx = 1 and liminfx, = hm z, = —1.
n—00 n—0oo k—o0

1
Example 1.94. Let {z,,}*_, be a real sequence given by z,, = o Then

=supx, =-— and 2z, = infz, =0.
Yk P Zn k n
n=>k k n=k

Therefore, lim sup z,, = hm yr = 0 and liminfz, = hm 2z, = 0.
n—00 n—0o0 k—o0

0 if nis even

) i w == DY
n lf n is Odd ! that 18, {xn}n:l - {1’073707 5a } Then

Example 1.95. Let z,, = {

yr =supx, and zp= infzx,=0.
n=k nz=k

Therefore, limsup x,, = hm yr = o0 and liminfx, = lim 2z, = 0.
n—00 n—00 k—00

Example 1.96. Let {z,}*_; be a real sequence defined by x, = (—1)" + % or

1 1 1
{xn}nl_{_l"“I,l‘l' —1+ 14— _1+5’1+6""}'
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Then for each k € N,

1 .
iifk)xn =1+ m and égixn = —1.
Therefore, limsupx,, = 1 and liminfz, = —1.
n—0o0

n—00

Proposition 1.97. Let {z,}*_, be a sequence in R. Then

limsup —z, = —liminfz,, and liminf—z, = —limsupz,.
n—00 n—00 n—0m n—00

Proof. By the fact that sup —z,, = — inf z,,,

n=k nzk
timsup — = iy sup(=) = g (= fnfr,) = = [im fnf v =~ lim nfr,.
The second identity holds simply by replacing x,, by —x,, in the first identity. O

Proposition 1.98. Let {z,}*_, be a sequence in R. Then
1. a =liminfz, € R if and only if the following two statements hold

n—00

(a) for all e > 0, there exists N > 0 such that a — ¢ < x,, whenever n = N; that is,
Ve>0, #{neN|z, <a—c} < o;

(b) for alle >0 and N > 0, there exists n = N such that x,, < a + ¢; that is,
Ve>0, #{neN|z, <a+e}=o.

2. b=limsupz, € R if and only if the following two statements hold

n—0o0

(a) for alle > 0, there exists N > 0 such that b+ ¢ > x, whenever n > N; that is,
Ve >0, #{neN|azn > b+€} < w0;
(b) for alle >0 and N > 0, there exists n = N such that x,, > b — ¢; that is,

Ve >0, #{neN|xn > b—g} = 0.
Proof. We only prove 1 since the proof of 2 is similar. Let z; = inf x,,, and

nz=

sup 2 = lim z; = a € R*.
k=1 k—o0

We show that a € R if and only if 1-(a) and 1-(b) both hold. Nevertheless, by Proposi-
tion 1.53 (or Remark 1.89), a € R if and only if
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(i) a is an upper bound for {z;}72 ;.
(ii) Ve >0,3INeN3zy >a—e.

We justify the equivalency between 1-(a) and (ii), as well as the equivalency between 1-(b)

and (i) as follows:

(i) a is an upper bound for {z;}{, < a >z, forall ke N < Ve > 0,a + ¢ > 2 for all

k€N®V€>Oandk‘eN,a+5>ingxn®V5>0andk:eN,a+eisnotalower
nz

bound for {z,};>, < Ve>0and ke N, dn>ksa+¢e >z, = 1-(b).

(ii) Ve >0, INeNszy >a—ec < Ve>0,IN >05 infz, >a—¢c < Ve >0,

n=N

Ty, Ty, y,-} <= Ve>0,3IN >0 such
that a —e <z, foralln > N < Ve>0,dN > 0suchthat a —e <z, foralln > N
< 1-(a). o

3N > 0 such that a — € is a lower bound for {

Remark 1.99. By Proposition 1.98, if ¢ = liminfx,, € R, then

n—o0

Ve>0,#{neN|z,e(a—e,a+e)} =x

which implies that a is a cluster point of {z,}°_;. Moreover, 1-(a) of Proposition 1.98 implies

that no other cluster points can be smaller than a. In other words, if a = liminfz, € R,
n—00

then a is the smallest cluster point of {x,}> ;. Similarly, b is the largest cluster point of

{zp}2 ) if b=limsupzx, € R.
n—o0

Theorem 1.100. Let {z,}>_, be a sequence in R. Then

1. liminfz, < limsupz,.
n—a n—0

2. If {x,}2, is bounded from above by M, then limsupx, < M.

n—o0

3. If {x,}°_, is bounded from below by m, then liminfx, > m.
n—ao0

4. limsup z,, = 0 if and only if {x,}r_, is not bounded from above.

n—0o0

5. liminfz, = —w if and only if {z,}r_, is not bounded from below.
n—aoo

6. If x is a cluster point of {x,}r_ |, then liminfz, <z <limsupz,.
n—00 n—00

7. If a = liminfx, is finite, then a is a cluster point.
o0

n—
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8. If b = limsup z,, is finite, then b is a cluster point.
n—aoo

9. If {x,}*_, converges to x in R if and only if liminfx, = limsupz, = x € R.
n—o n—00

Proof. Left as an exercise. =

Remark 1.101. Using the definition of cluster points of a sequence in Remark 1.89, Re-
mark 1.99 and Theorem 1.100 together imply that the limit superior/inferior of a sequence

is the largest/smallest cluster point of that sequence.
Example 1.102. Let Qn[0,1] = {q1, 2, ,qn, -+ }. Then {g,}°_; does not converge since

limsup ¢, = 1 while liminfg, = 0 by Example 1.65.
n—o0

n—0o0

1.9 Exercises

§ 1.1 Ordered Fields

Problem 1.1. Let (F,+, -, <) be an ordered field, z,y € F, and n € N. Show that
1. If 0 < x <y, then 2" < y™.
2. If 0 < z,y and 2" < y", then x < y.

Problem 1.2. Let (F, +, -, <) be an ordered field, and a, b € F. Show that a < b if and only

ifforalle >0,a<b+e.
Problem 1.3. Prove Proposition 1.17.
§ 1.2 Sequences in Ordered Fields

Problem 1.4. Let (F,+,-, <) be an Archimedean ordered field, and z,y € F satisfying
x < y. Show that there exists r € Q such that + < r < y. This property is called the

denseness of Q (in Archimedean ordered fields).

Problem 1.5. Let (IF, +, -, <) be an Archimedean ordered field, and 0 < a < 1. Show that

lim o™ = 0.
n—0o0

Problem 1.6. Let (F,+, -, <) be an ordered field with Archimedean Property, I < FF be a

non-empty interval, and f : I — F be a function.
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1. f is said to have a limit at ¢ € I or we say that the limit of f at ¢ exists if

lim f(z,) exists for all convergent sequences {z,},_; < I\{c} with limit c.
n—0o0

Show that the limit of f at c exists if and only if there exists L € [F satisfying that for

every £ > ( there exists 0 > 0 such that

|flx)—L|<e whenever 0 < |z —¢|<dandzel.

2. f is said to be continuous at a point ¢ € I if

lim f(z,) = f(c) for all convergent sequences {z,},_, < I with limit c.
n—0o0

Show that f is continuous at c¢ if and only if for every ¢ > 0 there exists § > 0 such
that
|f(z) = flo)] <e whenever |r—c¢[<dandxzel.

§ 1.3 Monotone Sequence Property
Problem 1.7. Complete the following.

1. Verify the Wallis’s formula: if n is a non-negative integer, then

f sin?"t ¢ dx = J cos®™ pdr = &
0 0 (2n+ 1)!
and W i
2 2 2n)!
JQ sinQ"mdx:JZ cos?™ x dx = (2n) 'E.
0 0 (27n!)2 2

us

2. Let I, = JQ sin” x dr. Show that lim T = 1.

0 n—0  I2n

n!
nn+0.5€—n

3. Let s, = . Show that {s,}°_, is a decreasing sequence.

4. Suppose that you know that R satisfies the monotone sequence property. Show that

{sn}>_, converges and find the limit of {s,}>_,.

Hint: 2. Show that Is,.9 < I5,11 < I, for all n € N and then apply the Sandwich lemma.

3. Consider the function f(z) = (1 + %)HO'E).
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Problem 1.8. Let (I, +, -, <) an ordered field satisfying the monotone sequence property,
and y € I satisfying y > 1. Complete the following.

1. Define y'/™ properly. (Hint: see how we define \/y in Example 1.48).
2. Show that y™ — 1 > n(y — 1) for all n € N\{1}; thus y — 1 > n(y*/™ — 1),
3. Show that if t > 1 and n > (y — 1)/(t — 1), then y'/" < ¢.

4. Show that lim y'/™ =1 as n — .
n—0oo

§ 1.4 Least Upper Bound Property

Problem 1.9. Let (F,+, -, <) be an Archimedean ordered field, and S = (0, 1). Show that
infS =0 and sup S = 1.

Problem 1.10. Let (F, +, -, <) be an ordered field satisfying the least upper bound property,
and A be a non-empty set of F which is bounded from below. Define the set —A by
—A={—-zeF|ze A}. Prove that

inf A = —sup(—A).

Note that this problem shows that if F satisfies the least upper bound property, then F

satisfies the greatest lower bound property.

Problem 1.11. Let (F, +, -, <) be an ordered field satisfying the least upper bound property,
and A be a non-empty set of F which is bounded from above. Define the set A~! by
A7t = {27! € F |z € A} whenever 0 ¢ A. Prove that

1
infA™! = whenever A consists of only positive elements in .
sup
IsinfA™! = in general true?
sup

Problem 1.12. Let (I, +, -, <) be an ordered field (satisfying the least upper bound prop-
erty), and A be a non-empty subset of F. Show that if a € A is an upper bound for A, then
a is the least upper bound for A.

Problem 1.13. Let (F, +, -, <) be an ordered field satisfying the least upper bound property,
and A, B be non-empty subsets of F. Define A+ B = {x 4+ y|x € A,y € B}. Justify if the
following statements are true or false by providing a proof for the true statement and giving

a counter-example for the false ones.
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1. sup(A+ B) =sup A +sup B. 2. inf(A+ B) = inf A + inf B.
3. sup(A n B) < min{sup A, sup B}. 4. sup(A n B) = min{sup A, sup B}.
5. sup(A u B) = max{sup A, sup B}. 6. sup(A U B) = max{sup A, sup B}.

Problem 1.14. Let (F, +, -, <) be an ordered field satisfying the least upper bound property,
and S € F be non-empty.

1. Show that if S is bounded from below, then

inf S = sup {cc el ‘ x is a lower bound for S}

2. Show that if S is bounded from above, then

sup S = inf{x eF ‘ x is an upper bound for S} :

Problem 1.15. Let A, B be two sets, and f : A x B — [ be a function, where (F, +, -, <)
is an ordered field satisfying the least upper bound property. Show that

sup  f(x,y) = sup (sup f(z,y)) = sup (sup f(z,y))
(z,y)eAxB yeB zeA €A  yeB

and
inf  f(z,y) = iglg ( igffl’f(m,y)) = inf (inf f(z,y)) .

(z,y)eAxB Yy zeA “yeB
Problem 1.16. Let A be a set, and f,g : A — R be two functions. Let h = max{f, g};

that is,
h(z) = max {f(z), g(z)} VeeA.

Show that

sup h(z) = max { sup f(x),sup g(:v)} .

zeA zeA zeA
Generalize the result above to the following: if fi,--- | f, : A — R are real-valued functions,
then

supmax {fi(z). -+ . fu(x)} = max { sup fy(2). sup fo(a). -~ sup ()}

€A €A €A

Can one conclude that if f,, : A — R is a sequence of functions, then

supsup { f1(x), -, fu(x), - } = Sup{Supfl(x%supr(I)w' ,sup fr(x), - }

reA TEA TEA TEA
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§ 1.5 Bolzano-Weierstrass Property

Problem 1.17. Let (F,+,-, <) be an ordered field, and {z,}>_, be a sequence in F. Show

that the following three statements are equivalent.
1. {z,}> | converges.
2. Every proper subsequence of {x,}*_ ; converges.
3. Every subsequence of {z,}r_, converges.

Problem 1.18. Let (F,+, -, <) be an Archimedean ordered field, {x,}?_; be a sequence in
F, and x € F. Show the following.

1. x is a cluster point of {z,,}°_, if and only if for all € > 0 and NV > 0 there exists n > N

such that |z, — x| < e.

2. x is a cluster point of {z,},;, if and only if there exists a subsequence {z,}7, of

{x,} | converges to x.
Remark: The Archimedean Property is only used in 2 in the direction “=".

Problem 1.19. Let (F,+, -, <) be an Archimedean ordered field. A number x € F is called
an accumulation point of a set A € F if for all § > 0, (x — J,z + 0) contains at least one

point of A distinct from x. In logic notation,
z is an accumulation point of A <« (V4 > 0)(An (z -6,z +6)\{z} # &).

1. Show that if {z,}*, is a sequence in F so that z; # x; for all i, j € Nand A = {z) | k €

N}, then z is an accumulation of A if and only if z is a cluster point of {z,};;.

2. How about if the condition x; # x; for all 4,7 € N is removed? Is the statement in 1
still valid?

§ 1.6 Cauchy Sequences

Problem 1.20. Let (F,+,-, <) be an Archimedean ordered field, and {z,}* ; < F be a
1

sequence satisfying |z, — x,41| < — for all n € N. Prove or disprove that there exists a
n

subsequence {z,, }{_, of {z,}/°, so that {z,, }}°, is a Cauchy sequence.
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Problem 1.21. Let (F,+,-, <) be an Archimedean ordered field, and f : F — F be a

function so that
f(@) = fW)| <alz—y] Vaz,yeF,

where a € F is a constant satisfying 0 < a < 1. Pick an arbitrary z; € F, and define

zpy1 = f(xy) for all k e N. Show that {x,}>, is a Cauchy sequence in F.
§ 1.7 Completeness

Problem 1.22. Let a € R. Define a,, through the iterated relation
an:ai_l—an,l—i—l Vn>1a =a.

For what a is the sequence {a,}>; (1) monotone? (2) bounded? (3) convergent? Compute

the limit in the case of convergence.

Problem 1.23. Suppose that {z,}°; and {y,}r_, are two Cauchy sequences in R. Show

that the sequence {|z, — ynl}le converges.

Problem 1.24. Let be R, re R, and b > 1, r > 0. Show that

sup 2" = ( sup x) =0".
ze(1,b) z€(1,b)

Problem 1.25. Let be R and b > 1.

1. Show the law of exponents holds (for rational exponents); that is, show that

(a) if r;s in Q, then 0" =" - b,
(b) if r,s in Q, then 0™ = (b")°.

2. For z € F, let B(z) = {b' e F|t e Q,t < x}. Show that sup B(z) exists for all z € F,
and b" = sup B(r) if r € Q.

3. Define b* = sup B(x) for € F. Show that B(z) > 0 for all z € F and the law of

exponents (for exponents in )
(a) if x,y in F, then b* ¥ = b* - oY | (b) if z,y > 0, then b™Y = (b*)Y,

are also valid.
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4. Show that if z1, 25 € F and z; < x5, then 0™ < b*2. This implies that if z1, x5 are two

numbers in F satisfying 0** = b*2, then xy = 5.

5. Let y > 0 be given. Show that if u,v € F such that b* < y and b* > y, then b*T/" <y

and b*~Y/" > y for sufficiently large n.

6. Let y > 0 be given, and A < F be the set of all w such that b < y. Show that sup A
exists and x = sup A satisfies b* = y. The number z (the uniqueness is guaranteed by

4) satisfying b® = y is called the logarithm of y to the base b, and is denoted by log, y.
Hint: Make use of Problem 1.8.

Problem 1.26. In this problem we prove the Intermediate Value Theorem:

Let f : [a,b] — R be continuous (at every point of [a, b]); that is,
lim f(z,) = f( lim z,) for all convergent sequence {z,}:2; < [a,b].
—00 n—0o0

n=1 —
n

If f(a)f(b) <0, then there exists ¢ € [a, b] such that f(c) = 0.

Complete the following.

1. W.L.O.G, we can assume that f(a) < 0. Define the set S = {x € [a,b]]| f(x) > 0}.
Show that inf S exists.

2. Let ¢ = infS. Show that f(c) = 0.
3. Conclude that f(c) < 0 as well.
Hint:
1. For 2, show that there exists a sequence {c,}°_, in S such that ¢, — c as n — .
2. For 3, show that there exists a sequence {c,}°, in [a, c) such that ¢, — ¢ as n — .

Problem 1.27. In this problem we prove the Extreme Value Theorem:

Let f : [a,b] — R be continuous (at every point of [a, b]); that is,
lim f(z,) = f(lim z,) for all convergent sequence {x,}>_, < [a,b].
n—00 n—0oo

Then there exist ¢, d € [a, b] such that f(c) = sup f(x) and f(d) = inf} f(z).

Ie[a,b] .Z‘E[a,b
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Complete the following.

1. Show that there exist sequences {c,}’°; and {d,}r_; in [a, b] such that

lim f(c,) = sup f(z) and lim f(d,) = inf f(x).

n—w z€|a,b] n—00 z€[a,b]

2. Apply the Bolzano-Weierstrass Property of R to extract convergent subsequences

{en, 1o and {d,, }7; with limit ¢ and d, respectively. Show that ¢, d € [a, b].

3. Show that f(c¢) = sup f(x) and f(d) = inf f(x).

z€[a,b] z€(a,b]

§ 1.8 Limit Inferior, Limit Superior

Problem 1.28. Let {z,}7; and {y,}~_; be sequences in R. Prove the following inequalities:

liminfx, + llm 1nf Yp < liminf(z, +y,) < hm mf x, + limsup y,
n—0o0 n—0o0 00

< limsup(z, + y,) < limsup z, + limsup y,, ;
n—0oo n—aoo n—oo

(hTILIl)ng‘InD(hrrLI_l)iololﬂyn‘) < li1£r_1)i£f|xnyn| < (hTILI_l,glf‘xA)(hgl_)S;lp’y"D

< limsup |z, y,| < (limsup |z,|) (limsup |y,|) -
n—0o0 n—0o0 n—aw

Give examples showing that the equalities are generally not true.

Problem 1.29. Prove that

lim inf [Znl < liminf {/|z,| < limsup {/|z,| < lim sup Tni .
n—00 x

n—00 ]xn\ - n—00 n—00 | n’

Give examples to show that the equalities are not true in general. Is it true that lim {/|z,|
n—00

exists implies that lim 1] also exists?

n—a0 |xn\

Problem 1.30. Find the following limits.

limlm, lim l{/(n—i—1)(n+2)---(2n).

n—o M, n—o0 N,

Problem 1.31. Given the following sets consisting of elements of some sequence of real

numbers. Find the limsup and liminf of the sequence.

1. {cosm‘m:O,l,Z,---}.
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§

2. {®/|sinm||m=1,2,--}.
1y . mrm
3. {(1—1—%) sm?‘m— 1,2,~--}.
Hint: 1. First show that for all irrational «, the set
S ={ze[0,1]|z = ka (mod 1) for some k € N}

is dense in [0, 1]; that is, for all y € [0, 1] and € > 0, there exists x € SN (y — e,y + ). Then

choose o = 1 to conclude that
T
T = {z € [0,27] |z = k (mod 2) for some k € N}

is dense in [0, 27]. To prove that S is dense in [0, 1], you might want to consider the following
set
Si={z€0,1]|z = la (mod 1) for some 1 < ¢ < k+ 1}

o . . 1
Note that there must be two points in S whose distance is less than T What happened to
(the multiples of) the difference of these two points?
2. Use the fact that mw is a Liouville number; that is, there exists d € N such that

1
T—= == Vp,qeZ,q#0.

§ 1.9 Chapter Review

Problem 1.32 (True or False). Determine whether the following statements are true or

false. If it is true, prove it. Otherwise, give a counter-example.

1. Let {z,}2>, < R be a sequence and limsup z,, = x. Then sup z,, = x.
n—0o0 neN

1 .
2. Let {z,}°; < R be a sequence such that |z, — z,+1| < —. Then {z,}r | converges in
n

R.
0
3. If a bounded sequence {z,}*_; in R satisfies 2,11 — €, < x,, for n € N, where > ¢,
n=1

k
is an absolute convergent series; that is, the partial sum ) |e,| converges as k — o0,
n=1
then {z,}*_, converges.
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4. Let m : N — N be one-to-one and onto (such map 7 is called a rearrangement), and

0 . o0 .
{x,}2 | is a convergent sequence. Then {xﬂ(n)}n is also convergent.

=1
0

5. Any rearrangement of the series > x,, diverges if and only if x,, does not tend to 0 as
n=1
n — oo.

6. If {z,}r , is a sequence of distinct non-zero real numbers such that lim z,, = 0, then
n—00

the set {mxn ’ meZ,ne N} is dense in R.



Chapter 2

Normed Vector Spaces and Metric
Spaces

2.1 Euclidean Spaces and Vector Spaces

Definition 2.1. Fuclidean n-space, denoted by R", consists of all ordered n-tuples of

real numbers. Symbolically,
R" = {az’ = (T1,T9,  ,Tp),T; € ]R}.

Elements of R™ are generally denoted by single letters that stand for n-tuples such as

x = (r1,22, -+ ,x,), and speak of  as a “point” in R".

Remark 2.2. Let C denote the collection of ordered pairs C = {(a, b) ‘ a,be R} on which
+ and - are given by Example 1.6. Then C is a field, and is called the complex number
system. The ordered pair (a,b) in C is usually denoted by a + bi, where 72 = —1 according
to the definition of the multiplication. The space C" can be defined similarly by

C" = {z‘z:(zl,zg,--~ ,zn),zieC}.

Definition 2.3. A wvector space V over a scalar field F is a set of elements called vectors,
with given operations of vector addition 4+ : )V xV — V and scalar multiplication - : FxV —

V such that
1. v+ w=w+ v forall v,we V.
2. (v+w) +u=v+ (u+w) for all u,v,we V.

3. there exists 0, the zero vector, such that v+ 0 = v for all ve V.

43
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W

. for each v € V there exists w € V such that v+ w = 0.

5. A-(v+w)=A-v+A-wiorall \eFand v,we V.

(=)

(A +p)v=XNv+p-viorall \,peF and ve V.

\]

CAp)rv=A-(p-v)forall \,peFand ve V.
8. 1-v=wvforall ve V.

Remark 2.4. In general the scalar field F can be the rational number system Q, the real
number system R, or even the complex number system C. In this lecture note, [ is taken
as either the real number system R or the complex number system C (and mostly R if not

specified).

Example 2.5. Let the vector addition and scalar multiplication on F”, where F = R or C,
be defined by

w+y:(x1+y1, 7xn+yn) if -’13:(1'1,"' 7xn)7y:(y17"' 7yn)

and
Arx=(Ary, -, py,) if AeF,z= (2, - ,2,) e F".

Then F™ is a vector space over F if F = R or C. Moreover, C" is a vector space over R;

however, R" is not a vector space over C.

Example 2.6. Let M, ., be the collection of all n x m real matrices; that is, My, =

{n x m matrix with entries in ]R}. Define
A+BE[CLij—|—bij], )\AEP\CLU] if )\ER,A:[CLU],B:[bU]GM.
Then M,,»,, is a vector space over R.

Definition 2.7. W is called a subspace of a vector space V over a scalar field F if
1. W is a subset of V.

2. (W, +,-), with vector addition and scalar multiplication in V, is a vector space over
F.

Example 2.8. V =R?* W =R? x {0} = {(z,9,0) |2,y € R}. W is a subspace of V.

Lemma 2.9. If W is a subset of a vector space V over a scalar field F, then W is a subspace
if and only if \-v+p-weW forall\,uelF, vywe V.
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Remark 2.10. “n” is called the dimension of R™.

There are n linearly independent vectors e; = (1,0,---,0),e; = (0,1,0,---,0),--- ,e, =
(0,0,---,0,1), but if vy, v9, -+, v,41 are (n+1) vectors in R", there exists A\, -, A\,y1 € R
such that (A1, -+, Apq1) # (0,---,0) and Moy + -+ + Apy10p01 = 0.

On the other hand, the dimension of C" depends on the scalar field F.

1. If F =R, then the dimension of C" is 2n since e, --- ,e,,iey, - ,ie, are 2n linearly
independent vectors in C", and any (2n + 1) non-zeros vectors in C" are not linearly
independent; thus the dimension of C" over R is 2n. When F = R, we usually identify
C" as R?".

2. fF=C, ey, ,e, are linearly independent in C" and any (n + 1) non-zeros vectors

in C" are not linearly independent; thus the dimension of C" over C is n.

Definition 2.11. Let V be a vector space (over a scalar field F), and A, B be subsets of V.
The sum of A and B, denoted by A + B, is the set {a + b|a € A,be B}. If A consists of
only one single vector a, A+ B is usually denoted by a + B instead of {a} + B.

The following theorem should be clear to the readers, and is left as an exercise.

Theorem 2.12. Let V be a vector space (over a field F), and A, B be subsets of V. Then
A+B={J(a+B) =[] (b+4).
acA beB
Definition 2.13. A subset H € R" is called a hyperplane or hyperspace if H is (n — 1)-
dimensional subspace of R™. An affine hyperplane is a set © + H for some x € R"” and

hyperplane H.

Example 2.14. A straight line on the plane is a hyperplane, and a plane on the (3-
dimensional) space is also a hyperplane. However, a straight line on the (3-dimensional)

space is not a hyperplane.

2.2 Normed Vector Spaces, Inner Product Spaces and
Metric Spaces

Definition 2.15. A normed vector space (or simply normed space) (V, | -||) is a vector
space V over a scalar field F, where F = R or C, associated with a function || - || : V — R
such that
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(a) |z| =0 for all ze V.

(b) ||| = 0 if and only if z = 0.

() [N-x| =" |x| forall \e F and z e V.
(@) |2+ yl < ] + y] for all 2,y € V.

A function | - | satisfying (a)-(d) is called a norm on V.

Remark 2.16. Let (V, | - ||) be a normed vector space. Treating a vector in V as a point
in V, the number ||z — y|| can be viewed as the distance (induced by the norm) between x

and y, and (d) implies that
lz—yl <lz—z[+]z-y| VzyzeV.

The inequality above states that the distance between x and y is not greater than the sum
of the distance between & and z and the distance between y and z; thus the inequality in

(d) is called the triangle inequality.

Example 2.17. Let V = R", and define

n 1
(Z]xi|p>p if 1 <p < oo,
i=1

max{]xl\,--- ,]xn\} if p= o0,

”meE for all = (331,-@2,"' ,xn) e R".

Then | - ||, is a norm, called p-norm, on R™. Property (d) in Definition 2.15; that is,

lz+ y|, <|lz|, + |yl, (so-called the Minkowski inequality), is left as an exercise.

Example 2.18. Let V = C and the norm ||-|| is the usual absolute value of complex numbers;
that is, ||a + ib| = |a + ib| = v/a® + b?. Then (C,| - |) is a normed vector space.

Example 2.19. Let M,,.,, = {n x m matrix with entries in ]R}, and {e;, e, - ,e,} be
standard basis of R™. For A = [ai]} € M, xm and © = r1€1 + T9€y + - - - + x,,€,,, We use Ax

to denote the n-vector

a1x Q2 -+ Aim x
Q21 Q22 -+ QAgm X2

Ap1 Qp2 - Apm Tm
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Define
A
Al = sup Aal, = sup 222y A M,

=1 z£0 ||z,

| Az,

||
the triangle inequality for the following reason: Suppose that A, B € M. If ||z|, = 1,

that is, | Al|, is the least upper bound of the set {

x#0,xe Rm}. Then ||- |, satisfies

I(A+ B)z|, = | Az + Bz, < |Az|, + | Bz],
< H Suugl | Az, + H SHUIEI | B, = [Al, + [|1B,;
thus
A+ B, = sup [(A+ B)z|, < [Al, +|Bl,-

lzlp=1

Since property (a), (b), (c¢) in Definition 2.15 are obvious, we conclude that | - ||, is a norm
| Az,

[,

on M,,.,. Moreover, by the definition of the p-norm we have < |A], for all  # 0;

thus
|Az|, < [|Alp|=], VzeR™.

Consider the case p = 1,p = 2 and p = oo respectively.
1. p=2: Let (-, )gs denote the inner product in Euclidean space R¥. Then
|Az|3 = (Az, Az)pn = (2, A" Az)gm = (2, PAP x)gmn = (P12, APT2)gn,

in which we use the fact that AT A is symmetric; thus diagonalizable by an orthonormal
matrix P (that is, ATA = PAPT, PTP = I, A is a diagonal matrix with non-negative
entries since AT A is positive semi-definite). Let y = PTz. Since P is orthonormal,

|x|s = 1 if and only if |y[s = 1; thus

sup |Az|3 = sup (PTz, AP z) = sup (y,Ay)

[=]2=1 [=]2=1 lyl2=1
= sup (Agf + Aags + -+ Amii)
[yl2=1
= max {)\1, e ,/\m} = maximum eigenvalue of ATA

which implies that |A[, = 4/maximum eigenvalue of ATA.
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2. p =o00: In this case we will show that

m m
| Al = sup [[Az|o = max Z |ayl, Z ja;l, - Y lans| p = max > Jay|.
e 1<z<nj:1

lzloo=1 j=1 j=1

Reason: Let & = (-fEl,.TQ, ce ,.Tn)T and A = [aij}nxm (WLOG we can assume that

A is not zero matrix). Then

a11ry + -+ QT

a21T1 + - + A2mTm
Az =

Ap1Tq +---+ ApmTm

If |z|s = 1, then for each 1 <i < n,

m
|ain@y + aips + - Gim@m| < ) la;] < max Z Jaiil;
=1

I<isn

thus the absolute value of each component of Az, under the constraint ||, = 1, has

an upper bound max Z |a;;|. Therefore,
=1

1<i<n

|Alle = sup |Az|, = sup max |apz+apTa+t- - AimTn,| < max Z lai;|. (2.2.1)
[zlloo=1 [z]o=1 LSisR 1<z<n

m m
On the other hand, assume max E la;;| = E |ay;| for some 1 < k < n. Let
1<i<n 4 €

z = (sgn(ax),sgn(aks), - ,sgn(ak,)).

m
Then ||, =1 (since A is not zero matrix), and |Az|s, = Y] |ak;|; thus
j:l
m

[ Alloo = SUP |Az]y, = > larg| = 11232,22 ;] (2.2.2)
z||oo= 1 —1

The combination of (2.2.1) and (2.2.2) implies that

1Aleo = maX{E |ay], 2 |az;l, Z |anj|} : (2.2.3)

7j=1

In other words, |Al|s is the largest sum of the absolute value of row entries.
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n

n n
3. p=1: |A|; = max {Z |aﬂ|,2 lal, - ,Z \aim|}. This result is left as an exercise.
1 i=1

= ) =1

In general, we can also define

A
HAHP@ = Ssup HAqu = sup H m”q )
Jellp=1 vz,

Then ”AHp = HAHp,p'

Example 2.20. For 1 < p < o, let (7 denote the collection of all sequences {z,}~; in R

0
satisfying > |x,|P < co; that is

n=1

o0
P = {{xn}le cR ’ the series Z |z, [P converges}.

n=1
Then (7 is a vector space over R. The function |- | : # — R defined by |{z,}r,| =

0 1
( > |xn|p> " is a norm on /7.
n=1

Example 2.21. Let €([a, b];R) be the collection of all continuous real-valued functions on
the interval [a, b]; that is,

€ ([a,b;R) = {f : [a,b] - R| f is continuous on [a, b]}.

For each f € €([a,b];R), we define

1

”ﬂf@)pdﬂ" if1<p<o,

max |f(z)| if p= 0.

z€[a,b]

I £l =

The function | - |, : €([a, b]; R) — R is a norm on % ([a, b]; R) (Minkowski’s inequality).

Definition 2.22. An inner product space (V,{-,-)) is a vector space V over a scalar field
F, where F = R or C, associated with a function {(-,-) : V x V — F such that

(1) (w,x) >0, Ve ).
(2) (x,x) =0 if and only if z = 0.

(3) (m,y+ 2)={x,y) +(x, z) for all x,y, ze V.
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(4) Az, yy = Nz, y) forall \e F and z, y e V.
(5) (x,y) =y, x) for all , y € V, where ¢ denotes the complex conjugate of c.

A function (-, -) satisfying (1)-(5) is called an inner product on V.

Example 2.23. Let (+,-) : R” x R" — R be defined by

(m7y)zleyz Vﬂ&':(l’l,"',In),y:(yl,“',yn>.

i=1

Then (-,-) is an inner product on R™. Moreover, {-,-) : C" — C defined by

<il?,y>:2.l’zE vw:(xla"'uxn)uy:(ylv'”7yn)
i=1

is an inner product on C".

Example 2.24. Let €(]a,b];R) be defined as in Example 2.21. Define

b
{f,9)= J f(x)g(x)dx.

Then (-,-) : €([a,b]; R) x €([a,b]; R) — R satisfies all the properties that an inner product
has. Note that {f, f> = | f]5.

Similar to the inner product given above, one can also consider an inner product on
% (|a, b]; C), where € ([a, b]; C) denotes the collection of continuous complex-valued functions

defined on [a, b]. Note that € ([a,b]; C) is a vector space over R and over C, and we always
viewed % ([a,b], C) as a vector space over C. On €([a, b]; C), define

b
g :f f(x)Md:L'

Then (-,-) : €([a,b]; C) x €([a,b]; C) — C satisfies all the properties that an inner product
has.

Proposition 2.25. Let {-,-) be an inner product on a vector space V over a scalar field F.
L. Qv+ pw, uy = Xv, uy + plw, wy for all u,v,weV and \,p e F.
2. {u, \v+ pw) = Xu, v) + ilu, wy for all u,v,weV and \,peF.

3. (0, w) =<{w,0) =0 for all we V.
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Theorem 2.26. The inner product {-,-) on a vector space V induces a norm | - | given by
|z| = A/{x, x) and satisfies the Cauchy-Schwarz inequality

Kz, p| <z]-|y| VeyeV. (2.2.4)

Moreover, for non-zero vectors x,y, the equality holds if and only if there exists v € F such

that ¢ = vy.

Proof. Let ,y € V. Define a = (x, y). W.L.O.G. we can assume that o # 0 (for otherwise
(2.2.4) holds trivially). Then there exists 8 € F such that a- 8 = |o| (so |5| = 1). For any
Ae R,
0 <Az +y Az +y) = N|BP|2]” + Asw, y) + (y, \bz) + |y
= N’||? + A8z, y) + MNPz, y) + [y’
= N|* + 2|z, )| + |y)*. (2.2.5)

Since the right-hand side in the inequality above is always non-negative for all real A\, we

must have
[ " = |2l -yl < 0
which implies (2.2.4).
It should be clear that (a)-(c) in Definition 2.15 are satisfied. To show that | - | satisfies
the triangle inequality, by (2.2.4) we find that

2
(ll +Tyl)” = =+ yl* = |=]* + 2|2l |y] + |y]* — =+ y.z+y)
=2(| 2l |yl — Redz, ) = 2(|||y] — <z, y)[) = 0
thus the triangle inequality is also valid.

Finally, suppose that @,y # 0 and [(z,y)| = |z||y|. Then with A € R given by
Ll

=k (2.2.5) shows that

0 <[N8z + y|” = N[al® + 22| |y] + [y]* = (A2 + |y])* = 0;
thus Az + y = 0. ]

Corollary 2.27. Let f,g: [a,b] = R be continuous. Then

< (j Lf(ac)\%zac)é ([ b \g<x>12dx)é |

)  fla)g(a)da
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Example 2.28. Let V be a finite dimensional vector space over IF, where F = R or C, and

{e1, - ,e,} be a basis of V; that is, every @ € V can be uniquely expressed as

n
a::ijej:xle1+-~~+xnen

j=1
o
for some n-tuple (z1,--- ,x,) € F*. Define |z|, = ( > ]xj\z) . Then | - |2 is a norm on V.
j=1
In fact, || - ||2 is induced by the inner product

(x,y) = Z Ti; if x= Z z;e; and y = Z yje;.
j=1

J=1 J=1

It is also possible to talk about the notion of distance between points in a general set.

A set with a distance function is called a metric space.

Definition 2.29. A metric space (M,d) is a set M associated with a function d : M x M —
R such that

(i) d(x,y) = 0 for all x,y € M.
(ii) d(x,y) =0 if and only if z = y.
(ili) d(x,y) = d(y,x) for all x,y € M.
(iv) d(x,y) < d(x,z) + d(z,y) for all z,y,z € M.
A function d satisfying (i)-(iv) is called a metric on M.
Example 2.30 (Discrete metric). Let M be a non-empty set. Define a function dy by

0 ifx=y,
d°<“”y):{1 if:r:;éz.

Then dy : M x M — R is a metric on M, and we call dy the discrete metric.
Example 2.31 (Bounded metric). Let (M, d) be a metric space. Define a function p by

d(z,y)
p(r,y) = Trdy)

Then p: M x M — R is also a metric on M.
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Proposition 2.32. Let (M, d) be a metric space, and A be a non-empty subset of M. Then

(A, d) is a metric space.

Proposition 2.33. If (V,| -||) is a normed vector space, then the function d:V xV — R
defined by d(z,y) = |z — y| is a metric on V. In other words, (V,d) is a metric space, and

we usually write (V, | - ||) as the metric space.
Definition 2.34. Let (M, d) be a metric space. For each z € M and r > 0, the set
B(z,r)={ye M|d(z,y) <r}

is called the r-ball about z or the ball centered at x with radius r.

Figure 2.1: The r-ball about z in a metric space
Example 2.35. In R, B(z,r) = (x —r,z+ 7).

Example 2.36. Consider the 1-ball about the origin in (R?, | - ||,) for p = 1,2, o0, respec-
tively.

Lop=1 |z = |oa] + |22f, |2 =yl = |z1 —pa] + |22 — 32,
2. p=2: |zl = /2] + 23, |z — ylo = /(21— 1)? + (22 — 1)

3. p =0t |2 = max {|z1], ]}, |z — yloo = max {|21 —pl, |22 — 10}

,,,,,,,,,,,,,,

Figure 2.2: The 1-ball about 0 in R? with different p
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Definition 2.37. Let V be a vector space. Two norms | - |1, || - |2 on V are said to be

equivalent if there exist two positive constant C, ¢ such that
dah < lzf < Clzf,  VzeV.
Note that the constant ¢ and C' must be independent of .

Example 2.38. For 1 < p,q < o, the p-norm | - |, and ¢g-norm | - |, on R™ are equivalent;
however, the p-norm || - |, and the g-norm || - |, on €([a,b];R) are NOT equivalent. The

result is left as an exercise.

Theorem 2.39. Let V be a vector space (over field F), and |- |1, |- |2 are equivalent norms
onV. Then every ball in (V, | -|1) contains some balls in (V, | - |2) and is contained in some
balls in (V, | - |2)-

Proof. Since | - |, and | - |2 are equivalent, there exist positive constants ¢ and C' such that
clz|i < zl. < Claf, VeV

Let Bi(z,7) ={yeV||y— | <r} beaballin (V,|- ). Let § = cr and R = Cr. Then
with Bs(,7) denoting the set {y € V| |y — |2 < r}, we have

1
ly -zl < Zly—zl: <r Vye By(z,0) and |y—af,<Cly—ali <R

In other words, Ba(z,d) € Bi(z,r) and By(z,r) € By(z, R). o

2.3 Sequences in Metric Spaces

2.3.1 Sequences

Recall that a sequence in a set S is a function f : N — S, and f(n) is called the n-th

terms of the sequence. A sequence in S is usually denoted by {f (n)}:j:1 or {x,}°, with

Definition 2.40. Let (M,d) be a metric space. A sequence {z,}, < M is said to be

convergent if there exists x € M such that for every € > 0, there exists N > 0 such that

d(x,,x) <e whenever n > N.
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Such an x is called a limit of the sequence. In notation,
{z,}i ) © M is convergent < (Jze M)(Ve>0)(AN >0)(n=> N = d(z,,z) <e¢).

If  is a limit of {z,}_,, we say {z,}r_, converges to « and write x,, — = as n — oo. If no

such z exists we say that {z,})°; diverges or lim x, does not exist.
n—ao0

Remark 2.41. Similar to Definition 1.26, the convergence of a sequence {z,}°_; in a metric
space can be stated as follows: a sequence {z,}°; < M is said to be convergent if there

exists x € M such that for every € > 0, there exists N > 0 such that
#{neN|z, ¢ B(z,e)} < .
Similar to Proposition 1.28, we have the following

Proposition 2.42. Let (M, d) be a metric space. If {x,}_, is a sequence in M, and x,, — x

and x, — y as n — o, then x = y. (The uniqueness of the limit).

Proof. Assume the contrary that x # y. Then ¢ = (i(:);’y) > (. Then there exist Ny, Ny > 0

such that d(z,,z) < e for all n = Ny and d(x,,,y) < e for all n = N,. Let N = max{Ny, Ny}.
Then if n > N,
d(,y) < d(, xn) + d(zn, y) < 26 = d(z,y),

a contradiction. o

Notation: Similar to the notation used to denote the unique limit of a convergent sequence

in an ordered field, we also use lim z,, to denote the limit of a convergent sequence {z,}>_, <
n—00

M.

Remark 2.43. Similar to Remark 1.31, the proposition above implies that =, — z as

n — oo if and only if lim d(z,,z) = 0.
n—0o0

Remark 2.44. Let (M,d) be a metric space. A sequence {x,}> ; < M diverges if (and
only if)
VeeM,3e >03VN >0,3n = N such that d(z,,z) > ¢.

Definition 2.45. Let (M,d) be a metric space. A sequence {z,} , < M is said to be
bounded (7 # ) if there exist y € M and r > 0 such that d(z,,y) <r for all n e N. In

other words, sequence {z,}°_; is bounded if it is contained in some r-ball.
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Remark 2.46. In a normed vector space (V, | - ), the boundedness of a sequence {z,}>_,
is equivalent to that there exists r > 0 such that |z,| < r for all n € N. In other words, the

point y in the definition above is the zero vector.
Proposition 2.47. A convergent sequence is bounded ({zac#cs| %3 %) .

Proof. Let {x,}°_; be a convergent sequence with limit z. Then there exists N > 0 such

that x, € B(z,1) whenever n = N, or equivalently,
d(x,,x) <1 whenever n > N.
Let r = max {d(xl,x),d(acg,x), e ,d(xN,l,x)} + 1. Then d(z,,z) < r for all n € N. =

Theorem 2.48. Let (V,| -|) be a normed vector space over a scalar field F (F =R or C),
{1, {y, )2, be sequences inV, and {\,}>_, be a sequence in F. Suppose that x, — x,

Y, > yand N\, > X asn — . Then
l.z,ty, > xtyasn— w©.
2. \yx,, — Ax asn — .

3. If Ay, N # 0, then%a% as n — oo.

n

If in addition that 'V is an inner product space equipped with inner product {-, -y which induces

the norm | - ||, then
4. {xp,y,) — {x, Yy asn — o©.
Proof. We only prove 3 and 4. The proof of 1 and 2 are left as an exercise.

3. It suffices to show that lim . % if A, A # 0 (because of 2). Since lim A,, = A, there

n—m Ay n—00
exists N7 > 0 such that [\, — \| < |;| whenever n > Nj. Therefore, |\ — |\,| < |;\|
for all n > N; which further implies that |\,| > |2/\| for all n = Nj.

Let ¢ > 0 be given. Since lim A, = A, there exists Ny > 0 such that |\, — \| <

n—00
2
)\26 whenever n = Ny. Define N = max{Ny, No}. Then if n > N,

AR T2

]
- < £ =¢€
AL Al 2 AT

L
An
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4. Let € > 0 be given. Since z, — x and y,, — y as n — 0, by Proposition 2.47 and
Remark 2.46 there exists M > 0 such that |z,| < M and ||y, || < M. Moreover,

9

whenever n > N
oM !

AN >03 |z, — x| <

and

9
3N2>09Hyn—yH<m whenever n > Ns.

Define N = max{Ny, No}. Then if n > N,

|<3’Jn, yn> - <2'l:, y>’ = ’<xn7 yn> - <w’m y> + <$TL= y> - <.’II, y>|
< ‘<wna Y — y>| + }<y7 Ln — $>‘

€ €
<My, —y|l+ M|z, —z| <M - —+M —

oM om0 °

Proposition 2.49. In R", a sequence of vectors converges if and only if every component

of the vectors converges. In other words, in R™
Componentwise convergence < Convergence.

Proof. Let {vg}i2,, v = (v,gl), v,f), . ,v,i”)), be a sequence of vectors in R”.

“«<” Suppose that v, — v = (v(V),--. v™) as k — co. Let € > 0 be given. There exists
N > 0 such that

|vp — v|s <&  whenever k> N,

thus if k = N,

o — @] < \/(v;(gl) — )2 4 (o — )2 = |y, — v < e

“=" Suppose that v,(:) — 0@ as k — oo for each 1 < i < n. Let € > 0 be given. For each

1 < i < n, there exist N; > 0 such that

‘v,(:) - v(i)‘ < \/iﬁ whenever k > N;.

Let v = (vW,0v®, ... ™) and N = max{Ny, Ny, -, N,,}. Then if k > N,

o — ol = /) — o b ) v <[ T T
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Example 2.50. Let v, = (% 132) € R?. Then v, — (0,0) as k — o0 since
1 2 4 1 ,/ 2

1 1
On the other hand, since " 0 and 2 0 as k — oo, Proposition 2.49 implies that
v, — (0,0) as k — oo.

Theorem 2.51 (Bolzano-Weierstrass). Fvery bounded sequence in (R, | - |2) has a conver-

gent subsequence.

Proof. We prove by induction. Let
S = {n eN ‘ every bounded sequence in (R™, | - [|2) has a convergent subsequence}.

Then 1 € S because of the Bolzano-Weierstrass Property of R.
Suppose that n € S. Let {®};2, be a bounded sequence in R™™'. Write x;, =
(x,g),x,EZ), . x,(c ),xfgnﬂ ), and let y,, = ($,(€1),$§C), : ,x,in)). Since {z;};2, is bounded,

there exists M > 0 such that |zl < M for all k£ € N; thus
lyelo <M ¥keN and 2"V <M VkeN.

that is, {y,}72, is bounded in R™ and {xk H)}k , is bounded in R. By the assumption
that n € S, {yx};2; has a convergent subsequence {y, }}2; of {y,};Z; which converges
toy = (yM,y@,--- ,y™). Applying the Bolzano-Weierstrass Property to the sequence

{x,(gﬂ)}] we obtain a subsequence {xk +1)}£ , of { (n+1) }k | so that :c,(€ mH (0D ag

¢ — . Let z, = . Then {z,}}2, is a subsequence of {xr}72, and {zg}lv,:1 converges to
z= (y(l), y@ oyl ”“ ) by Proposition 2.49. Therefore, n + 1€ S.
By induction, S = N; thus the theorem is proved. O

Remark 2.52. By identifying C" as R?*", Theorem 2.51 also implies that every bounded

sequence in C" has a convergent subsequence.

Definition 2.53. Let (M, d) be a metric space, and {z,}>_, be a sequence in M. A point

x € M is called a cluster point of {z,}r_, if
Ve>0, #{neN‘xn € B(x,g)} = 0.

Example 2.54. Let z,, = (—1)". Then 1 and —1 are the only two cluster points of {x,}*_;.
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Example 2.55. Let z,, = (—1)" +
€ > 0 be given. We observe that

Then 1 and —1 are cluster points of {x,}® ;: Let

SRS

{neN‘xne(1—5,1+e)}2{neN‘niseven,%<5};

thus #{n eN ! rne(l—g 1+ 5)} = oo0. Similarly, —1 is a cluster point.
On the other hand, each a # +1 is not a cluster point of {z,}_;.

Let {x,};_, be a sequence. Recall that a subsequence of {r,};_, is a sequence {y;}72,
satisfying that y; = xy(;) for some strictly increasing function f : N — N. In other words,
each strictly increasing function f : N — N corresponds to a subsequence of {x,}7 , and
vice versa.

Similar to Proposition 1.68, we have the following

Proposition 2.56. Let (M,d) be a metric space, {x,}> ", be a sequence in M, and x € M.

1. z is a cluster point of {x,}> | if and only if for each ¢ > 0 and N > 0, there exists

n = N such that d(x,,x) < ¢.

2. x is a cluster point of {x,};_y if and only if there exists a subsequence {xn;}7, of

{x,}>_ | converges to x.
3. &, = x as n — oo if and only if every proper subsequence of {x,}°_; converges to x.

4. x, — x as n — © if and only if every proper subsequence of {x,}> ", has a further

subsequence that converges to x.

Proof. We only prove 1 and 2 since the proof of 3 and 4 are similar to the one given in

Proposition 1.60.

1. “=” Let £ > 0 and N > 0 be given. Since #{n € N |z, € B(z,£)} = o0, there exist

natural numbers n; < ny < n3 < --- such that
{neN‘xn € B(x,s)} = {nl,ng,ng,--'}.

Note that n; > j; thus ny > V.

“<" Let ¢ > 0 be given. Pick ny > 1 such that d(x,,,z) < ¢, then pick ny > n; +1
such that d(z,,,z) < e. We continue this process and obtain a subsequence {z,;}72,
satisfying d(z,,, ) < e forall j € N. Then {n € N|z, € B(z,¢)} 2 {ni,ns, - - } which
implies that #{n eN ‘ X, € B(x,g)} = 0.
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2. “=7 By 1, we can pick ny > 1 such that d(z,,,z) < 1 and then pick ny = ny + 1 such

1
that d(x,,,r) < 3 In general, we can pick ngy = ng + 1 so that
1
d(xnk,:v)<% VkeN.
Therefore, lim z,, = .
k—00

“<" Let ¢ > 0 be given. By assumption there exists J > 0 such that d(z,,,z) < ¢

whenever j > J. Then {n€ N|z, € B(z,e)} 2 {n;,ny41, -} which implies that

#{neN|z, € B(z,e)} = . o

2.3.2 Cauchy sequences, Banach spaces and Hilbert spaces

Definition 2.57. A sequence {z,}_; in a metric space (M,d) is said to be Cauchy if
(Ve>0)3N > 0)(n,m = N = d(z,,z,) <€).
Similar to Proposition 1.74, Lemma 1.75 and 1.76, we have the following

Proposition 2.58. 1. Every convergent sequence (in a metric space (M,d)) is Cauchy.
2. Every Cauchy sequence (in a metric space (M,d)) is bounded.

3. If a subsequence of Cauchy sequence (in a metric space (M,d)) converges, then this

Cauchy sequence also converges.

Proof. See the proof of Proposition 1.74 and Lemma 1.76 by changing |z —y| to d(z,y) with

appropriate x and y. o

Remark 2.59. By 2 of Proposition 2.56 and 3 of Proposition 2.58, we find that if {x;}7

is a Cauchy sequence but {z;}{; does not converge, then

(Vy)3r > 0)(#{neN|z, € B(y,r)} < ©).

Theorem 2.60. A sequence in R™ converges if and only if the sequence is Cauchy (because

of the inequality max | — v} < [vr — v, < /i max [u” —v}]).

Now we would like to define the completeness of a normed vector space. Recall that in

an Archimedean ordered field, the following four properties are equivalent:

1. the Bolzano-Weierstrass property (7 & #c7] < 3 jcac+ # 7)),
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2. the monotone sequence property (¥ 3% 3 & #7] % JTak),
3. the least upper bound property (27 # &35 + K5 &)+ ),
4. the property that every Cauchy sequence converges (1 & #c 71 & JT &%).

Since in general a normed vector space cannot be an ordered field, we cannot define the
completeness through the monotone sequence property or the least upper bound property.

For the completeness of normed vector spaces, we use the Cauchy completeness.

Definition 2.61. A metric space (M, d) is said to be complete if every Cauchy sequence in
M converges. A Banach space is a complete normed vector space, and a Hilbert space
is a complete inner product space (that is, a Banach space whose norm is induced by the

inner product).

Example 2.62. The Euclidean n-space R", equipped with p-norm, is a Banach space for
all 1 < p < 0. To see this, let {xx};>; be a Cauchy sequence in R™. Then the sequence

{x,(j)}zo:l, consisting of the i-th components of {x;}}>, is Cauchy for all 1 < i < n since
5 — e’ < loe— @, V1<i<nandl<p<oo.

By the completeness of R, the real sequence {x,ﬁ”}f:l converges for all 1 < i < n; thus each

component of {x;}{; converges. Proposition 2.49 implies that {z;}; converges.

2.4 Series of Real Numbers and Vectors

e¢]
Definition 2.63. Let (V.| - |) be a normed space. A series >, xy, where {z;}2, € V, is
n k=1

said to converge to S € V if the partial sum S,, = > @ converges to S, and one writes
0 k=1

S = > x if this is the case. A series in V is said to converge or be convergent if it converges
k=1

to some element in V.

The following proposition is a direct consequence of the monotone sequence property of

the real number system R.

Proposition 2.64. Let {x;}}2, be a sequence of real numbers, and xy = 0 for all k € N.
0 n

Then Y xy converges if and only if the sequence of partial sums {S,}>_,, where S, = >, xy,
k=1 k=1

is bounded (from above).
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Q0
Theorem 2.65 (Cauchy’s criterion). Let (V.|| - |) be a Banach space. A series Y, @y

k=1
converges if and only if

Ve>0,3N >053 |x, + @pr1 + - + Tpyp| <€ whenever k= N,p=>0.
n ©
Proof. Let S, = IEI x;, be partial sum of 2 ;. Then
{S,}, converges in V < {S,,}»_, is Cauchy
<Ve>0,3N >053|S, — S| <& whenever n,m > N
<Ve>0,3N>053 |xp41 + Tpio+ -+ x| <c whenever m>n = N

< Ve>0,3N >0 |zp + Tpy1 + - + Xyt <& whenever k= N+1,p=>0. o

0
Corollary 2.66 (n-th term test). If > @ converges, then ||zx| — 0 as k — o, and if
" k=1
|zx|| > 0 as k — oo, then >, xy diverges.
k=1
Proof. Take p =0 in Theorem 2.65. O
0 Q0
Definition 2.67. A series ), xy is said to converge absolutely if > ||zx| converges in
k=1 k=1

R. A series that is convergent but not absolutely convergent is said to be conditionally

convergent.

0 (_1\k
Example 2.68. > ( ]i ) is conditionally convergent. See Theorem 2.70 for the reason.
k=1

a0
Theorem 2.69. Let (V,| -|) be a Banach space, and {x,}>_; be a sequence in V. If >
o k=1

converges absolutely, then >, xy converges.
k=1

o0 n
Proof. If Y. x;, converges absolutely, then S,, = Y ||z|| converges in R. Then
k=1 k=1

Ve>0,3N > 05 ||m]| + |zea] + -+ |®isp|| <& whenever k> N,p=0.
Therefore, if £k = N,p > 0,

|k + Trr1 + -+ Tap| < @]+ F TRl <€,

Q0
and the convergence of Y| @ is guaranteed by the Cauchy criterion. =
k=1
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Theorem 2.70. 1. Geomelric series:

o0
(a) If |r| < 1, then Y. r* converges absolutely to : i
k=1 -
Q0
(b) If |r] = 1, then >, r* does not converge (diverge).
k=1
2. Comparison test: Let {a;};, and {by}}>, be sequences of real numbers.

Q0
(a) If Z ar converges, and 0 < by < ay, then ), by converges.
k=1 k=1

0 0
(b) If > ax diverges, and 0 < aj, < by, then Y by diverges.

k=1 k=1
3. Integral test: If f is continuous, non-negative, and monotone decreasing on [1,0),

[oe} 0
then >, f(k) converges if and only if the improper integral f f(z)dz < oo.
k=1 1

4. Root test: Let {x)}], be a sequence of real numbers.

(a) If limsup {/|zx| < 1, then Z xy, converges absolutely.

k—o0
(b) If limsup «/|xx| > 1, then Z xy, diverges.
k—o0

5. Ratio and comparison test: Let {a;}y; and {by};2, be sequences of real numbers,
and by, > 0 for all k € N.

(a) lim sup| d < o0, Z by is convergent, then Z ay, converges absolutely.
k—00 k k=1 k=1

(b) liminf— LN 0, Z b is divergent, then Z ay diverges.
k—oo O k=1 k=1

6. Dirichlet test: Let {ai}r_, {pr}r, be sequences of real numbers such that
o0
(a) the sequence of partial sums of the series Y, ay is bounded; that is, there exists
k=1

M € R such that | Y] ak‘ < M for alln e N.
k=1

(b) {pk}iL, is a decreasing sequence, and ]}im pr = 0.
—00

o0
Then . agpy converges.
k=1
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n r—rnth .
Proof. Note that 1 follows from the fact that > r* = T if » # 1, the comparison test
k=1 -

follows from Proposition 2.64, and the integral test follows from the fact that

[ o< si= 3 s < s+ [ sy

k=1

with an application of the comparison test, we only prove 4, 5 and 6.

4. Let r = limsup /| x|

d.

(a)

k—o0

Suppose that 0 < r < 1. By Proposition 1.98, there exists N > 0 such that
k] < ! —; ! (: r—+ %) for all kK = N. This implies that

r+1\k
i< (=)  vE=N.
1 L 1
Since ‘T + ‘ < 1, the geometric series (%)k converges; thus the compari-
k=1

Q0
son test implies that the series Y] |z)| converges.
k=1

Suppose that » > 1. By Proposition 1.98 there exist n; <ng < --- <n; < ---
such that

r+1
/| ze] > 5 Vk=ny,ng, -,

The statement above then implies that klim Ty, if exists, cannot be zero; thus the
—00

0
n-th term test shows that > x; diverges.
k=1

|ag|

(a) Suppose that lim sup - = = ¢ < . By Proposition 1.98 there exists N > 0

k—00 k

such that |Zk| < c¢+ 1 forall K > N. This implies that |ax| < (¢ + 1)by for all

k

e}
k = N; thus the convergence of > by and the comparison test imply that the
k=1

0
series Y. |ax| converges.
k=1

Suppose that li;n ian—k = ¢ > 0. By Proposition 1.98 there exists N > 0 such
—00 k

that CbL’f > g for all k¥ > N. This implies that aj, > gbk for all k > N; thus
k

Q0 0
the divergence of Y] b, and the comparison test imply that the series > |ax]

k=1 k=1
diverges.
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6. Let € > 0 be given. Since {p,}>_, is decreasing and lim p, = 0, there exists N > 0
n—0oo

such that
€

YV whenever n > N.

0<p, <

Define S,, = Z ag. Then if n > N and ¢ >

nte
‘ Z akpk‘ = [@nPn + @ni1Pnt1 + GnyoPoya + -+ Qg1 Dngeo1 + APt
. = |(Sn = Sn-1)Pn + (Sn1 = Su)Pnt1 + (Sniz = Sni1)Prya + -+

+ (Snie—1 — Snie—2)Pnye—1 + (Snie — Sn+€—1>pn+€|

= | =Sn-1Pn + Su(Pn — Put1) + Sn1(Pnyr — Pny2) + -+
+ Sttt (Pre—1 — Pnte) + SntePnse]

< |Sn-1Pn| + |Su(Pn = Par1) | + [Snt1 (Pt — Pra2)| + -+
+ [Snte—1(Pnto—1 — Prte)| + [Snsepnsel

< Mpyp + M(pn = pat1) + M (P = Pag2) + -
+ M(pnse—1 = Prte) + Mppie

=2Mp, < 2;4Mf1 <e.

The convergence of ki aipy, follows from the Cauchy criterion (Theorem 2.65). o
=1

Q0
Corollary 2.71. 1. The p-series Y, % converges if and only if p > 1.
k=1

2. The alternating series Y, (—1)Fay, converges if {ai}°, is a decreasing convergent se-
k=1
quence with limit 0.

Remark 2.72. It can be shown (and the proof is left as an exercise) that

lim inf 2 hm mf A |zk] < hm Sup k] < hm sup 2] .

koo o ! |z

As a consequence, by the root test we obtain

Q0
1 .
. if limsup k4] < 1, the series > z}, converges absolutely, and
k—o0 ‘ﬂ?k‘ k=1
Q0

2. if lim inf k1] > 1, the series ), xj diverges.
koo [y k=1
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This is called the ratio test.

Example 2.73. The series ), il converges for p > 0 since

=1 kP
n L_ 2k+1
1. Y sink = 22 COT 2 (thus 1)
=1 2sin 5 sin 5
1500 1
2. {—} is decreasing and lim — = 0.
np -’ n= n—oo NP
0 k‘ -1 0
We remark here that Z sin T " In fact, Z sin(k is the “Fourier series” of the

. ™ =X
function

Example 2.74. Let {4}, be a real sequence defined by

4% if k is even,

{ 27k if k is odd,
T —

or 2, = (3+ (=1)¥)7*. Then {/|zx| = (3 + (—1)*)~! which shows that

o 1 . 1
h;?iloglf VK| = 1 and 111}:1_)8013}) VK| = 3
Q0

Therefore, the root test implies that the series >  z converges absolutely.
k=1

We can also compute the limit superior and limit inferior of |Tk+1|. Define
Tk
el - B (=DM 1 (3 - (—1)k>k

o B (CDF)F T 3= (—DF\3 4 (— 1)

and observe that klim Yar = 00 and klim yar+1 = 0. Since y, € [0,0), we conclude that 0 is
—00 —00

the smallest cluster point of {yx}72, and oo is the largest “cluster point” of {y;}7~;. This
shows that

oo | TRt . Tk41
hmmf’ 41| =0 and hmsup| ol = 0.

k=0 |z koo |Tk]

: ) . - . |zgr1]
We note that in this case even if the series Y xj converges absolutely, lim sup N > 1.
k=1 k—0o0 Tk
Therefore, the condition lim sup ||k+|1| > 1 cannot be used to guarantee the divergence of
k—0o0 Lk

0
the series )] xy.
k=1
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2.5 Exercises

§ 2.1 Euclidean Spaces and Vector Spaces

Problem 2.1. Let |- || : F* — R, where F = R or C, be defined by
n 1
(Z|xi|p)p if 1 <p<oo,
HwHPE =1 T = (xla"‘ 7xn)'
max{|x1|,'-- 7|xn|} lfp:OO’

Complete the following.

1. Prove the Holder inequality |(z, y)| < |[,|y|, for all =,y € F", where p,q € [1, 0]
satisfy ! + L 1.
p q

2. Show that | - |, is indeed a norm on F" for all 1 < p < .

3. Show that |z, = lim |, for all z € F".
p—0

4. Show that for each 1 < p,g <o andp #gq, |- |, and | - |, are equivalent norms.

Hint: 1. Prove first the Young inequality (if you do not know this inequality)

1 1
ab < 1ap + 1bq Va,b>=0and p,qe€ (1,0) satisfying — + — =1,
p q b q

Problem 2.2. Complete the following.
1. For f € €([a,b];R), define

(Lb|f(x)]pdx); if1<p<oo,

max | f(z)] if p=c0.

z€[a,b]

|l =

Show that | - |, is a norm on €([a, b]; R).

2. Show that | f|l = lim | f|, for all f € €([a,b];R).
p_)CD

3. Are | - |, and | - ||, equivalent norms on €([a,b];R) for any 1 < p,q < ©?
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Problem 2.3. Let F = R or C. Show that for each = (21, -+ ,z,) and y = (y1, -, Yn)

in F",
Jof = sup jzxkyk]—sup{\Zxkkauyuw—l}

[ylleo

Iyl = sup )Zxkyk\ —sup{\Exkkaumul—l}.

lzl1=

and

Problem 2.4. Let V be a vector space (over a scalar field F), and A, B be subset of V.
Show that
A+B={J(a+B)=J(b+A4).

acA beB
Problem 2.5. A set A in a vector space V is called convex if for all z,y € A, the line

segment joining x and y, denoted by Ty, lies in A.
1. Show that open r-balls and closed r-balls in any normed vector spaces are convex.

2. Show that an ellipsoid F = {:1: e R” } z2'Qr+ bz + ¢ < 0} is convex, where @) is a

positive semi-definite n x n matrix and b, ¢ € R" are vectors.

3. Show that a polytope P = {cc e R" | Ax < b} is convex, where A is an m x n matrix,
<

b e R™ is a vector, and < is defined by ¢ < d if and only if ¢; < d; for all components.

4. Show that if C,, is convex for all a € I, then [ C, is convex.
ael

5. Show that if C, Cs, - - -, Cy are convex sets and fiq, to, - - - , iy are real numbers, then
piCh + pCs + -+ uyCy = {/Jlxl+M2$2+"'+MN$n|$k€Ck for 1 < k<N}
is convex.

6. Show that if C,C5, -+ ,Cy are convex sets, then the Cartesian product C; x Cy x

- x C'y is convex.

7. Let A be an m x n matrix, and C' be a convex set in R", D be a convex set in R™.
Show that

= {Az|zc C} and AN (D)= {z| Az e D}

are convex.
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k
8. Let Akz{(Al,.-- ) eRF[0< N\ < 1forall 1 <i<kand 2&:1}. A convex
i=1

combination of k vectors @, --- , @, € R™ is a sum of the form )\1;31 + XoXo+ - - -+ A\
for some (A1, , Ax) € Ag. Show that the collection of all convex combinations of k
given vectors i, - - - , x; is convex; that is, show that

{)\1(131 + )\2332 —+ e 4 )\k.’Ek ‘ ()\1, )\2, s ,)\k) € Ak}
1S convex.

9. Let S be a subset in R™. Show that the collection of all convex combinations of finitely

many vectors from S is convex; that is, show that
{Alwl+~--~|—)\kwk‘k‘eN,w1,m2,--- yop €S and (A, -+, Ag) eAk}

is convex. The set defined above is called the convex full of S and is sometimes denoted
by conv(S).

§ 2.2 Normed Vector Spaces, Inner Product Spaces and Metric Spaces

Problem 2.6. Show that

n

|A]l; = max {2 laa|, Y laial, -+, |aim]} VAe Mpum .
1 =1

i= i i=1
Hint: Mimic the computation of |Als in Example 2.19, or make use of Exercise Prob-

lem 1.15 and 2.3.

Problem 2.7. Let M,, ., (IF) be collection of n x m matrices with entries in IF, where F = R
or C. For A e M,y (F), define

A
HAHp = sup ”Am”p = sup H 33Hp .
=1 o

1. Show that | - ||, is a norm on M,y (F).

2. Show that | A[, = 4/the maximum eigenvalue of ATA, where A" is the conjugate trans-
pose of A.

3. Show that Al = max { 3 Jarel, 35 Jassl, -+, 3 lasl} if A€ My (F).
k=1 k=1 k=1
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4. Show that |A|; = max{ Slagtl, D0 Jasl, -5 D) |akm|} if Ae M xm(F).
k=1 k=1 k=1

5. Show that |A|2 < |A|1]| Al for all A e M, (F).

Problem 2.8. Let M,, ., (IF) be the collection of all n x m matrices with entries in I, where
F =R or C. Define a function | - |, 4 : Myuxm(F) — R by

|Allpq = sup Az,

|2 p=1

here we recall that | - |, is the p-norm on F" given in Problem 2.1. If p = ¢, we simply use

|A|, to denote ||A],,. Complete the following.

L. Show that Al = sup ‘| |’q for all p,q > 1.

2. Show that ||Al|,, = inf{M eF||Az|, < M|z|, V& e F"}.
3. |Az|, < [|Afpql 2], for all z e F™.
4. || - |4 defines a norm on M, ., (F).

5. Let {4}, € Myuxm(F). Show that klirn |Akllpy = 0 if and only if each entry of
—00
(k)

ij Lsisn,lsjsm’

Ay converges to 0. In other Words by writing Ak = [a show that

hm | Ak, = 0 if and only if hm a =0forall 1 <i<m,1<j<n. In particular,
Ak — A in the sense that HAk - AHpq — 0 as k — o if and only if the (i, j)-th entry
of Ay converges to (i, 7)-th entry of A forall 1 <i<mnand1<j<m.

Problem 2.9. Let M,,,,,(IF) be the collection of all n x m matrices with entries in F, where
F =R or C. Define | - ||p : Mpxm(F) = R by

Al = (23 los )’
i=1j=1

1. Show that |A|% = tr(ATA), where AT is the conjugate transpose of A, and tr(M) is

the trace of square matrix M.

2. Show that | - | is a norm on M, (F) (for all n,m € N). This norm is called the

Frobenius norm of matrices.

3. Show that |AB||r < |A|lr|B|r whenever A € M, (F) and B € M, (F).
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Hint: 3. Let A = [a1§a2§ e ;am} and B = [b1§b2§ e ;bm]T; that is, ay is the k-th column
of A and by is the (-th row of B. Then AB = Y aiby. First show that |ab; |r = | ax|2] k|2

k=1
and use the triangle inequality to conclude the desired equality.

Problem 2.10. Let (V,{:,-)) be an inner product space over F, where F = R or C, and
x,y € ). Show that

(x,y)=0 if and only if ly| < [Xz+y| VAeF,

where || - | is the norm induced by the inner product (-, -).

Problem 2.11. Let (V,+,-,{:,-)) be an inner product space over R, and define |v| =
(v, v)'/? for all ve V. Show that

L 2lz|* +2|y|* = |+ y|* + |2 — y|* (parallelogram law).
2. l2? = lyl?| < |z + gl -yl < [=*+[y]*.
3. 4z, yy = |z + y|* — |z — y|* (polarization identity).
Can the p-norm || - |, on R™ be induced from any inner product (on R") for p # 27

Problem 2.12. Let (V,{:,-)) be an inner product space over C. Show the polarization
identity

1 : . : :
@y = (lz+yl — [z —yl* +ilo+iyl* —ile—iyl?) VayeV.

Problem 2.13. Let (X, - |x), (Y,|-|v), (Z,] - |z) be three normed vector spaces such
that X, Y < Z and

lz|z < Clz|x VzeX and |y[z<Clyly VyeY.
Define
E={ac Z||a|p = max{|a|x,]a|y} < o}

and

F={acZ|lalp= inf (|z|x+]yly)<x}.

ze X ,yeY

1. Show that (F,| -|g) is a normed vector space, and £ = X nY.
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2. Show that (F,| - ||r) is a normed vector space. The space F is usually denoted by
X+Y.

Problem 2.14. Let (M, d) be a metric space. Define p: M x M — R by

d(z,y)

p(x’y)zl—i—d—(x,y)'

Show that (M, p) is also a metric space.

Problem 2.15. Let d : R? x R? - R be defined by

T — it xo = ys,
d(z,y) = | | ‘ where ¢ = (21, 22) and y = (Y1, y2).
|1 —y1| + |22 —yo| + 1 if 29 # Yo,

Show that d is a metric on R2.
§ 2.3 Sequences in Metric Spaces

Problem 2.16. Let (M, d) be a metric space, and {z,}°_; be a sequence in M. Show that
{z,}*_, is Cauchy if and only if

Ve>0,3ye Ms#{neN|z, ¢ B(y,e)} <.
Problem 2.17. Show that
1. Every convergent sequence in a metric space is a Cauchy sequence.

2. If a subsequence of a Cauchy sequence converges to x, then the sequence converges to

x.

3. = is a cluster point of {zx};2, if and only if Ve > 0 and N > 0, 3k > N with

d(xg,z) < e.
4. z is a cluster point of {z};>; if and only if there is a subsequence converging to .
5. x, — x as k — o if and only if every subsequence of {4 }72, converges to x.

6. vx — x as k — oo if and only if every proper subsequence of {zy};; has a further

subsequence that converges to x.
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Problem 2.18. Let (V.| - |) be a norm space, {ax}r, be a sequence in V, and {b,}>_, be

N . 1 &
the Cesaro mean of {a};>; that is, b, = — > a.
M k=1

1. Show that if {ax}{, converges to a, then {b,}>; converges to a.

2. Is the converse statement “if the Cesaro mean {b,};_, of a sequence {ay};> , converges,

then the sequence {ay}, also converges” true?
Problem 2.19. Show that (C,|-|) is complete.

Problem 2.20. Let A be a subset in R". Show that A is bounded if and only if every

sequence in A has a convergent subsequence.

Problem 2.21. Let V be a vector space over field F, F = R or C, and {e;, - ,e,} be a
basis of V; that is, every vector e € V can be expressed (uniquely) by © = )] z;e; with

i=1
x; € F for all 1 < i < n. From Example 2.28 we know that {-,-) : V x V — [ defined by
(x,y) = Z s if = Z z;e; and y = Z ;€.
=1 =1 =1
is an inner product. Show that (V, | - |2) is a Banach space, where || - | is the norm induced

by the inner product.

Problem 2.22. Let (M, d) be a metric space. Two Cauchy sequences {p,}>>, and {g,}>_,
in M are said to be equivalent, denoted by {p,}°; ~ {gn}o,, if

lim d(pn,q.) =0.
n—oo
1. Prove that ~ is an equivalence relation; that is, show that

(a> {pn}?le ~ {pn}?:l'
<b> If {pn}le ~ {Qn};f:b then {Qn};.zozl ~ {pn}?:l'
(¢) U {putos ~ {antnzr and {gn}nzy ~ {ratnzs then {pa )y ~ {ra}ii;

0

2. Let {p,}*_, and {g,};~_, be two Cauchy sequences. Show that the sequence {d(p,, ¢,)}

n=1

is a Cauchy sequence in R; thus is convergent.



74 CuAaPTER 2. Normed Vector Spaces

3. Let M™* be the set of all equivalence classes. If P,Q) € M*, we define

where {p,}*_; € P and {¢,}*_, € Q. Show that the definition above is well-defined;

that is, show that if {p/ }*2; € P and {¢,}°_; € Q are another two Cauchy sequences,
then lim d(p,,q,) = lim d(p),,q,).
n—0o0 n—00
4. Define ¢ : M — M* as follows: for each x € M, {x,}*_,, where x, = z for all n € N,

is a Cauchy sequence in M. Then {z,}?, € ¢(z) for one particular ¢(z) € M*. In

other words, ¢(z) is the equivalence class where {z,}*_; belongs to. Show that
d*(o(x),o(y)) = d(z,y)  Va,ye M.
5. Show that ¢(M) is dense in M*.

6. Show that (M*,d*) is a complete metric space. The metric space (M*,d*) is called
the completion of (M, d).

§ 2.4 Series of Real Numbers and Vectors

Problem 2.23. Let {a,}*_; and {z,}*_; be two sequences of real numbers, and |z, —x, 1| <

o0
a, for all n € N. Show that {z,}*_; converges if > a, converges.
n=1

Q0 Q0
Problem 2.24. Let ) a;, be a conditionally convergent series. Show that >} [1+sgn(ax)]ay
k=1 k=1

Q0
and )’ [1 — sgn(ak)} aj both diverge. Here the sign function sgn is defined by
k=1

1 ifa>0,
sgn(a) = 0 ifa=0,
-1 ifa<0.
0
Problem 2.25. Let {a;};”; < R ba a sequence. A series ), by is said to be a rearrangement
k=1
0
of the series Y] ay if there exists a rearrangement 7 of N; that is, 7 : N — N is bijective,
k=1

such that by = ar@,).

e} o0
1. Show that if @ ap converges absolutely, then any rearrangement of the series ] ay

k=1 k=1
0

converges and has the value ] a.
k=1
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00

2. Show that if >} aj is conditionally convergent, then for each r € R, there exists a
k=1
o0 o0 e}
rearrangement ) an() of the series ), ay such that ) aru = 7.
k=1 k=1 k=1

Problem 2.26. Let {a,}r_, and {b,}*_, be sequences of real numbers such that a,,b, > 0
for all n > N. Define

o= by — b1 2 ypeN. (+)

oo
1. Show that if there exists a constant r > 0 such that r < ¢, for all n > N, then }; a;
converges. k=t

Hint: Rewrite (x) as b, = ¢, + il

bn+1 and then obtain
n

AN+1 AN+1

aN+42
byy1 =cn +

aN+1 AN+2
(CN+1 + p

cyny1 +

by =cn + bN+2> =cN + b2

N+1

AN+1 aAN42 aN+3
= CN -+ CN+1 + CN12 -+ bN+3 =
an an aN42
AN+1 AN +2 AN+n AN+n+1
CN+1 T . CNy2 + -+ B CN+n T a
N N N

=cN + DNttt -

Use the fact that 0 < r < ¢, for all n = N to conclude that
N+n

ZakéaNbN VYneN.
r

k=N

o0

Note that then the sequence of partial sum of > a; then is bounded from above (by
k=1

N-1

anby
Z ak—l— , )

k=1
Q0 0

2. Show that if )] bi diverges and ¢, < 0 for all n > N, then ) a; diverges.
k=1 Ok k=1

Hint: The fact that ¢, < 0 for all n > N implies that b,a,, < b,1a,41 for all n > N.
Use this fact to conclude that

anby < ap VYn>N
bn
o0
and then apply the direct comparison test to conclude that >’ a; diverges.

k=1

& . . .. . an+41

Problem 2.27. Let > a; be a series with positive terms, and lim P 1. We know
k=1 n—ao0 n

that the ratio test fails when this happens, but there are some refined results concerning

this particular case.
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1. (Raabe’s test):

0
(a) If there exists a constant p > 1 such that @il -1 forallm > N, then > ag
Qn n k=1

converges.

(b) If there exists a constant 0 < p < 1 such that nt 1~ P for all n > N, then
(079 n

a0
> ay diverges.
k=1

2. (Gauss’s test): Suppose that there exist a positive constant € > 0, a constant p, and

a bounded sequence {R,,}°_; such that

dntl K — forallm > N.
an, n nit
e} 0
(a) If > 1, then >} aj converges. (b) If 4 < 1, then )] aj diverges.
k=1 k=1
1
"; if 1 is odd .
Problem 2.28. Let a, be defined by a, = n Compute the value
— ifnis even.
371
of liminf {/a,, limsup /a,, liminf GZH and lim sup GZH, and conclude that whether the
n—ao0 n—o00 n—0oo n n—oo n
e}
series Y a, is convergent or not.
n=1
Hint: You can use lim {/n = lim {/n + 1 = 1 without proving it.

n—o0 n—00

1
Problem 2.29. Let a € R, a > 3 Discuss the absolute convergence or the conditional

(=
convergence of the series kz; W D

Problem 2.30. Determine whether the following series converge or not. Also test for their

absolute convergence.

0
L. Z sin(n™?), a > 0;
n=1

5 i log(n +1) —logn
' arctan% ’

A ala+1)---(a+n—1)bb+1)---(b+n—1)
3 Z 1-2---n-clc+1)---(c+n—1) ’
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The a, b, ¢ in (3) are real number except negative integers.

Problem 2.31. Complete the following.

0 1 \*
1. Show that ] (1 - —) converges.

F=1 Vk
log(k + 1) —logk
2. Show that kz o8 (EgL)Q 98T converges.
e}
3. Use Gauss’s test to show that both the general harmonic series ) Py where a # 0,
k=1

Q0
1
and the series Z N diverge.

k!
(a+1)(a+2)---(a+k)
5. Test the followmg “hypergeometric” series for convergence or divergence:

4. Show that Z converges if a > 1 and diverges if a < 1.

(a) i ala+1)(a+2) - (a+k—1) :g_i_a(a—i-l) ala+1)(a+2)
i BB+DB+2)---(B+k-1) B BB+1)  BB+1(B+2)
a-f ala+1)-6(8+1)  ala+1)(a+2)-B(B+1)(6+2)
(b>1+1"y+ 1-2y-(y+1) + 1-2:3-vy(v+1)(v+2) +
Problem 2.32. Consider the function f(x) = i Sin(kx).

k=1 k

1. Find the domain of f.

2. Show that for each ¢ > 0 and 0 < § < 7, there exists N > 0 and N depends only on
¢ and 0 but is independent of x, such that

& sin(kx)
’ZT‘<5 Vn>= N,p>0andze€ld2r—J.

§ 2.5 Chapter Review

Problem 2.33 (True or False). Determine whether the following statements are true or

false. If it is true, prove it. Otherwise, give a counter-example.
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. Let {z,}>_, < R be a sequence such that |z, — x,1| <

. Given two sets A and B. Then A x B is countable if and only if A and B are countable.

. Let {z,}> , < R be a sequence and limsup z,, = . Then sup z,, = x.

n—0o0 neN

. The set {(z,y) € R*|z +y € Q} is countable.

. Then {x,}¥_; converges in

S|

R.

0

. If a bounded sequence {z,}* ; in R satisfies z,11 — €, < z,, for n € N, where )] ¢,

n=1

k

is an absolute convergent series; that is, the partial sum ) |e,| converges as k — o0,
n=1

then {z,}*_, converges.

. Let m : N — N be one-to-one and onto (such map 7 is called a rearrangement), and

o o .
{x,}2 | is a convergent sequence. Then {mﬂ(n)}n: is also convergent.

1

. Let A < R satisfy

sup { Z b ’ B is a non-empty finite subsets of A} < 0.
beB

Then {z € A|z # 0} is countable.

0

. Any rearrangement of the series Y| z, diverges if and only if z,, does not tend to 0 as

n=1
n — 0.

- If {x, }2 is a sequence of distinct non-zero real numbers such that lim z, = 0, then

n—0o0
the set {m:vn ! meZ,ne N} is dense in R.



Chapter 3

Elementary Point-Set Topology

3.1 Limit Points and Interior Points of Sets

Definition 3.1. Let (M, d) be a metric space, and A be a subset of M.

1. A point x € M is called a limit point of A if there exists a sequence {z,}°; in A

such that {x,}> ; converges to x.
2. The closure of A is the collection of all limit points of A is denoted by A or cl(A).

3. A point z € M is called an interior point of A if there exists » > 0 such that the
r-ball about z is contained in A; that is, B(x,r) < A.

4. The interior of A is the collection of all interior points of A and is denoted by A or
int(A).

5. A point € M is called an exterior point of A if x is an interior point of A%, and

the collection of all exterior points of A is called the exterior of A.

Example 3.2. For a,b € R and a < b, consider the interval I in (R, |- |) with end-points a
and b. Then I = [a,b] and I = (a, b).

Remark 3.3. By the definition of the convergence of sequences in metric spaces, we have
the following equivalent definition: A point z € M is called a limit point of A if for every
e > 0, B(z,¢) contains points in A; that is, Ve > 0, B(z,e) n A # .

Remark 3.4. 1. If x € A, then x is a limit point of A. In other words, A < A.

2. Ifa:efl,thenxeA;thusAgA.

79
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Theorem 3.5. Let (M,d) be a metric space, and A, B be subsets of M. If A < B, then
Ac Band Ac B.
Proof. 1. Let x € A. Then there exists a sequence {z,,}*_, in A with limit 2. Since A < B,

{z,}%_, is a sequence in B with limit z; thus x € B.

2. Let x € A. Then there exists r > 0 such that B(z,r) € A. Since A < B, B(z,r) € B;
thus z € B. =

Proposition 3.6. Let (M,d) be a metric space, and A be a subset of M. Then
reA if and only if  d(z, A) = inf {d(z, y) {y €A} =0.

Proof. “=" Suppose that x € A. Then there exists a sequence {x,}*_, in A with limit z.

By the definition of d(z, A),
Oéd(az,A):inf{d(m,yMyeA}<d(x,xn) VneN;
thus the Sandwich lemma (Lemma 1.34) and Remark 2.43 imply that d(z, A) = 0.

“<” Suppose d(x, A) = 0. By the definition of d(x, A), for all n € N there exists x, € A
such that d(x,z,) < d(z,A) + 11 Therefore, we obtain a sequence {z,} ; in A
n n

such that lim x, = x; thus z € A. O
n—aoo

Remark 3.7. Let (M, d) be a metric space. The function d(z, A) defined in the example

above does not satisfy that
d(z,y) < d(z,A) +d(y, A) Vo,ye M,A< M.
However, if d(A, B) = inf{d(a, b) ‘ acAbe B}, then
d(A,B) <d(xz,A) +d(z, B) VeeM.
The proof of the inequality above is left as an exercise.

Definition 3.8. Let (M, d) be a metric space. A subset A of M is said to be dense (f#
%) in another subset B if A < B < A.

Remark 3.9. When A is dense in B, it means that every point in B can be the limit of a

sequence in A.
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Example 3.10. The rational numbers Q is dense in the real number system R.

Definition 3.11. Let (M, d) be a metric space, and A be a subset of M. The boundary
of A, denoted by bd(A) or A4, is the intersection of A and A® (0A = A n AL).

Remark 3.12. 1. By the definition of limit points of sets, we find that

redAde 3w}, c Aand {y,}, < A" > 2, »rand y, —> v asn — ©

< Ve>0,B(z,e)nA# @ and B(z,e)n A' # &.
2. 0A = 0(A%).
Proposition 3.13. Let (M, d) be a metric space, and A be a subset of M. Then 0A = A\A

Proof. If z € 0A, then = € A n A°; thus for all € > 0, B(x,e) n A® # . Therefore, z ¢ A
which implies that 0A < A\A.

On the other hand, if z € A\A, then z ¢ A; thus for all ¢ > 0, B(z,e) £ A. As a
consequence, for all e > 0, B(z,e) n A # &; thus z € AC and this further implies that
reAn Al =0A. o

Remark 3.14. 1. If A € B, then in general 0A & dB. For example, let A =Q [0, 1] and
B =10,1]. Then A < B but A =[0,1], ¢B = {0, 1}.

2. It is not always true that A = d(int(A)). For example, take A = [0,1] U {2}. Then
0A =1{0,1,2},int(A) = (0,1), (int(A)) = {0, 1}, so A # d(int(A)).

3.2 Closed Sets and Open Sets

3.2.1 Closed sets

Definition 3.15. Let (M, d) be a metric space. A subset F' of M is said to be closed (in
M) if F contains all its limit points; that is, F 2 F. In other words, F is closed if every

convergent sequence {z};°, < F' converges to a limit in F.
Remark 3.16. Let (M, d) be a metric space, and A be a subset of M.
1. By the definition of the closure of sets, A < A; thus A is closed if and only if A = A.

2. By Remark 3.3, A is closed if and only if for all 2 € A® there exists » > 0 such that
B(z,r) < A
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3. By the definition of the exterior points and 2 above, A is closed if and only if every

point of A’ is an interior point of A® (or equivalently, A® = int(A°%)).
4. If B is a closed set and A < B, then Theorem 3.5 implies that A < B.

Example 3.17. Let a,b € R. The interval [a,b], (—o0,al, [b,0) in R are closed. This is
why [a, b], (—o0,a] and [b, c0) are called “closed” intervals in R.

The set (0,1] < R is not closed because it does not contain 0, a limit point of (0, 1].
In general, we have the following
Proposition 3.18. Let (M,d) be a metric space, x € M and r = 0.
1. The set B(x,7)° is closed.
2. The set {y € M |d(x,y) <r} is closed.

Proof. 1. Suppose the contrary that there exists a sequence {y,}; < B(z,r)" which

converges to some y € B(x,r). Note that d(x,y) < r; thus there exists N > 0 such
that

Ad(Yn,y) <e=r—d(z,y) whenever n > N.
By the triangle inequality, for n = N we have
Ad(Yn, 1) < d(Yn,y) +d(y,z) <r—d(z,y) +d(z,y) =7
which implies that y,, € B(x,r) for n = N, a contradiction.

2. Let A = {y e M | d(z,y) < r}. Suppose the contrary that there exists a sequence
{y,}*_, < A which converges to some y € A". Since d(x,y) > r, there exists N > 0
such that

d(Yn,y) <e=d(z,y) —r whenever n > N.
By the triangle inequality, for n > N we have
d(yn, x) = d(z,y) — d(y,yn) > d(z,y) — (d(z,y) —7) =7
which implies that y, ¢ A for n > N, a contradiction. =

Remark 3.19. When r = 0, the set {y eM | d(z,y) < 7’} contains only one point x; thus

every set consisting of one single point in M is closed.



§3.2 Closed Sets and Open Sets 83

Definition 3.20. Let (M, d) be a metric space. For each z € M and r > 0, the set
Blz,r] = {ye M|d(z,y) <r}
is called the closed r-ball about x or the closed ball centered at x with radius r.

Proposition 3.21. Let (M,d) be a metric space.
1. The union of finitely many closed sets is closed.
2. The intersection of arbitrary family of closed sets is closed.

3. The universal set M and the emptly set & are closed.

k
Proof. 1. Let Fy,--- , F}), be closed sets in M, F' = | J F}, and {z,,};°; < F be a convergent
j=1

sequence with limit x € M. Then there exists 1 < jy < k such that
#{neN|x, € F;,} = o0;

thus {n € N!xn € FJO} = {nl,n2,~-- ,nk,~--}, where n; < ngyq for all £ € N. By
Proposition 2.56, the sequence {xnk}zo:l converges to x. Since Fj, is closed, z € Fj;
thus x € F'. Therefore, every convergent sequence in F' converges to a limit in F' which

shows that F' is closed.

2. Let ¥ = {Fa ‘ F, closed in M, o € I} be a family of closed sets, F' = () F,, and

ael
{x,}2, < F be a convergent sequence with limit # € M. Then for each a € I,

{x,}2_; in F,; thus the closedness of F, implies that x € F,, for each a € I. Therefore,
x € F which shows that F' is closed.

3. Since every consequence in M converges to a limit in M, M must be closed. Since
there is no sequence in ¢, it holds that ¥ is closed. o

k
Alternative proof of 1 and 2. 1. Let Fy,--- , Fy be closed sets, F' = | J F};, and x € Ft. By
j=1

De Morgan’s law,

P ang =) E = (JonE) - ()7,

7=1
so x € Fy for all 1 < j < k. By Remark 3.16, for each 1 < j < k there exists r; > 0

such that
B(z,r;) < F; .
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Define r = min{ry,ro,---,7;}. Then r > 0 and B(z,r) < B(z,r;) < Fj for all
1 <j < k; thus

k k
B(z,r)c (Fre (|JF) =F"
j=1 j=1

2. Let # = {Fa ’ F, closed in M, « € I} be a family of closed sets, F' = (] F,, and

ael

x € F. By De Morgan’s law,

F = M\()Fa = JM\F.) = | FS

ael ael ael

SO T € F[g for some 8 € I. By Remark 3.16, there exists » > 0 such that

B(w,r)c Fyc | JFL = ([ Fa) = F". o

ael ael

Corollary 3.22. Every set consisting of finitely many points of a metric space is closed.

Example 3.23. Let (V.| - ||) be a normed vector space, A < V be closed, and B < V be
finite (#(B) < ). Then A + B is closed.

Proof. Let {x,}>_; be a convergent sequence in A+ B with limit . Then x, = a,, + b, for

some a, € A and b, € B. Since #(B) < w0, there exists a point b € B such that
#{neN|b, = b} = 0.

Let {n € N| b, = b} = {ny,ng, -+ ,ng, -}, where ny < ng4; for all k € N. Then {z,, }7,
is a subsequence of {x,}. By Proposition 2.56, {z,, };>, converges to ; thus the fact that

a,, = x,, — bshows that {a,, };~; converges to a limit @ and = = a + b. The closedness of

k

A further implies that a € A; thus € A+ B.
In fact, A+ B = [J (b+ A). It should be clear that b+ A is closed if A is closed; thus

beB
we conclude that A + B is open by Proposition 3.21. O

Theorem 3.24. Let (M,d) be a metric space, and A be a subset of M. Then A is closed.

Proof. Let z € A® be given. Remark 3.3 implies that there exists ¢ > 0 such that B (z,e) N
A = J or equivalently, A € B(xz,¢)'. By Proposition 3.18, B(x,¢)" is closed; thus 4 of
Remark 3.16 implies that A € B(x,¢)". Therefore, B(z,¢) < A°; thus we established that

every point in A’ is an interior point of A®. 4 of Remark 3.16 then shows that A is closed. o
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Remark 3.25. Let (M, d) be a metric space, and A be a subset of M.

1. By the definition of the boundary of sets, Proposition 3.21 and Theorem 3.24 imply
that dA is closed.

2. By 4 of Remark 3.16, every closed set containing A contains A; thus the closure of A
is the smallest closed set containing A; that is, A= () F.

ACF
F closed

Definition 3.26. Let (M, d) be a metric space. A subset A of M is said to be complete if
the metric space (A4, d) is complete. In other words, A is complete if every Cauchy sequence

in A converges to a limit in A.

Theorem 3.27. Let (M,d) be a complete metric space, and A be a subset of M. Then A
is complete if and only if A is closed in M.

Proof. “=" Let {x}}72, be a convergent sequence in A with limit . Then Proposition 2.58
implies that {x};”; is a Cauchy sequence in (M, d). Since {zx};, € A, we find that
{x}72, is a Cauchy sequence in (A, d); thus the completeness of (A, d) implies that
{zy}{2, converges to y € A. By Proposition 2.42, the limit is unique; thus = y which
implies that € A. Therefore, A is closed.

“<” Let {x}{_, be a Cauchy sequence in A. Then
Ve>0,3N >0>3d(x,,x,) <e whenever n,m = N.

Therefore, {zx}, is a Cauchy in (M, d). Since (M, d) is complete, there exists z € M
such that xy — x as k — o0. By the closedness of A, we must have x € A; thus every
Cauchy sequence in A converges to a limit in A. O

3.2.2 Open sets

Definition 3.28. Let (M, d) be a metric space. A set U < M is said to be open (in M) if

every point in U is an interior point of U; that is, U < U. In other words,
Uisopen (in M) < VzeU Ir>03B(z,r)<U.

Remark 3.29. Let (M, d) be a metric space, and A be a subset of M.

1. By the definition of the interior of sets, A c A; thus A is open if and only if A = A.
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2. By 3 of Remark 3.16, A is open if and only if A® is closed and A is closed if and only
if A®is open.

3. The statement above does NOT implies that a set in a metric space is either open or

closed. There are still sets which is neither open nor closed.
4. If B is an open set and B < A, then Theorem 3.5 implies that B < A.

Example 3.30. The interval (a,b) in R is open since int((a,b)) = (a,b). This is why (a, b)

is called an open interval in Calculus.

Example 3.31. The set A = {(a,b) € R?|0 < a < 1} is open: given z = (a,b) € A, take
r = min{l — a,a}, then B(z,r) < A.

On the other hand, the set A = {(a,b) € R? |0 < a < 1} is not open: let z = (1,0), then
for each r > 0, B(z,r) &€ A since the point (1 + g,()) € B(x,r) but (1 + 5,0) ¢ A

The following proposition is a direct consequence of Proposition 3.18 and Remark 3.29.
Proposition 3.32. Fvery r-ball in a metric space is open.

Alternative proof. Let (M, d) be a metric space, and B(z,r) be an r-ball in M. We would
like to show that for each y € B(z,r), there exists § > 0 such that B(y,0) < B(z,r). Let
d =r—d(z,y). Then § > 0 and if z € B(y, d), we have

d(z,x) < d(z,y) +d(y,x) <6 +d(y,x) =r;
thus z € B(x,r). o

Proposition 3.33. Let (M,d) be a metric space.
1. The intersection of finitely many open sets is open.
2. The union of arbitrary family of open sets is open.

3. The empty set & and the universal set M are open.

k
Proof. 1. Let Uy, -+, Uy be open sets, and U = () U;. Then by De Morgan’s law,
j=1
k k
Ut =M\U=M\[U;=| JO\U;) =
=1

Jj=1 J

||C?r

Since Uj; is open, ch is closed. By Proposition 3.21, U ch is closed.
j=1
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2. Let F = {Ua ‘ U, openin M, a € I} be a family of open sets, and U = | J U,. Then
ael

by De Morgan’s law,

Ut = M\| U = (Y (M\U) = | JUE

ael ael ael
which implies that U is the intersection of a family of closed sets {Ug}ael. By
Proposition 3.21 we conclude that U° is closed or equivalently, U is open. =

Alternative proof of 1 and 2.

k
1. Let Uy, Us,--- ,U; be open sets in M, and U = (U;. If y € U, then y € U; for

i=1
all 1 < i < k. Since U; is open, there exist d; > 0 such that B(y,d;) < U;. Let
d = min{dy, -+ ,0}. Next we show that B(y,d) < U to conclude that U is open.

Let z € B(y,0). Then d(y,z) < 6 < ¢; for all 1 < i < k. Therefore, z € B(y, ;) for all

k
1 <@ < k which shows that z € U; for all 1 < i < k; thus z e (U; = U.
i=1

2. Let F = {Ua } U, openin M, a € ]} be a family of open sets, and U = (J U,. If

ael
y € U, then y e Ug for some e I. Since Up is open, there exists § > 0 such that
B(y,d) < Ug; thus B(y,0) < |J U, =U. o
ael
Remark 3.34. Infinite intersection of open sets need not be open:
11 =X o
1. Take Ay = (—%, %), then [ Ax = {0} which is not open.
k=1
1 1 @ .
2. Let Uy = (—2 — E,2 + E) c R. Then A = (| Ux 2 [-2,2]. Moreover, if x ¢ [—2,2],
k=1
1 T — 1 —x —2
then 4k e N> z ¢ Uy (Ifa:>2, z < 5 If r < =2, P < ) Therefore,

AU =[-2,2.

Example 3.35. Let (V,| - |
open, the set A+ B is open.

) be a normed vector space. If A, B are subsets of V and A is

Proof. Let ye A+ B. Then y = a+ b for some a€ A, be B. Since A is open, there exists
d > 0 such that B(a,d) < A.
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We next show that B(y,0) < A+ B. Let z € B(y,0). Then |z — y| < . Since
z=>b+ (z—b), if we can show that z— be A, then z€ A + B. Nevertheless, we have

[(z=b)—a| =]z-a-b]|=]z-y| <
which implies that z — b e B(a,d) < A. o

Since A+ B = J (b+ A) and it should be clear that b+ A is open if A is open, we
beB
conclude by Proposition 3.33 that A + B is open.

Theorem 3.36. Let (M,d) be a metric space, and A be a subset of M. Then A is open.

Proof. For each x € A, let &, > 0 denote a number such that B (x,e,) € A. We would like

to show that A = | B(z,e;), and the theorem is then a direct consequence of Proposi-
zeA

tion 3.33.
1. “<”: trivial.
2. “O” Let y € |J B(w,&;). By the definition of the union of family of sets, there exists

zeA

z € A such that y € B(z,e,). Let § = ¢, — d(z,y). Then 6 > 0 and if z € B(y, d),
d(z,2) < d(z,y) +d(y,z) < +d(y,z) =&,
which implies that B(y,d) < B(x,e,) < A. Therefore, y € A. o

Remark 3.37. Let (M, d) be a metric space, and A be a subset of M. By 4 of Remark 3.29,
every open set contained inside A is contained inside /01; thus the interior of A is the largest
open set contained inside A; that is, 4 = U U.

AU
U open

Remark 3.38. In a metric space (M, d), it is NOT always true that int(B[z, R]) = B(z, R)

or cl(B(z, R)) = Blx, R]. For example, we consider the discrete metric

1 ifx#y,

d(’(x’y):{ 0 ifz=0

Let R=1, and fix x € M # &. Then Blx,1] = M and B(x,1) = {z}. Since every set in
(M, dy) is both closed and open, we find that
int(B[z,1])) =M and cl(B(z,1)) = {z};

thus as long as M has more than one point, we have int(B[z, 1]) # B(z,1) and cl(B(z,1)) #
Blz,1]. We also note that in (M, dy) the boundary of every set is empty.
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BX ¢
3.3 Compactness ( 7 =)
In this section, we investigate a property similar to the Bolzaon-Weierstrass Property.

Definition 3.39. Let (M, d) be a metric space. A subset K < M is called sequentially

compact if every sequence in K has a subsequence that converges to a point in K.

Definition 3.40. Let (M, d) be a metric space. A subset A of M is said to be bounded if
A is contained in some r-ball. In other words, A is bounded if there exists z € M and r > 0
such that A < B(z,1).

Example 3.41. Each closed and bounded set in (R™, |- |2) is sequentially compact. This is
a direct consequence of the Bolzano-Weierstrass Theorem (Theorem 2.51) and the definition

of the closedness of sets.

Theorem 3.42. Let (M, d) be a metric space, and K < M be sequentially compact. Then
K is closed and bounded.

Proof. For closedness, assume that {z;};>, < K and z; — z as k — . By the defi-

nition of sequential compactness, there exists {xkj}oo

i=1 converging to a point y € K. By

Proposition 2.56, x = y; thus z € K.

For boundedness, assume the contrary that for all zo € M and R > 0, there exists y € K
such that d(zo,y) = R. Fix g € M. There exists x; € K such that d(zg,z;) = 1. Having
x1, there exists x5 € K such that d(za,x¢) = 1+ d(x1,20). Continuing this process, we

obtain a sequence {xj}7~; in K such that

d(xg,x9) = 1+ d(zk_1,70) VkeN.

Then any subsequence of {4}, cannot be Cauchy since d(xy, zy) = |k — | for all k,¢ e N;

thus {x};2, has no convergent subsequence, a contradiction. o
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Remark 3.43. Example 3.41 and Theorem 3.42 together imply that in (R™, | - [|2),
sequentially compact < closed and bounded.
This result is called the Heine-Borel Theorem.

In fact, if V is a finite dimensional vector space over F, where F = R or C, and

{e1,e2, -+ ,e,} €V is a basis for V; that is, every @ € V can be uniquely expressed as

z=2a2We, +12Pey+ -+ + zMe,,, t® eFfor1 <k<n.

n 1

Define x|, = (Z |x(i)|2> * (which is a norm by Example 2.28). Then a subset K of V
=1

is sequentially compact in (V, | - ||2) if and only if K is closed and bounded. Note that by

Theorem 3.42 it suffices to show the “if” direction. Let {z;};>, be a sequence in K. Write

T = Y, x,(j)ei, and define v, = (xlgl), xl(f), e ,x,({")). Then {v}7>; is a sequence in F”. Since
i=1

{x}7>, is bounded, there exists M > 0 such that

lzilo < M VEkeN;

thus |vklls < M (here |wvg|2 is the usual norm of v, on F") for all k € N. By the Bolzano-
Weierstrass Theorem (Theorem 2.51 and Remark 2.52), there exists a subsequence {vy,; }52,
such that {vy, };?Ozl converges to some v € F". Let v = ({B(l), z@? ... ,x(”)) and ¢ = z(Me; +
-4 z(Me,. Then

n 1
i D12\ 2 .
J, = al, = (| =2 OF)* = o, — vl =0 a5 j— s,
i=1
and the closedness of K implies that & € K, so we establish that K is sequentially compact

in (V,| - l2) if K is closed and bounded.

Example 3.44. Let A =1[0,1]u(2,3] < (R,|-|). Since A is not closed, A is not sequentially

compact.
Corollary 3.45. If K < R is sequentially compact, then inf K € K and sup K € K.
Proof. By Theorem 3.42, K must be closed and bounded. Therefore, inf K € R. Then

. . : 1 & .
for each n € N, there exists x,, € K such that inf X' < z, < inf K + —. Since {z,}°_; is
n

a bounded sequence in R, the Bolzano-Weierstrass property of R implies that there is a

subsequence {z,, }72; and x € R such that klim Zn, = v. Note that x = inf K, and by the
—00

closedness of K, x € K. The proof of sup K € K is similar. O
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Definition 3.46. Let (M, d) be a metric space. A subset A € M is called totally bounded

if for each r > 0, there exists {x1,--- ,x,} S M such that

N
Ac UB(SCZ,T’)
i=1

Remark 3.47. In a general metric space (M, d), a bounded set might not be totally bounded.
For example, consider the metric space (M, d) with the discrete metric, and A < M be a
set having infinitely many points. Then A is bounded since A < B(x,2) for any = € M;
however, A is not totally bounded since A cannot be covered by finitely many balls with

) 1
radius 5
Proposition 3.48. Let (M, d) be a metric space, and A = M be totally bounded. Then A
s bounded. In other words, totally bounded sets are bounded.

N

Proof. By total boundedness, there exists {y1,---,y,} S M such that A < |J B(y;, 1). Let

=1
zo = y1 and R = max {d(zo,y2), - ,d(z0,yy)} + 1. Then if z € A, z € B(y;, 1) for some

j=1,--- N, and
d(z,20) < d(2,y;) + d(yj,v0) <1+ d(wo,y;) < R
which implies that A € B(x, R). Therefore, A is bounded. o

Example 3.49. Every bounded set in (R", |-[|2) is totally bounded (Check!). In particular,
the set {1} x [1,2] in (R?,| - |2) is totally bounded.
On the other hand, let d : R? x R? — R be defined by

T —Y if 9 = yo,
d(z,y) = o ! . i i where x = (21, 22) and y = (y1,y2).
|21 — | + |re —yo| + 1 if 29 # o,

Then (R2, d) is also a metric space (exercise). The set {1} x [1,2] is bounded (Check!) but
not totally bounded. In fact, consider open ball with radius 3"
1 1 1
yeB(x,i) < |lz—y| < 3 lzy — 1| < 3 and Ty = 1o

1 1
<y € (3:1 —§,x1+§) and zo = ys.

In other words,
1 1 1
B(m, 5) = (a71 —5h + 5) X {xa};

1
thus one cannot cover {1} x [1,2] by the union of finitely many balls with radius 3
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Example 3.50. Let ¢* denote the collection of all bounded real sequences (cf. Exam-
ple 2.20); that is,

(* = {{zr}izy < R|for some M > 0, |z| < M for all k}.

The number sup |xgx| = sup{|z1],|za], -, |zk], -} < o0 is denoted by H{xk}leww (for
k>1

. (—1)*
example, if z;, = o then H{xk},;'oleoo = 1>. Then (£~, | -

») is a Banach space (left as

an exercise). Define

A= {mi e |l < 3}

B = {{z}iz, € (7 |z, —> 0 as k — o},

C = {{x}zy € *]the sequence {z}}7_; converges},
D = {{xk},zo:l € 600‘ sup |zg| = 1} (the unit sphere in (£, -)).
k=1

The closedness of A (which implies the completeness of (A, | -||«)) is left as an exercise. We
show that A is totally bounded.
Let r > 0 be given. Then there exists N > 0 such that % < r. Define

i 19 IN—1
E:{ OO_‘ = g = ——— = for some
{xk}k_l 1 N+ 1 L2 N+1 Ly N+ 1 T 8011
i, iy =-N,~N+41,---,N—1N, andxkzoifk’>N+1}.
Then

1. #F < o0. In fact, #F = (2N + 1)V ! < o0,

2 Ac U Bllainy) s U Blladinr).

(o) €E {24}, €E
Therefore, A is totally bounded.
On the other hand, B and C are not bounded; thus not totally bounded by Proposi-
tion 3.48. D is bounded but not totally bounded. In fact, D cannot be covered by the union

1 . .1 .
of finitely many balls with radius B since each ball with radius 3 contains at most one of

0

the points from the subset {{xgk) };Oil} c D, where for each k
=1 k=1

(ko _ .
{z; }jzl_{u 1,0, };

J
(k—1) terms

that is, :cg-k) = Oy;, the kronecker delta.
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Proposition 3.51. Let (M,d) be a metric space, and T' < M be totally bounded. If S < T,
then S is totally bounded. In other words, subsets of totally bounded sets are totally bounded.

Proof. Let r > 0 be given. By the total boundedness of T', there exists {z1,--- ,z,} € M
such that

N
S_TQUB(xiﬂ“). o
i=1

Proposition 3.52. Let (M,d) be a metric space, and A < M. Then A is totally bounded
N

if and only if for all v > 0, there exists {y1, -+ ,yy} S A such that A < | B(y;, ).
i=1

Proof. Tt suffices to show the “only if” part. Let » > 0 be given. Since A is totally bounded,
N T
Iy, Yy S M3 AC L__JIB(yi,2).

W.L.O.G., we may assume that for each i = 1,--- | N, B(yi, g) N A # . Then for each
1=1,---, N, there exists z; € B(yz-, g) N A which implies that

N N
AcC UB(yi, g) c UB(mi,r)
i=1 i=1
since B(yi,g) < B(zg,r) foralli=1,---  N. o

Theorem 3.53. Let (M,d) be a metric space, and K be a subset of M. Then K is
sequentially compact if and only if K is totally bounded and complete.

Proof. “=7" Assume that K is sequentially compact. For the total boundedness, suppose

the contrary that there is an r > 0 such that any finite set {y1, -+ ,y.} € K, K &

| B(yi, 7). This implies that we can choose a sequence {z;};~; € K such that
i=1

k
Tr4+1 € K\UB(LEZ,T)

i=1
Then {zx}}2; is a sequence in K without convergent subsequence since d(zy,x¢) > r

for all k,/ e N and k # (.

Next we show that K is complete. Let {z;};2, < K be a Cauchy sequence. By

. . 0
sequential compactness of K, there is a subsequence {xkj }j:1

z € K. By Proposition 2.58, {x}};2; also converges to x; thus every Cauchy sequence

converging to a point

in K converges to a point in K.
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<" The proof of this direction is similar to the proof of Theorem 1.79 and we proceed as

follows. Let {z}}{, be a sequence in T = K. Since K is totally bound, there exists
{y(l) ~yN1} € K such that

N1
Tv=Kc<| B, 1).

One of these B(y, (1) ,1)’s must contain infinitely many xz;’s; that is, there exists 1 <
¢; < N; such that #{k: € N}xk e B y( ) 1)} = 0. Define T}, = K n B(yéll), 1). Then
T is also totally bounded by Proposition 3.51, so there exists {y?), e ,y](\?z)} c T
such that

Tl CUB 3/1(2)71 .

Suppose that #{k € N‘xk € B(yg),%) = oo for some 1 < ly < N,. Define Ty, =

1
T n B(y@), 7). We continue this process, and obtain that for all n € N,
65

(1) there exists {y%n),- ,yN } < T,—1 such that

n) 1 :
(2) T, =T, 1N B(yén), ﬁ)’ where 1 < ¢,, < N, is chosen so that

#{keN‘xkeB(ygj),l)} = . (3.3.1)

n

Pick an kle{k‘eN‘xkeB(ye , } and k; e{keN)xkeB(yg),l)}suchthat

ki1 > k; for all j € N. We note such k; always exists because of (3.3.1). Then

{xk } is a subsequence of {x;};2,, and 7y, € T; € K for all j € N.

Claim: {xkj }]Oil is a Cauchy sequence.

Proof of claim: Let € > 0 be given, and N > 0 be large enough so that % < % Then

. 1 .
if j = N, we must have z;, € B(ygj), N); thus we conclude that if n,m > N, the
triangle inequality implies that
1 1
d(xkn,ka) < d(a:kn,ygj)) + d(:vkm,ygj)) < N + N <e.

Since (K, d) is complete, the Cauchy sequence {xkj };D:l converges to a point in K. ©
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Finally we introduce the concept of compact sets in a metric space in the remaining part

of the section. First we need to talk about open cover of sets.

Definition 3.54. Let (M, d) be a metric space, and A be a subset of M. A cover of A is
a collection of sets {U,}aer satisfying that A < |J U,. It is an open cover of A if U, is

a€el
open for all a € I. A subcover of a given cover {U,}aes is a sub-collection {U,}aes, where

J < I, satisfying that A < | J U,. It is a finite subcover if #.J < .

ael

Example 3.55. The collection {(—k, k) ‘ ke N} is an open cover of R, and {(—Qk, 2k) ‘ ke
N} is a subcover of {(—k, k)| k € N}.

The so-called compact sets is defined in the following

Definition 3.56. Let (M,d) be a metric space. A subset K < M is called compact if

every open cover of K possesses a finite subcover; that is, K < M is compact if

(Vopen cover {U,}aer of K) (3 JSIA#J< oo) (K c U Ua) )

aeJ

Example 3.57. Let A = {0} U {1, %, e ,l, e }, and {U,}aer be a given open cover of
n
A. Then 0 € Ug for all 8 € I. By the fact that Us is open, there exists € > 0 such that

B(0,e) < Us. Let N € N satisfy % < e. Then

O I

On the other hand, for each 1 < k£ < N —1 there exists ay, € I such that % € U,,. Therefore,

11 1 1 N
A:<{O}U{N’N+1’m}>U{1’2"“’N—1}QUBUIQUO%;

thus we obtain a finite subcover for a given open cover. Therefore, A is compact.
In general, if {z;};2, is a convergent sequence in a metric space with limit z, then the

set A = {1, 29,---} U {x} is compact.

Theorem 3.58. Let (M, d) be a metric space, and A be a subset of M. Then A is compact

if and only if A is sequentially compact.



96 CHAPTER 3. Elementary Point-Set Topology

Proof. “=" Since a compact set must be totally bounded (a finite sub-cover of {B (x,r) ‘ X €

K } suffices the purpose), it suffices to show the completeness of K. Let {zx},

be a Cauchy sequence in K. Suppose that {z;};>; does not converge in K. Then
Proposition 2.56 and 2.58 imply that every point of K is not a cluster point of {x)}7° ;;
thus

Vye K,356, > 03 #{keN|zy e B(y,0,)} < . (3.3.2)
The collection {B (v, 5y)}y€ , then is an open cover of K’; thus possesses a finite sub-

N
cover {B(yi,(Syi)}i]il. In particular, {zx}"; < | B(yi,éxi) or
i=1

N
#{keN|me B} ==
i=1
which contradicts to (3.3.2).

<" Let {Ua}ael be an open cover of K.
Claim: there exists r > 0 such that for each x € K, B(z,r) < U, for some « € I.
Proof of claim: Suppose the contrary that for each k € N, there exists z; € K such

that B(:L‘k, %) & U, for all @ € I. Then {4}, is a sequence in K; thus by the

assumption of sequential compactness, there exists a convergent subsequence {xy, };-Ozl

with limit « € K. Since {U,}aer is an open cover of K, x € Ug for some € I. Then

(1) there is r > 0 such that B(z,r) < Us since U is open.

(2) there exists N > 0 such that d(z,,r) < g for all j > N.

Choose j = N such that klj < g Then B(mk‘j, kt) < B(z,r) < Ugs, a contradiction.
Having established the claim, by the fact that K is totally bounded (Theorem 3.53)
there exists {y1,---,yy} € K such that K < C[J B(y;,r). For each 1 < i < N,
the claim above implies that there exists a; € ZIleuch that B(y;,7) € U,,. Then
QB(%, r) < QU% which implies that

)

N
KQUUQZ.. o
i=1
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Remark 3.59. For a given open cover {U,}.es of a compact set K, the positive number r
appearing in the claim above is called a Lebesgue number for the open cover. It has the

property that for each x € K there exists o € I such that B(x,r) € U,.

Definition 3.60. Let (M, d) be a metric space. A subset A of M is called pre-compact
if A is compact. Let U < M be an open set, a subset A of U is said to be compactly
embedded in U, denoted by Acc U, if A is pre-compact and A < U.

Remark 3.61. Suppose that A is a pre-compact set in (M,d). If {xx}}>; be a sequence
in A, then {z,,}%_, is a sequence in A; thus the (sequential) compactness of A implies that
there exists convergent subsequence {zy,}72, (with limit in A). Therefore, every sequence

in a pre-compact set has a convergent subsequence.

Example 3.62. Let (M,d) be a complete metric space, and A € M be totally bounded.
Then A is totally bounded (by enlarging the radius of the balls); thus Theorem 3.27 and 3.53
imply that A is sequentially compact. In other words, in a complete metric space, totally

bounded sets are pre-compact.

Remark 3.63. A generalized version of the Bolzano-Weierstrass property in a general
metric space is the following: a metric space is said to satisfy the Bolzano-Weierstrass
property if every totally bounded sequence has a convergent subsequence. Then a metric

space is complete if and only if it satisfies the Bolzano-Weierstrass property.

3.4 Connectedness (:#:if 4 )

Definition 3.64. Let (M, d) be a metric space, and A be a subset of M. Two non-empty

open sets U and V are said to separate A if
1. AnUnV =; 2. AnU # J; 3. AnV # I, 4. AcU UV,
We say that A is disconnected or separated if such separation exists, and A is connected

if no such separation exists.

Proposition 3.65. Let (M,d) be a metric space. A subset A < M is disconnected if and
only if A=Ay U Ay with Ay n Ay = Ay 0 Ay = & for some non-empty Ay and As.

Proof. “=7" Suppose that there exist U, V non-empty open sets such that 1-4 in Defini-
tion 3.64 hold. Let Ay = AnU and A4y = AnV. By 1, A; < V¢ thus Theorem 3.5
implies that A; < V°. This shows that A, N Ay = &. Similarly, Ayn A =@,
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“<="Let U = cl(A43)" and V = cl(A;)" be two open sets. Then V nA; = U n Ay = ; thus
AnUnV=(AvA)nUnV=AnU)nV=Un(A1nV)=.

Moreover, since Ay N Ay = Ay n A} = &, Ay S cl(Ay)" = U and A; < cl(A))' =V so
that Property 2 and 3 in Definition 3.64 hold. Finally, since A; < A} and A, < AS,
we have

UoV)=U'nVl=4nA A nAS= (A uA) =4
which implies that A € U u V. Therefore, A is disconnected. o

Proposition 3.65 implies the following alternative definition of connected sets (without

defining disconnected sets first):

Definition 3.66. Let (M, d) be a metric space. A subset A of M is said to be connected
if A cannot be represented as the union of two non-empty disjoint sets neither of which

contains a limit point of the other.

Corollary 3.67. Let (M,d) be a metric space. Suppose that a subset A < M is connected,
and A= A; U Ay, where Ay N Ay = Ay n Ay = . Then Ay or A, is empty.

Theorem 3.68. A subset A of the Fuclidean space (R, |- |) is connected if and only if it
has the property that if x,y € A and v < z <y, then z € A.

Proof. “=" Suppose that there exist z,y € A, z <z <y but z¢ A. Then A = A; U Ay,

where
Ay =An(—w0,2) and Ay =An (z,0).
Since z € A; and y € Ay, Ay and A, are non-empty. Moreover, A1 N Ay = A1nAy = &F;

thus by Proposition 3.65, A is disconnected, a contradiction.

“«<" Suppose the contrary that A is not connected (disconnected). Then there exist non-
empty sets A; and A, such that A = A, U Ay with A; N Ay = A n Ay = . Pick
r € A and y € Ay. W.L.O.G., we may assume that = < y. Define z = sup(A; n [z, y])

Claim: z € A;.

Proof of claim: By definition, for any n > 0 there exists z,, € A; N [z, y] such that
1 _

z — — < x, < z. Therefore, x,, — z as n — oo which implies that z € A;.

n
Since z € Ay, z ¢ Ay. In particular, x < z < y.
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(a) If 2 ¢ Ay, then x < z <y and z ¢ A, a contradiction.

(b) If z € Ay, then z ¢ Ay; thus there exists 0 < r < y — z such that (z —r,z +7) <
cl(Ay)". Then for all 21 € (2,2 +7), 2 <2 <yand 2 ¢ Ay. Thenx < 2z, <y

and z; ¢ A, a contradiction. O

Corollary 3.69. Connected sets in (R,|-|) are intervals.

3.5 Subspace Topology

Let (M, d) be a metric space, and N © M be a subset. Then (N, d) is a metric space, and
the topology of (N, d) is called the subspace topology of (N, d).

Remark 3.70. The topology of a metric space is the collection of all open sets of that

metric space.

Proposition 3.71. Let (M, d) be a metric space, and N be a subset of M. A subsetV < N
is open in (N,d) if and only if V. =U n N for some open set U in (M,d).

Proof. Let By(x,r) denote the r-ball about x in (N, d); that is,

By(z,r)={ye N|d(z,y) <r} V.

Note that By(x,r) = B(x,r) n N, where B(x,r) is the r-ball about z in the metric space
(M, d).

“=” Let V < N be open in (N,d). Then for all z € M, there exists r, > 0 such that
By (z,r,) € V. In particular,
V= U By (z,1,) = U B(x,r) n N.
zeV zeV

Define U = | J B(z,7,). Then U is open in (M, d) (by Proposition 3.33), and
zeV

V=|JB@r)nN=UnN.

zeV

“«<" Suppose that V = U n N for some open set U in (M,d). Let x € V. Then x € U; thus
there exists r > 0 such that B(z,r) € U. Therefore,

By(z,r)=B(z,1)nNcUnN=V

which implies that z is an interior point of V. This shows that V' is open in (V,d). o
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Corollary 3.72. Let (M,d) be a metric space, and N be a subset of M. A subset E € N
is closed in (N,d) if and only if E = F n N for some closed set F in (M,d).

Proof. Note that if A, B are subsets of N, then A = B if and only if N n A = N n B°,
where A® denote the set M\A. Then for a subset E of N,

E is closed in (N,d) < N\FE is open in (N,d) < N n E* is open in (M, d)
< N n E'= N n U for some open set U in (M, d)
< Nn(NnEYY =Nn(NnU) for some open set U in (M, d)
< Nn E =N nU" for some open set U in (M, d)
< N n E =N n F for some closed set F'in (M, d)

< FE = F n N for some closed set F' in (M, d). o

Remark 3.73. Let (M, d) be a metric space, N be a subset of M, and {x,,}:°_; be a sequence

in N. We note that the convergence of {z,},>_; in (N, d) implies the convergence of {z,}>_,
1

in (M, d), but not vice versa. For example, the sequence {f}oo_l is convergent in (R, |-|) but
n’n=

is not convergent in ((0, ), d), where d is the metric induced from the norm | -|. Since the
concept of convergence is different in a subspace, we expect that in a subspace the concept
of closed will be different. In other words, the concept of closedness (and openness as well)

of sets highly depends on the background metric space.

Definition 3.74. Let (M, d) be a metric space, and N be a subset of M. A subset A is

open open
said to be closed relative to N if An N is closed in the metric space (N, d).
compact compact

Note that base on the definition above, Proposition 3.71 and Corollary 3.72 imply that
if A is closed/open in (M,d), then A is relative closed/open in (N, d). However, we note
that if A < N is closed/open in (N, d), A is not necessary closed/open in (M, d).

Example 3.75. Let (M,d) be (R,|-|), and N = Q. Consider the set F' = [0,1] n Q. By
Corollary 3.72 F' is closed in (Q,| - |); however, F' is not closed in (R, |- |) since it is not

complete (a Cauchy sequence in F' might not converge).

Theorem 3.76. Let (M,d) be a metric space, and N be a subset of M. A subset A of M

is closed relative to N if and only if A® is open relative to N.



§3.5 Subspace Topology 101

Proof. Note that if A, B are subsets of N, then A = B if and only if N n A® = N n B°,
where A’ denote the set M\A. Then for a subset A of M,

A is closed relative to N < A n N is closed in (N, d)
< An N =F n N for some closed set F' in (M, d)
s Nn(AnN)E=Nn(FnN) for some closed set F in (M, d)
< Nn A" = N n F* for some closed set F in (M, d)
< Nn A" = N AU for some open set U in (M, d)

which, by Proposition 3.71, implies that A" is open relative to V. O

Theorem 3.77. Let (M,d) be a metric space, and K =€ N < M. Then K is compact in
(M, d) if and only if K is compact in (N,d).

Proof. “=" Let {V,}aer be an open cover of K in (N, d). By Proposition 3.71 there exists
a collection of open sets {U,}aer in (M, d) such that V,, = U, n N for all a € I. Since
{Va}aer is an open cover of K in (N, d), {Ua}aer is a cover of K in (M, d); thus by the

compactness of K in (M, d), there exists aq,--- ,ay such that

N
Kc U U, -
j=1

N
Since K <€ N and V,, = U, n N, we must have K < | Vo, which shows that there is
j=1

a finite subcover of K for the open cover {V,}aer. Therefore, K is compact in (N, d).

“<=" Let {Uy}aer be an open cover of K in (M,d). Define V,, = U, n N. Since K <
N, Proposition 3.71 implies that {V,}.cr is an open cover of K in (N,d); thus the

compactness of K in (N, d) implies that there exists oy, -+, ay such that

N
Kc U Va, -
j=1

N
Since V, < U, forall a e I, K < | J U,, which shows that there is a finite subcover
j=1

of K for the open cover {U,}aer. Therefore, K is compact in (M, d). =

Alternative proof - sketch. Let {zx}; € K be a sequence. By sequential compactness of
K in either (M,d) or (N,d), there exists {zy,}52, and x € K such that x;,, — x as j — oo.
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As long as the metric d used in different space are identical, the concept of convergence of

a sequence are the same; thus (sequential) compactness in (M, d) or (N, d) are the same. o

Example 3.78. Let (M,d) be (R,|-]|), and N = Q. Then F' = [0, 1] n Q is not compact in
(Q, | - |) since F' is not complete. We can also apply Theorem 3.77 to see this: if FF < Q is
compact in (Q,|-|), then F is compact in (R, |- |) which is clearly not the case since F is

not even closed in (R, |- ).

Remark 3.79. Let (M,d) be a metric space. By Proposition 3.65 a subset A < M is
disconnected if and only if there exist two subsets Uy, Us of A, open relative to A, such that
A=U,uUyand Uy n Uy = I (one choice of (Uy,Us) is U; = A\A; and Uy = A\ A,, where
Ay and A, are given by Proposition 3.65). Note that U; and U, are also closed relative to
A.

Given the observation above, if A is a connected set and F is a subset of A such that E
is closed and open relative to A, then ' = ¢§ or E = A.

3.6 Exercises

In the exercise section of this chapter, we first introduce the concepts of accumulation points,

isolated points and derived set of a set as follows.
Definition 3.80. Let (M, d) be a normed vector space, and A be a subset of M.

1. A point z € M is called an accumulation point of A if there exists a sequence

{x,}2  in A\{z} such that {z,}_; converges to .

2. A point x € A is called an isolated point (% = B) (of A) if there exists no sequence

in A\{x} that converges to x.

3. The derived set of A is the collection of all accumulation points of A, and is denoted
by A’

§ 3.1 Limit Points and Interior Points of Sets
Problem 3.1. Let (M, d) be a metric space, and A be a subset of M.

1. Show that the collection of all isolated points of A is A\A'.
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2. Show that A’ = A\(A\A’). In other words, the derived set consists of all limit points
that are not isolated points. Also show that A\A’ = A\ A’

Problem 3.2. Let A and B be subsets of a metric space (M, d). Show that

L. cl(cl(A)) = cl(A).

2. cl(Au B) =cl(A) ucl(B).

3. cl(An B) < cl(A) ncl(B). Find examples of that cl(A n B) < cl(A) n cl(B).
Problem 3.3. Let A and B be subsets of a metric space (M, d). Show that

1. int(int(A)) = int(A).

2. int(A n B) = int(A) n int(B).

3. int(A v B) 2 int(A) u int(B). Find examples of that int(A u B) 2 int(A) U int(B).
Problem 3.4. Let (M, d) be a metric space, and A be a subset of M. Show that

0A = (Anc(M\A)) U (cl(A)\A).

Problem 3.5. Recall that in a metric space (M, d), a subset A is said to be dense in S if
subsets satisfy A € S < cl(A). For example, Q is dense in R.

1. Show that if A is dense in S and if S is dense in T', then A is dense in T
2. Show that if A is dense in S and B < S is open, then B < cl(A n B).
Problem 3.6. Let A and B be subsets of a metric space (M, d). Show that

1. 0(0A) < d(A). Find examples of that d(0A) < dA. Also show that 0(0A) = dA if A

is closed.

2. )(AuB)< dAudB < d(Au B)u Au B. Find examples of that equalities do not
hold.

3. If cl(A) ncl(B) = &, then 0(Au B) = 0A U dB.
4. 0(An B) < 0A v dB. Find examples of the equalities do not hold.

5. 0(0(0A)) = 0(0A).
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§ 3.2 Closed Sets and Open Sets

Problem 3.7. Let (M, d) be a metric space, and A be a subset of M. Show that A 2 A’
if and only if A is closed.

Problem 3.8. Show that the derived set of a set (in a metric space) is closed.

Problem 3.9. Let A < R”. Define the sequence of sets A as follows: A® = A and
At — the derived set of A for m € N. Complete the following.

1. Prove that each A for m € N is a closed set; thus AV 2 A®) o....

2. Show that if there exists some m € N such that A is a countable set, then A is

countable.
3. For any given m € N, is there a set A such that A™ # &f but A+ = o7
4. cht A be uncountable. Then each A™) is an uncountable set. Is it possible that
N A™ = 7
m=1
5. Let A — {% + % ’m s k(k—1),m, ke N}. Find AU, A® and A®.
Problem 3.10. Recall that a cluster point = of a sequence {x,}>_, satisfies that
Ve>0,#{neN|z,c B(z,e)}=mw.
Show that the collection of cluster points of a sequence (in a metric space) is closed.

Problem 3.11. Let (M, d) be a metric space, and A € M. Show that A is dense in M if
and only if AnU # & for all non-empty open set U < M.

Problem 3.12. Determine whether the following sets are open or not.

1 1
R N
n n
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4 U2 Lot Y
‘ n=1 n’ n
Problem 3.13. Let (V,| - |) ba a normed vector space, and C' be a non-empty convex set

in V.
1. Show that C is convex.

2. Show that if € C and y € C, then (1 —A)z+ Ay € C for all A € (0,1). This result is

sometimes called the line segment principle.

3. Show that C is convex (you may need the conclusion in 2 to prove this).

o

4. Show that cl(C) = cl(C).

5. Show that int(C') = int(C).

Hint: 2. Prove by contradiction.
3 and 4. Use the line segment principle.
5. Show that € int(C)) can be written as (1—\)y-+ Az for some y € C and z € B(x,¢) < C.

Problem 3.14. Let (V,{-,-)) be a finite dimensional inner product space with induced
norm | - ||, and C' be a non-empty convex set in V. Show that for each & € V, there is a

unique point x, € C such that
|z — 2| = dist(z,C) = inf { |z — y| |y e C}.

How about if (V, || - ||) is a norm vector space whose norm | - | is not induced from an inner

product?

Problem 3.15. In this problem we discuss the concept of supporting hyperplanes in an
inner product spaces. Recall that a hyperplane in an n-dimensional vector space is an

(n — 1)-dimensional subspace.

Definition 3.81. Let (V,| - ||) be a normed vector space, and S be a subset of V. A
hyperplane H is called a supporting hyperplane of S if

1. S is a subset of one of the two closed half-spaces bounded by H;

2. H contains at least one boundary point of S.
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If x € 0S, a supporting hyperplane of S at x is a supporting hyperplane of S containing .

In particular, if the norm is induced by an inner product {-,-), H is a supporting hyper-
plane of S at @ € 05 if there exists a unit vector n € V such that H = {y { {n,y—x) = O}
and S < {y|{(n,y — x) < 0}.

Let (V,{:,-)) ba an inner product space, and C' be a non-empty convex set in V. Show

that for each x € dC, there is a supporting hyperplane of C' at «.

Problem 3.16. Let (V.| -||) be a normed vector space. Show that for all z €V and r > 0,
int(B[z,r]) = B(z,7).

Is the identity above true in general metric space?

Problem 3.17. Let M,,»,, denote the collection of all n x n square real matrices, and

(Mascns || - [|p,g) e a normed space with norm | - |, , given in Problem 2.8. Show that the set
GL(n) = {A € My, | det(A) # 0}
is an open set in M,,,,. The set GL(n) is called the general linear group.

Problem 3.18. Show that every open set in R is the union of at most countable collection
of disjoint open intervals; that is, if U < R is open, then
U= J(ax, br),
ke

where Z is countable, and (ax, bx) N (ag, b)) = & if k # £.

Hint: For each point z € U, define L, = {ye R‘ (y,x) < U} and R, = {ye R‘ (x,y) < U}.
Define I, = (infL,,sup R,). Show that I, = I, if (z,y) € U and if (z,y) € U then
Inly=

Problem 3.19. Let (M,d) be a metric space. A set A < M is said to be perfect if
A = A’ (so that there is no isolated points). The Cantor set is constructed by the following
procedure: let Ey = [0,1]. Remove the segment (é,;), and let E; be the union of the

intervals

0.5],[5.1].

Remove the middle thirds of these intervals, and let Fy be the union of the intervals
17 2 37 6 77 8
0,51 [5:5) 5 5] [5: 1)

Continuing in this way, we obtain a sequence of closed set Ej such that



§3.6 Exercises 107

(a) E; QEQQEQQ,
(b) E, is the union of 2" intervals, each of length 37",

o0
The set C' = () E, is called the Cantor set.
n=1

1. Show that C'is a perfect set.
2. Show that C' is uncountable.
3. Find int(C).

Problem 3.20. In this problem you are asked to prove the Baire Category Theorem.
Theorem (Baire Category Theorem). Let (X, d) be a complete metric space. If Uy, Us, . ..

are dense open subsets of X, then
0

Un

n=1
is dense in X.

Complete the following.

1. By Problem 3.11, it suffices to show that

Wr\ﬁUn?ﬁ@
n=1

for every nonempty open set W < X. Let W be a nonempty open set. Use the fact

that each U, is dense and open to recursively construct closed balls
Blxy, 7| 2 Blxg, 1] 2 - -

such that

Blzp, ] € Uy 0 B(xp—1,7n-1) and Ty <277
2. Show that {z,}°; is a Cauchy sequence, and hence converges to some limit x € X.

3. Show that .
x € ﬂ Bz, rnl,

n=1

and that z is the only point in this intersection.
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4. Deduce that »
reWn ﬂ Uy,

n=1

and therefore

WmﬁUn#Q.

n=1

Conclude that (), U, is dense in X.

§ 3.3 Compactness

Problem 3.21. Let V be a vector fields over F, where F =R or C, and {ej, ey, - ,e,} SV

is a basis for V; that is, every & € V can be uniquely expressed as
x=1We +2Pey + - +1Me, = Z zVe; .
i=1

n 1
Define | [, = (2 \xw\?)?.
=1
1. Show that | - [ is a norm on V.

2. Show that K is compact in (V,|| - |2) if and only if K is closed and bounded.

Problem 3.22. Let (M, d) be a metric space.

1. Show that a closed subset of a compact set is compact.

2. Show that the union of a finite number of sequentially compact subsets of M is com-

pact.

3. Show that the intersection of an arbitrary collection of sequentially compact subsets

of M is sequentially compact.

Problem 3.23. A metric space (M, d) is said to be separable if there is a countable subset

A which is dense in M. Show that every sequentially compact set is separable.

Hint: Consider the total boundedness using balls with radius 1 for n € N.
n

Problem 3.24. Given {a;}7; < R a bounded sequence, define

A= {:c eR ’ there exists a subsequence {akj }w_ such that lim a;. = x} )
.]_1 J—00 J

Show that A is a non-empty sequentially compact set in R. Furthermore , limsup a, = sup A

k—o0

and lim inf a;, = inf A.
k—o0
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Problem 3.25. Let (M, d) be a metric space.

1. Show that if M is complete and A is a totally bounded subset of M, then cl(A) is

sequentially compact.

2. Show that M is complete if and only if every totally bounded sequence has a convergent

subsequence.

Problem 3.26. Let d : R? x R? — R be defined by

ER T if 2o = yo,

d(x,y) = . where x = (1, z2) and y = (y1, y2).
o1 — | |2 — | + 1 ifzy # g

Problem 2.15 shows that d is a metric on R%. Consider the metric space (R?,d).

1. Find B(z,r) withr <1, r=1and r > 1.
2. Show that the set {c} x [a,b] = (R?,d) is closed and bounded.

3. Examine whether the set {c} x [a,b] = (R?,d) is sequentially compact or not.

Problem 3.27. Let {z;}{, be a convergent sequence in a metric space, and zp — z as

k — co. Show that the set A = {z1, 9, -+ ,} U {z} is sequentially compact.

Problem 3.28. 1. Show the so-called “ Finite Intersection Property”:

Let (M,d) be a metric space, and K be a subset of M. Then K is compact if
and if for any family of closed subsets {F,}.cr, we have

Kmﬂﬂ#@

ael

whenever K n ﬂ F, # & for all J < [ satistying #J < 0.

aeJ

2. Show the so-called “Nested Set Properpty”:

Let (M,d) be a metric space. If {K,}*_, is a sequence of non-empty compact

sets in M such that K; 2 K, for all j € N, then there exists at least one point
0

in () Kj; that is,
J=1 o0

K +@.

J=1
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Problem 3.29. Let (M,d) be a metric space, and M itself is a sequentially compact set.
[oe}

Show that if {F}};2, is a sequence of closed sets such that int(F)) = ¢F, then M\ | J F # &.
k=1

o0
Problem 3.30. Let ¢2 be the collection of all sequences {z};2, = R such that Y] |zx|> < co.
k=1

In other words,

e}
= {{zi}il o e Rforall ke N, ) |zy)” < o0}
k=1

Define || - [l : 2 — R by

Howtizal, = (f} f?)”.

1. Show that | - |2 is a norm on ¢2. The normed space (¢2,]| - |) usually is denoted by 2.
2. Show that | - |2 is induced by an inner product.

3. Show that (¢2| - ||2) is complete.

4. Let A= {z e |||, <1}. Is A sequentially compact or not?

Problem 3.31. Let A, B be two non-empty subsets in R™. Define
d(A,B) =inf{|z —y|2 |z € A,y € B}

to be the distance between A and B. When A = {x} is a point, we write d(A, B) as d(x, B)

(which is consistent with the one given in Proposition 3.6).
(1) Prove that d(A, B) = inf{d(z, B) |z € A}.
(2) Show that |d(z, B) — d(z2, B)| < |#1 — 2|2 for all z1, 2, € R™.

(3) Define B. = {z € R"|d(z, B) < €} be the collection of all points whose distance from
B is less than €. Show that B. is open and (] B. = cl(B).

e>0

(4) If A is sequentially compact, show that there exists x € A such that d(A, B) = d(z, B).

(5) If A is closed and B is sequentially compact, show that there exists z € A and y € B
such that d(A, B) = d(z,y).
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(6) If A and B are both closed, does the conclusion of (5) hold?

Problem 3.32. Let K(n) denote the collection of all non-empty sequentially compact sets
in R™. Define the Hausdorff distance of K, K5 € K(n) by

A" (K, Kz) = max { sup d(w, K1), sup d(e, Ko) }

reKo rzeKy

in which d(x, K) is the distance between = and K given in Problem 3.31. Show that

(K(n),d") is a metric space.

Problem 3.33. Let M = {(z,y) € R?|2? + y* < 1} with the standard metric | - |. Show
that A € M is sequentially compact if and only if A is closed.

Problem 3.34. 1. Let {z;};>; < R be a sequence in (R, | -|) that converges to = and let
0

Ay, = {xp, Tpy1, - - }. Show that {x} = () Aj. Is this true in any metric space?
k=1

2. Suppose that {K; }3021 is a sequence of comapct non-empty sets satisfying the nested

set property; that is, K; 2 K11, and diam(K;) — 0 as j — o0, where
diam(K;) = sup {d(z,y) ‘ z,y€ K;}.
a0
Show that there is exactly one point in (] Kj.
j=1

Problem 3.35. Let (M, d) be a metric space, and A be a subset of M satisfying that every
sequence in A has a convergent subsequence (with limit in M). Show that A is pre-compact.
Remark: Together with Remark 3.61, we conclude that a subset A is pre-compact if and

only if A has the property that “every sequence in A has a convergent subsequence”.
§ 3.4 Connectedness

Problem 3.36. Let (M, d) be a metric space, and A € M. Show that A is disconnected

(not connected) if and only if there exist non-empty closed set I} and F; such that

Problem 3.37. Prove that if A is connected in a metric space (M, d) and A < B < A, then

B is connected.
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Problem 3.38. Let (M, d) be a metric space, and A € M be a subset. Suppose that A is

connected and contain more than one point. Show that A < A’.

Problem 3.39. Show that the Cantor set C' defined in Problem 3.19 is totally disconnected;
that is, if z,y € C, and x # y, then x € U and y € V for some open sets U, V separate C.

Problem 3.40. Let Fj be a nest of connected compact sets (that is, Fy.1 S F) and Fj
0
is connected for all k£ € N). Show that [ Fj is connected. Give an example to show that

k=1
compactness is an essential condition and we cannot just assume that F}, is a nest of closed

connected sets.

Problem 3.41. Let {Ax}72, be a family of connected subsets of M, and suppose that A
is a connected subset of M such that A, n A # ¢ for all £k € N. Show that the union

( U Ak) u A is also connected.
keN

Problem 3.42. Let A, B < M and A is connected. Suppose that AnB # ¢ and An B" #
. Show that A n 0B # (.

Problem 3.43. Let (M,d) be a metric space and A be a non-empty subset of M. A

maximal connected subset of A is called a connected component of A.
1. Let a € A. Show that there is a unique connected components of A containing a.

2. Show that any two distinct connected components of A are disjoint. Therefore, A is

the disjoint union of its connected components.
3. Show that every connected component of A is a closed subset of A.

4. If A is open, prove that every connected component of A is also open. Therefore,

when M = R"”, show that A has at most countable infinite connected components.

5. Find the connected components of the set of rational numbers or the set of irrational

numbers in R.
§ 3.6 Chapter Review

Problem 3.44 (True or False). Determine whether the following statements are true or

false. If it is true, prove it. Otherwise, give a counter-example.
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10.

. Every open set in a metric space is a countable union of closed sets.

Let A < R be bounded from above, then sup A e A’.

. An infinite union of distinct closed sets cannot be closed.

An interior point of a subset A of a metric space (M, d) is an accumulation point of
that set.

Let (M, d) be a metric space, and A < M. Then (A') = A’

. There exists a metric space in which some unbounded Cauchy sequence exists.

Every metric defined in R™ is induced from some “norm” in R",

There exists a non-zero dimensional normed vector space in which some compact non-

zero dimensional linear subspace exists.

. There exists a set A < (0, 1] which is compact in (0,1] (in the sense of subspace

topology), but A is not compact in R.

Let A < R" be a non-empty set. Then a subset B of A is compact in A if and only if
B is closed and bounded in A.

Problem 3.45. Let (M, d) be a metric space, and A € M be a subset. Determine which

of the following statements are true.

1.

2.

3.

intA = A\OA.
cl(A) = M\int(M\A).
int(cl(A)) = int(A).

cl(int(A)) = A.

2(cl(A)) = 0A.

If A is open, then @A € M\A.

If A is open, then A = cl(A)\0A. How about if A is not open?



Chapter 4

Continuous Maps

4.1 Continuity

Definition 4.1. Let (M, d) be a metric space, and A be a subset of M.
1. A point x € M is called an accumulation point of A if there exists a sequence
{x,}2; in A\{z} such that {z,}*_; converges to .
2. The derived set of A is the collection of all accumulation points of A, and is denoted
by A’
Remark 4.2. 1. A point z € A" if and only if (Ve > 0)(B(z,¢) n (A\{z}) # &). Therefore,
x ¢ A if and only if (3¢ > 0)(B(z,¢) n A < {z}).
2. A point z € M is an accumulation point z of A if and only if
(Ve >0)(#{ye M|ye B(z,e) n A} = ).
Therefore, accumulation points of a set can be viewed as a generalization of cluster
points of a sequence.
3. A subset A of M is closed if and only if A 2 A’. In fact, A=A U A"
4. The derived set A" of a subset A of M is closed.
5. A point x € A\A’ satisfies that there exists ¢ > 0 such that B(z,¢) n A = {z}. Such

kind of points are called isolated points of A.

Definition 4.3. Let (M, d) and (N, p) be metric spaces, A be a subset of M, and f: A —> N
be a map. For a given ¢ € A’, we say that the limit of f at ¢ exists if for every sequence
{zi}, < A\{c} converging to ¢, the sequence {f(xk)}zo:l converges (#7F T &K B¢ B

B3 Hc RyeacP| ¢ e 0 B Sl et X chil TR
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Similar to Proposition 2.42, the limit of f at xg, if it exists, is unique.

Proposition 4.4. Let (M,d) and (N,p) be metric spaces, A be a subset of M, ¢ € A,
and f : A — N be a map. If the limit of f at ¢ exists, then the limit is unique in the
sense that if {x,}> 2 and {y,}°, are sequences in A\{c} and lim z, = 1

n—0o0 n

lim f(z,) = lim £(3,).

im vy, = ¢, then
—00

Proof. Let {x,}>_; and {y,}>_; be sequences in A\{c} so that lim z,, = lim y, = ¢. Then
n—o0 n—0o0

lim f(z,) =a and lim f(y,) = b both exist. Define a new sequence
n—a0 n—o0

{ Tn+1 if mis odd,
J— 2
2y =

yz it nis even,

or {z,}2, = {x1,y1,22,Y2, -+ }. Then z, — ¢ as n — o; thus lim f(z,) exists. Since
n—o0

{f(a:n)}le and {f(yn)}:):l are both subsequences of {f(zn)}le, by Proposition 2.56 we

conclude that a = . =

Notation: When the limit of f at ¢ exists, we use lim f(z) to denote the common limit of

r—C

klim fzg) if {xp}72, A\{c} converges to c.

—00

Proposition 4.5. Let (M,d) and (N, p) be metric spaces, A be a subset of M, ce A’, and
f:A— N be a map. Then lim f(z) = b if and only if

(Ve>0)(30>0)(0<d(z,c) <6 andxe A= p(f(x),b) <e).

Proof. “=" Assume the contrary that there exists € > 0 such that for all 6 > 0, there exists
Xs € A with
0 <d(zs,c) <d and p(f(zs),b) = €.

In particular, for each k € N, we can find 5 € A\{c} such that

0 <d(xy,c) < and  p(f(zg),b) = €.

| =

Then z;, — c as k — o but f(xy) » b as k — o0, a contradiction.

“<” Let {z}, < A\{c} be such that z; — c as k — o, and € > 0 be given. By

assumption,

36> 03p(f(x),b) <e whenever 0 <d(z,c)<dandzeA.



116 CuAPTER 4. Continuous Maps

Since zp — c as k — o0, there exists N > 0 such that d(zg,c) < d if K = N. Therefore,
p(f(zg),b) <e Vk=N
which implies that klim f(zg) = 0. o
—00

Remark 4.6. The positive number ¢ in the proposition above usually depends on ¢, as well

as the point ¢. Therefore, we also write § = 0(c, ) to emphasize the dependence of ¢ and ¢.

Remark 4.7. Let (M,d) = (N,p) = (R,|-|), A = (a,b), and f : A — N. We write

lim+ f(z) and hril— f(z) for the limit lim f(z) and lirrll7 f(x), respectively, if the later exist.

Definition 4.8. Let (M, d) and (N, p) be metric spaces, A be a subset of M, and f: A — N

be a map. For a given ¢ € A, f is said to be continuous at c if either c € A\A’ or lim f(z) =
r—C

f(c).

Proposition 4.9. Let (M,d) and (N, p) be metric spaces, A be a subset of M, c € A and

f:A— N be a map. Then the following three statements are equivalent.
1. f is continuous at c.
2. For every convergent sequence {x,}*_; < A with limit c, nll_{rolo (xn) = f(c).
3. For each € > 0, there exists § = 0(c,e) > 0 such that
p(f(z), f(c)) <e  whenever x€ By(c,d)nA.
In logical notation,
(Ve >0)(3d > 0)(z € Bu(c,0) n A= f(z) € Bn(f(c),e)),
where By(+, ) and By (-, -) denote balls in (M,d) and (N, p), respectively.
Proof. “1 = 3" Note that A= (An A") u (A\A).
Case 1: If ce An A’, then f is continuous at ¢ if and only if

Ve> 0,30 =d(c,e) > 03 p(f(z), f(c)) <e whenever z € By(c,0) n A\{c}.

Since p(f(c), f(c)) = 0 < g, we find that the statement above is equivalent to
that

Ve>0,30 =6(c,e) >03p(f(z), f(c)) <e whenever z e By(e,d)n A.
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Case 2: Let ¢ € A\A’. Then there exists 6 > 0 such that By (c,d) n A = {c}.
Therefore,

x € By(c,0) n A= p(f(x), f(c)) <e

no matter what € > 0 is given.

“3 = 27 The proof of this direction is almost identical as the proof of the direction “<” of
Proposition 4.5. Let {zx}72; < A\ be such that z;, — c as k — o0, and £ > 0 be given.

By assumption,
36> 03 p(f(x),b) <e whenever d(x,c)<dandxe A.
Since xy — c as k — o0, there exists N > 0 such that d(zy,c) < § if k = N. Therefore,
p(f(xg),b) <e Yk=N
which implies that leH(}o flzr) = f(c).

“2=171If ce A\A’, f is continuous at ¢; thus it suffices to show that f is continuous at ¢
(or equivalently, lim f(z) = f(c)) for ce A n A’ when 2 is true.
Let {zx}2, < A\{c} be a sequence with limit ¢. By assumption, klim flxy) = f(o);
—00
thus we establish that for every convergent sequence {z;}7; < A\{c} with limit ¢,

the sequence {f(zy)}r, converges to f(c); thus lim f(z) = f(c). o

Remark 4.10. We remark here that Proposition 4.9 implies that f is continuous at c € A

if and only if
Ve>0,90 >03 f(B(c,d) n A) < B(f(c),e).

Example 4.11. Let X = %([a, b];R), the collection of all real-valued continuous functions
defined on [a,b], and || - | x be the norm given by | f|x = m[a%} | f(z)|- Note that (X, || -|x)
z€la,

is a normed vector space (Example 2.21). Define I : X — R by

1(f) = f (@) da.

In the following we show that I is continuous at any points on X. Let f € X and ¢ > 0

€
. Then 0 < ¢ < € and if g € X satisfies
20— a) 21 flx +g)} g

be given. Choose § = min {5,
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|f — gllx <, we must have

(b a)[217x + 17— glx]1f — glx < (b — ) (20 f1x + )3
£
<=0l +e) gy = 5 <

Therefore, if g € X and ||g — f||x <,

b b
o)~ 10| = | Do@P = @] do] < [ lo(o) = F@)ata) + fo)] do

< (b =a)(Iflx + lglx)If = glx < 0= a)2IfIx + 1f = glx)|f — glx <e;

thus I is continuous on X.

Definition 4.12. Let (M, d) and (N, p) be metric spaces, and A be a subset of M. A map

f:+A— N is said to be continuous on the set B € A if f is continuous at each point of B.

Remark 4.13. The Dirichlet function f : [0,1] — R defined by

(0 ifzel0,1]nQ,
f<x)_{1 it z€0,1] A QL.

is not continuous at any point of [0, 1]; however, the restriction of f to B = [0,1] n Q (or
B = [0,1] n Q"), denoted by f |z, is continuous on B. Therefore, f is continuous on B is

different from that f[p is continuous on B.

Theorem 4.14. Let (M,d) and (N, p) be metric spaces, A< M, and f: A — N be a map.

Then the following assertions are equivalent:
1. f is continuous on A.

2. For each open set V. N, f~1(V) < A is open relative to A; that is, 72 (V) =Un A

for some U open in M.

3. For each closed set E = N, f~Y(E) < A is closed relative to A; that is, f~Y(E) = FnA

for some F closed in M.

Proof. Tt should be clear that 2 <> 3 (left as an exercise); thus we show that 1 < 2. Before
proceeding, we recall that B < f~'(f(B)) for all B< A and f(f~(B)) < B for all B< N.
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“l = 2" Let ae f~1(V). Then f(a) € V. Since V is open in (N, p), there exists (4 > 0
such that By(f(a),e¢@)) S V. By continuity of f (and Remark 4.10), there exists
0q > 0 such that

f(Bu(a,84) 0 A) € By(f(a),e5))-
Therefore, by Proposition 0.11, for each a € f~1(V), there exists d, > 0 such that
Bu(a,6,) n A< fH(f(Bu(a,6.) nA)) = fH(Byn(f(a),er0)) = fH (V). (4.1.1)
Let U= |J Bul(a,d,). Then U is open (since it is the union of arbitrarily many
acf~1(V)

open balls), and

(a) U 2 f~YV) since U contains every center of balls whose union forms U;

(b) UnAc f~4(V) by (4.1.1).
Therefore, U n A = f~1(V).

“2= 1" Let a € A and ¢ > 0 be given. Define V= By(f(a),e). By assumption there
exists an open set U in (M,d) such that f~'(V) =U n A. Since a € f~1(V), a € U;
thus by the openness of U, there exists 6 > 0 such that Bys(a,0) < U. Therefore, by

Proposition 0.11 we have

f(Bu(a,8) n A) < f(UnA) = f(f7(V)) €V = Bx(f(a),e)

which implies that f is continuous at a. Therefore, f is continuous at a for all a € A;

thus f is continuous on A. =

Example 4.15. Let f : R" — R™ be continuous. Then {z € R"| | f(z)[> < 1} is open since
{zeR"||f(z)]s <1} = f71(B(0,1)).
Example 4.16. Let f : M,,, — R be defined by f(A) = det(A). Then the set
GL(n) = {A € My, | det(A) # 0}

is open in (My,xn, | - [|p,q) for all 1 < p, ¢ < oo (if one can show that the determinant function

is continuous).
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Remark 4.17. For a function f of two variables or more, it is important to distinguish the
continuity of f and the continuity in each variable (by holding all other variables fixed). For

example, let f : R?> — R be defined by
1 if either z =0 or y =0,
0 ifz+#0andy#D0.

f(x,y)z{

Observe that f(0,0) = 1, but f is not continuous at (0,0). In fact, for any 6 > 0, f(z,y) =0
for infinitely many values of (z,y) € B((0,0),9); that is, |f(x,y) — f(0,0)] = 1 for such
values. However if we consider the function g(z) = f(z,0) = 1 or the function h(y) =

f(0,y) = 1, then g, h are continuous. Note also that ( l)m% )f(:c,y) does not exists but
z,y)—(0,0
lim(lim f(x,y)) = ling)O = 0.

z—0 y—0

4.2 Operations on Continuous Maps

Definition 4.18. Let (M, d) be a metric space, (V, | -|) be a normed vector space over field
F, A be a subset of M, and f,g : A — V be maps, h : A — F be a function. The maps
f+g, f—gand hf, mapping from A to V, are defined by

(f+9)(x) = f(x) +g(x) VreA,
(f —9)(@) = f(x) —g(x)  VzeA,
(hf)(x) = h(z)f(x) Vae A

The map % . A\{z € A|h(z) = 0} — V is defined by

(%)(a:):% Ve A\{re Alh(z) =0}.

Proposition 4.19. Let (M,d) be a metric space, (V,| - |) be a normed vector space over

field F (F =R or C), A be a subset of M, and f,g: A — V be maps, h : A — F be a

function. Suppose that zo € A’, and lim f(x) =a, lim g(x) =b, lim h(x) =c. Then
T—T( T—T0

T—T0

xli_)rgo(f +g)(x) =a+Db,
lim (f —g)(x) = a—0b,
lim (nf)(x) = ca,
i (1) = s
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Corollary 4.20. Let (M,d) be a metric space, (V,||-||) be a normed vector space over field
F (F=R orC), A be a subset of M, and f,g: A —V be maps, h : A — F be a function.
Suppose that f,g,h are continuous at vo € A. Then the maps f + g, f — g and hf are

continuous at To, and % is continuous at xo if h(xg) # 0.

Corollary 4.21. Let (M,d) be a metric space, (V,||-||) be a normed vector space over field
F(F=RorC), Ac M, and f,g: A —V be continuous maps, h : A — F be a continuous

function. Then the maps f+ g, f — g and hf are continuous on A, and S is continuous on

h
A\{z € A|h(z) = 0}.

Definition 4.22. Let (M,d), (N, p) and (P, ) be metric spaces, A be a subset of M, B be
a subset of N, and f: A — N, g: B — P be maps such that f(A) € B. The composite
function go f : A — P is the map defined by

Figure 4.1: The composition of functions

Theorem 4.23. Let (M,d), (N,p) and (P,§) be metric spaces, A be a subset of M, B be
a subset of N, and f : A — N, g : B — P be maps such that f(A) < B. Suppose that
ae An A and lim f(x) = b, and g is continuous at b. Then lim(go f)(x) = g(b).

r—a

Proof. Let {z,}°, < A\{a} be a convergent sequence with limit a. Then {f(x,};_, is a
convergent sequence with limit b; thus the continuity of g at b implies that { g(f (xn>)}:=1

converges to g(b). o

Corollary 4.24. Let (M,d), (N, p) and (P,0) be metric spaces, A be a subset of M, B be
a subset of N, and f : A — N, g: B — P be maps such that f(A) < B.
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L. If f is continuous at a and g is continuous at f(a), then go f : A — P is continuous

at a.

2. If f is continuous on A and g is continuous on B, then go f : A — P is continuous

on A.

Alternative Proof of 2 in Corollary 4.24. Let W be an open set in (P, r). By Theorem 4.14,
there exists V open in (N, p) such that ¢7'(W) = V n B. Since V is open in (N, p), by
Theorem 4.14 again there exists U open in (M, d) such that f~*(V) =U n A. Then

(Go )M =Ff g W) =f"VnB)=f"V)nf (B)=UnAn (D),
while the fact that f(A) < B further implies that
(gof)' W) =Un A

Therefore, by Theorem 4.14 we find that (g o f) is continuous on A. o

4.3 Images under Continuous Maps

4.3.1 Image of compact sets

Theorem 4.25. Let (M,d) and (N, p) be metric spaces, A be a subset of M, and f : A — N

be a continuous map.
1. If K < A is compact, then f(K) is compact in (N, p).

2. Moreover, if (N, p) = (R,|-|), then there exist xo,x1 € K such that
f(zo) =inf f(K) =inf{f(z) |z e K} and f(z1)=sup f(K)=sup{f(z)|ze K}.

Proof. 1. Let {y,}°; be a sequence in f(K). Then there exists {z,}, € K such that
yn = f(z,). Since K is sequentially compact, there exists a convergent subsequence

{zn, 72, with limit z € K. Let y = f(z) € f(K). By the continuity of f,

Lim p(yn,,y) = lim p(f(zn,), f(z)) =0

which implies that the sequence {y,, }7~; converges to y € f(K). Therefore, f(K) is

sequentially compact.
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2. By 1, f(K) is sequentially compact. Corollary 3.45 then implies that inf f(K') € f(K)
and sup f(K) € f(K). o

Alternative Proof of Part 1. Let {V,}aer be an open cover of f(K). Since V, is open, by
Theorem 4.14 there exists U, open in (M,d) such that f~'(V,) = U, n A. Since f(K) <

U Ve,

ael

Kcf(f)c|Jr'va)=4nJUa

ael a€el

which implies that {U,}aer is an open cover of K. Therefore,

ISl #]<wsKcSAn| JUs={]f (Vo)

aeJ aeJ

thus f(K) < | F(f (V) € U Va. o

aeJ aed

Corollary 4.26 (Extreme Value Theorem). Let f : [a,b] — R be continuous. Then f
attains its maximum and minimum in [a,b]; that is, there are xq € |a,b] and x; € [a,b] such
that

f(zo) =inf{f(z) |z € [a,b]} and f(z1)=sup{f(z)|z e [a,b]}. (4.3.1)

Proof. The Heine-Borel Theorem shows that [a, b] is a compact set in R; thus Theorem 4.25
implies that f([a,b]) must be compact in R. By Corollary 3.45,

inf f([a,0) € f({a,b]) and sup f([a,b]) € £([a,B)
that further imply (4.3.1). o

Remark 4.27. If f attains its maximum (or minimum) on a set B, we use max { f(z) |z €
B} (or min {f(xz)|x € B}) to denote sup { f(z) | € B} (or inf{f(z) |z € B}). Therefore,

(4.3.1) can be rewritten as

f(zo) =min{f(z)|ze[a,b]} and f(z1)=max{f(z)|ze€[a,b]}.

Remark 4.28. Let f : R — R be defined by f(z) = 0. Then f is continuous. Note that
{0} = R is compact, but f~'({0}) = R is not compact. In other words, the pre-image of a

compact set under a continuous map might not be compact.
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Example 4.29. Recall that two norms |-|| and || - || on a vector space V are called equivalent

if there are positive constants ¢ and C' such that
clzl < |lzll < Clel Yz eV.

We note that equivalent norms on a vector space V induce the same topology; that is, if | - |
and || - || are equivalent norms on V, then U is open in the normed space (V,| - |) if and
only if U is open in the normed space (V, || - ||). In fact, let U be an open set in (V, || - |).

Then for any x € U, there exists » > 0 such that
Biy(z,r)={yeV||z—y|<r} U,

here we use the norm in the subscript to indicate that the distance in this ball is measured
by this norm. As in the proof of Theorem 2.39, the ball By.(z,cr) € By.(x,r). Therefore,
Uisopenin (V,||-||). Similarly, if U is open in (V, || - ||), then the inequality ||z]| < Ca|z|
implies that U is open in (V, | - |).

In fact, for a vector space V with two equivalent norms || - | and || - ||, we have

1. {zg}y, converges in (V.| - |) if and only if {x}}2; converges in (V.|| - |[|)-

2. F is (totally) bounded in (V,| - |) if and only if F' is a (totally) bounded subset in
V- 1ID-

3. Fisclosed in (V,|| - |) if and only if F' is closed in (V, || - ||)-
4. Uis open in (V, | - ) if and only if U is open in (V, || - [|).

) if and only if K is compact in (V.|| - [|).

5. K is compact in (V, | - |

In the following, we prove the following

Claim: Any two norms on a finite dimensional vector space V over field R (or C) are
equivalent.

Proof of claim: Let {ej,es,--- ,e,} be a basis of V. Then each & € V can be uniquely

expressed as ¢ = Y. 2(Ve; for some 2V € F, where F = R or C. Define the norm
i=1

n

e = 4 [ D 12

=1
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as given in Example 2.28. It suffices to show that any norm | - | on V is equivalent to || - [|z.
In fact, if Cyflz| < |zl < Co|z| and Cs||z|| < ||z < Cyl|z|| for all € V, then
Ch Cy
ool <llell < Z =l VaeV.
Before proceeding, we first recall that a subset K is (sequentially) compact in (V, | - |2)

if and only if K is closed and bounded (see Remark 3.43). By the triangle inequality and
the Cauchy-Schwarz inequality,

l2] < D 12Dl < 22y [ D leil?; (4.3.2)
=1 i=1
thus letting C'= 4 | Y] |e;? we have ||z|| < C| 2.
i=1

On the other hand, define f : ¥V — R by

=zl = | 3o e
=1

Because of (4.3.2), f is continuous on (V,|| - |2). In fact, for x,y € V,

[f(x) = f(y)| = |lz] = llyl] < lz—yl <Clz—yl.

which guarantees the continuity of f on (V, |- [2). Let K = {z € V||z|, = 1}. Then K
is sequentially compact in (V,| - |2) since K is closed and bounded in (V,|| - |2); thus by

Theorem 4.25 f attains its minimum on K at some point a € K. Moreover, f(a) > 0 (since

if f(a) =0, a=0¢ K). Then for all z e V\{0}, T2l H € K; thus

1) = fla) vzenfop

]2

The inequality above further implies that f(a)| |2 < f(z) = || for all € V; thus letting

c = f(a) we have c|z|, < |z|.

Having established that every two norms on a finite dimensional vector space over R (or
C), for a finite dimensional normed vector space (V, |- |) over R (or C) we have the following

results:

1. A subset K of V is compact if and only if K is closed and bounded (because of
Remark 3.43).
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2. Every bounded sequence in (V, |-||) has a convergent subsequence (for a given bounded
sequence, consider the bounded and closed ball B[0, R] for R » 1 and make use of the
sequentially compactness of B[0, R]).

3. (V,| -|) is a Banach space; that is, (V,| - |) is complete (every Cauchy sequence is
bounded; thus possessing a convergent subsequence so that the convergence of the

Cauchy sequence is guaranteed by Proposition 2.58).

Example 4.30. The determinant function f : M,, — R defined by f(A) = det(A) is
continuous on (M, | - ||) for any norm | - | (thus the set GL(n) defined in Example 4.16
is open). To see this, we note that M,,,, is finite dimensional vector space over R; thus the

norm || - || is equivalent to the norm

laglll = 3 lag].

ij=1

Clearly f is continuous on (M,,xpn, || - [|) since f(A) is the sum of product of entries of A
and [|B — A|| — 0 if and only if b;; — a;; for all 1 < ¢,j < n. Since ||B — Al| — 0 if and

only if ||[B — A| — 0, we conclude that f is continuous on (M,,sxp, || - |)-

Corollary 4.31. Let (M, d) be a metric space, K be a compact subset of M, and f : K — R

be continuous. Then the set
{re K ‘ f(z) is the mazimum of f on K}
1S a non-empty compact set.

Proof. Note that f(K) is compact in (R, |- |); hence f(K) is closed and bounded so that
M = sup f(K) exists and M € f(K). Then the set defined above is f~'({M}). Moreover,

1. f~'({M}) is non-empty by Theorem 4.25;

2. f71({M}) is a subset of K; thus By Proposition 3.51 implies that f~*({M}) is totally
bounded;

3. By Theorem 4.14, f~}({M}) is closed since {M} is a closed set in (R, ] - |); thus Theo-
rem 3.27 implies that f~!({M}) is complete.

Therefore, Theorem 3.53 shows that f~1({M}) is compact. =
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4.3.2 Image of connected sets

Theorem 4.32. Let (M,d) and (N, p) be metric spaces, A be a subset of M, and f : A — N
be a continuous map. If C < A is connected, then f(C') is connected in (N, p).

Proof. Suppose that there are two open sets V; and V5 in (N, p) such that
(a) f(C)nVinVa=g; (b) f(C)nVi#T; (¢) f(C)nVa# T (d) f(C) S ViuVa

By Theorem 4.14, there are U; and U, open in (M,d) such that f~*(V}) = U; n A and
[7Y(Va) =U, n A. By (d),

CcftfeNc V) uftVa)=UulU)nAcCU uU,.
Moreover, by (a) we find that

CalUinUy=Cn(UinA)nUynA)=Cn frV)n (W)
cfHfC) Vi) =g

which implies C n Uy n Uy = . Finally, (b) implies that for some =z € C, f(x) € Vi.
Therefore, z € f~}(V}) = U; n A which shows that x € Uy; thus C n U; # . Similarly,

C n Uy # . Therefore, C' is disconnected which is a contradiction. o

Corollary 4.33 (Intermediate Value Theorem). Let f : [a,b] — R be continuous. If
fla) # f(b), then for all d in between f(a) and f(b), there exists ¢ € (a,b) such that
fle) =d.

Proof. The closed interval [a, b] is connected by Theorem 3.68, so Theorem 4.32 implies that
f(Ja, b]) must be connected in R. By Theorem 3.68 again, if d is in between f(a) and f(b),
then d belongs to f([a,b]). Therefore, for some ¢ € (a,b) we have f(c) = d. o

Remark 4.34. Let f: R — R be defined by f(x) = 2. Then f is continuous. Note that
C = {1} is connected, but f~1(C) = {1, —1} is not connected. In other words, the pre-image

of a connected set under a continuous map might not be connected.

Example 4.35. Let f : [0, 1] — [0, 1] be continuous. Then there exists g € [0, 1] such that
f([[‘o) = Xy.

Proof. Let g(z) =z — f(x).
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Case 1: g(0) =0 or g(1) = 0. Then zy = 0 or zy = 1 satisfies f(xy) = xo.

Case 2: ¢g(0) # 0 and g(1) # 0. Then ¢(0) < 0 and g(1) > 0; thus by the continuity of
g :[0,1] = R, there exists xy € [0, 1] such that g(z¢) = 0 which implies the existence

of zg € (0, 1) satisfying f(x¢) = zo. o

Remark 4.36. Such an zy in Example 4.35 is called a fized-point of f.

4.4 Uniform Continuity (#2232 %)

Definition 4.37. Let (M,d) and (N, p) be metric spaces, A be a subset of M, and f :
A — N be a map. For aset B < A, f is said to be uniformly continuous on B if for
any two sequences {z,}r_ |, {yn}’; S B with the property that 7}2130 d(xn,yn) = 0, one has
7}1_{{}10 p(f(zn), f(yn)) = 0. In logic notation, f is uniformly continuous on B if

(V{zntns, {yn}izy < B) (Jif&o (@0, yn) = 0= lim p(f (), [(yn)) = o).

n—o0

Proposition 4.38. Let (M,d) and (N,p) be metric spaces, A be a subset of M, and

f:A— N be amap. If f is uniformly continuous on A, then f is continuous on A.

Proof. Let a e An A, and {zx};2, € A be a sequence such that z;, — a as k — o0. Let
{yr}; be a constant sequence with value a; that is, yx = a for all k € N. Then {y,}72, < A
and d(zy,yx) — 0 as k — oo. By the uniform continuity of f on A,

k—0o0 k—o0

which implies that f is continuous on a. =

Example 4.39. Let f :[0,1] — R be the Dirichlet function; that is,

[0 itzeQ,
f@)_{l it z € Q.

and B =Q n[0,1]. Then f is continuous nowhere in [0, 1], but f is uniformly continuous
on B. However, the proposition above guarantees that if f is uniformly continuous on [0, 1],
then f must be continuous on [0, 1] (Check why the proof of Proposition 4.38 does not go
through if B is a proper subset of [0, 1]).
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Example 4.40. The function f(z) = |z| is uniformly continuous on R. In fact, by the
triangle inequality,

(@) = F@W)] = [lo] = lyl| < |z =yl
thus if {z,}, and {y,},~, are sequences in R and nll_{rolo |2, — yn| = 0, by the Sandwich

lemma we must have lim |f(z,) — f(ya)| = 0.
n—0o0

Example 4.41. The function f : (0,00) — R defined by f(z) = 1 is uniformly continuous
x

on [a,0) for all a > 0. To see this, let {z,,}°_; and {y,}r_, be sequences in [a, ) such that

lim |z, —yn| = 0. Then

n—ao0

1

— |$n_yn| < ‘xn _yn|
TIn Yn

< 5 —0 as n— o
| T Yn] a

| (@n) = fyn)| =

which implies that f is uniformly continuous on [a, ) if a > 0.

. . . 1 1
However, f is not uniformly continuous on (0,c0). Let x,, = — and y,, = o Then
n n

]xn—yn]:%—»[) as n— oo but |f(x,) — fyn)|=n=>1.

Example 4.42. Let f : R — R defined by f(z) = 2% Then f is continuous in R but not

. . 1
uniformly continuous on R. Let x, = n and y, =n + o Then
n

1 1
— — 2 —
| f(zn) = flyn)| = ‘n—(n—i—Qn ‘ ‘n —n—1—4—n2‘ 1+4—n2>e>0 as n — .
Example 4.43. The function f(z) = sin(z?) is not uniform continuous on R. Define

Ty = 204/ + \8/% and y, = 2n,/T — \8/% Then lim |z, — y,| = 0 while
n n n—00

)—sin( 2 T

sin (4n27r + T + 5 64

T
2 64n?

sin(a2) — sin(y?)| =

m
64n?’
thus lim |sin(z2) — sin(y2)| = 1 # 0.

n—0o0

Example 4.44. The function f : (0,1) — R defined by f(x) = sin 2 is not uniformly
X
continuous on (0, 1).
T -1 Ty —1
Let z,, = (2n7r + 5) and y, = (2n7r — 5) . Then

while |z, — = = — (0 asn — .
’ n yn‘ An2r2 — %2 (477,2 _ %)TF
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Theorem 4.45. Let (M,d) and (N, p) be metric spaces, A be a subset of M, and f : A — N

be a map. For a set B < A, f is uniformly continuous on B if and only if
Ve>0,36 >03p(f(z), fly)) <e whenever d(z,y) <0 and x,y€ B.

Proof. “<" Let {z,}2_ 1, {yn}r_, be sequences in B such that lim d(z,,y,) =0, and ¢ > 0

n=1»
n—0oo

be given. By assumption, there exists 6 > 0 such that
p(f(z),f(y)) <& whenever d(z,y) <0 and z,ye€ B.

Since lim d(xp,y,) = 0, there exists N > 0 such that

n—00

d(xp,yn) <6 whenever n > N;

thus
p(f(xn), f(yn)) <& whenever n> N.

1
“=" Suppose the contrary that there exists ¢ > 0 such that for all § = - > (), there exist

two points x,, and y, € B such that

d(@p, Yn) < % but p(f(xn>af(yn)) = €.

These points form two sequences {x,}°_;, {yn}>; in B such that 7}1_{130 d(xn,yn) = 0,

while the limit of p(f(xn), f(yn)), if exists, does not converges to zero as n — 0. As

a consequence, f is not uniformly continuous on B, a contradiction. =

Remark 4.46. The theorem above provides another way (the blue color part) of defining
the uniform continuity of a function over a subset of its domain. Moreover, according to

this alternative definition, f : A — N is uniformly continuous on B < A if
(Ve > 0)(36 > 0)(diam(f (B (b 5) 0 B)) <2);
M\Y, 9 )

that is, the diameter of the image, under f, of subsets of B whose diameter is not greater
than ¢ is not greater than e (&= B ® 3 J& 74 4216 0 v+ G &4 Sl f P2 218 > ¥
Je3d ¥ hE S € A7 ¢ ) . The statement above is the same as

(Ve>0)35>0)(Vbe M)(3ce M)(f(BM(b,g) nB) < BN(c,§)>.
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Remark 4.47. For a given function f, let §(f,c,e) denote the supremum of all §(c,¢)
mentioned in Remark 4.6. Then the uniform continuity of a function f : A — N is equivalent

to that
5f(5)zin£5(f,c,€)>0 Ve >0.

Remark 4.48. Let (M, d) and (NN, p) be metric spaces, A be a subset of M, and f: A —> N

be a map. For a set B < A, the following four statements are equivalent:

(1) f is not uniformly continuous on B.

(2) 3 {xn}aomozla {yn}le S B> T}l_{ralo d<mm yn) = 0 and lim sup P(f(ajn)a f(?h)) > 0.

n—00

(4) 3e >03VYn>0,32,,y, € B and d(x,,y,) < % 5 p(f(2n), fyn)) =&

Theorem 4.49. Let (M,d) and (N, p) be metric spaces, A be a subset of M, and f : A — N
be a map. If K is a compact subset of A and f is continuous on K, then f is uniformly

continuous on K.

Proof. Assume the contrary that f is not uniformly continuous on K. Then ((3) of Re-

mark 4.48 implies that) there are sequences {x,}> ; and {y,}>°; in K such that

lim d(z,,y,) =0 but Agrolop(f(xn),f(yn)) > 0.

n—00
Since K is (sequentially) compact, there exist convergent subsequences {z,, };>, and {y,, }7~,
with limits z,y € K. On the other hand, lim d(x,,y,) = 0, we must have = = y; thus by
n—00
the continuity of f (on K),

0=p(f(@), f(x)) = lim p(f(zn,), f(yn,)) = lim p(f(zn), f(yn)) >0,
a contradiction. o

Alternative proof. Let ¢ > 0 be given. Since f is continuous on K,

Vae K, 36 =6(a) > 03 p(f(2), f(a)) < % whenever z € B(a,0) n A.
Then {B (a, 6(;)) }aEK is an open cover of K; thus the compactness of K implies that

N
I{ay, - ,aN}gKaKQUB(ai,%),
i=1
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where 0; = 0(a;). Let § = %min{él, -+ ,0n}. Thend > 0, and if 21, 29 € K and d(x1, 25) < 9,
there must be j = 1,---, N such that z1,2, € B(a;,d;). In fact, since 2, € B(aj, %J) for

some j =1,---, N, then

5
d(zg,a;) < d(xq,x2) + d(z1,a;) < 0+ EJ < 9;.

Therefore, 1,25 € B(a;,0;) n A for some j =1,---, N; thus

p(F (0, Fl2) < p(F(@1). (@) + p(f(w2). fla) < 5 +5 = <. :

Lemma 4.50. Let (M,d) and (N, p) be metric spaces, A be a subset of M, and f: A— N

be uniformly continuous. If {xy}i, S A is a Cauchy sequence, so is {f(xk)}zozl.

Proof. Let {x}7°, be a Cauchy sequence in (M, d), and € > 0 be given. Since f: A - N

is uniformly continuous,
30 >05p(f(z),f(y)) <e whenever d(z,y) <dandz,yecA.

For this particular d, there exists N > 0 such that d(zg,x,) < 6 whenever k,¢ > N.

Therefore,

p(f(zy), f(z)) <& whenever k, (> N. o

Corollary 4.51. Let (M,d) and (N, p) be metric spaces, A be a subset of M, and f : A — N
be uniformly continuous. If N is complete, then f has a unique extension to a continuous
function on A; that is, there exists g : A — N such that

(1) g is uniformly continuous on A;

(2) g(x) = f(z) for allz € A;

(3) if h: A — N is a continuous map satisfying h(x) = f(z) for all x € A, then h = g.
Proof. Let x € A\A. Then there exists {7;}?°, < A such that ¥, — x as k — 0. Since
{z}, is Cauchy, by Lemma 4.50 {f(:ck)}zozl is a Cauchy sequence in (N, p); thus is
convergent. Moreover, if {z;}72; € A is another sequence converging to x, we must have
d(xy, zx) — 0 as k — oo thus p(f (), f(z)) — 0 as k — o0, so the limit of {f(z)},_, and
{f(zk)}zozl must be the same.

Define g : A — N by
f(x) ifreA,
g(x) =

klim f(zy) ifze A\A, and {z;}?., € A converging to = as k — 0.
)
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Then the argument above shows that ¢ is well-defined, and (2) holds.

Let € > 0 be given. Since f : A — N is uniformly continuous,
30 > 03 p(f(z), f(y) < % whenever d(z,y) < 2§ and z,y € A.

Suppose that x,5 € A such that d(z,y) < 6. Let {m}7,, {yx}, S A be sequences

converging to x and y, respectively. Then there exists N > 0 such that

3

1) 1 €
d(wr,w) < 5, dlye,y) < 5 and p(f(2r), 9(2)) < 5, p(F(0e) 9(9)) < 5 Vh =N,
In particular, due to the triangle inequality,
) )
d(zy,yy) <d(z,,z)+d(z,y)+dy,y,) < 5 +6+ 5= 20;

thus p(f(zy), f(yy)) < g As a consequence,

£

p(9(2).9() < p(g(@). f(2)) + p(f(20): fyx)) + p(f(yy). f() < % + % tg=¢

which establishes (1).
Finally, suppose that h : A — N is a continuous map satisfying h = f on A, and a € A.
Let {z;}°, be a sequence in A with limit a. By Proposition 4.38, ¢ is continuous on A;

thus Proposition 4.9 implies that
g(a) = lim g(z)) = lim f(zy) = lim h(zy) = h(a),
k—00 k—o00 k—o0

so (3) is also concluded. o

4.5 Exercises

§ 4.1 Continuity

Started from this section, for all n € N R” always denotes the normed space (R™, || - [2).

Problem 4.1. Use whatever methods you know to find the following limits:

1. lim (1 4 sin 2z)7; 2. lim (V1+a+a2—1—x+a?);
x—0+ Tr—>—00
. sec EZ | . ™ -1 T .
3. 9161_{%(2_@ eCQ’ 4. xh—r»{)lox(a Sin :p2—|—1)’
T __ 1

5. lim x(e‘l—( * ):1:)7 6. lim ( a

T—00 r+1
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Problem 4.2. Complete the following.

1. Find a function f : R? — R such that

lim lim f(2,y) and lim lim f(z,y)

exist but are not equal.

2. Find a function f : R? — R such that the two limits above exist and are equal but f

is not continuous.

3. Find a function f : R? — R that is continuous on every line through the origin but is
not continuous.
Problem 4.3. Complete the following.

2 —>
1. Show that the projection map f : <;Ry> = IS is continuous.

2. Show that if U < R is open, then A = {(x,y) e R? ‘ T € U} is open.

3. Give an example of a continuous function f : R — R and an open set U < R such
that f(U) is not open.

Problem 4.4. Show that f: A — R™, where A € R", is continuous if and only if for every
B c A,
F(el(B) n A) € c(£(B)).

Problem 4.5. Let T': R® — R™ satisfy T'(z +y) = T'(z) + T(y) for all z,y € R".
1. Show that T'(rz) = rT'(x) for all r € Q and x € R™.

2. Suppose that T is continuous on R"™. Show that T is linear; that is, T'(cz + y) =
cT'(x) +T(y) for all ce R, z,y e R"™.

3. Suppose that T is continuous at some point xy in R™. Show that 7" is continuous on
R™.

4. Suppose that T is bounded on some open subset of R™. Show that 7" is continuous on
R™.
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5. Suppose that T is bounded from above (or below) on some open subset of R”. Show

that T is continuous on R™.

6. Construct a T : R — R which is discontinuous at every point of R, but T'(z + y) =
T(x)+T(y) for all z,y € R.

Problem 4.6. Let C be a convex set in R" equipped with inner product (-, ) (for the

definition of convex sets, see Problem 2.5), and f : C'— R be a convex function; that is,
flte+ (1 —t)y) <tf(x)+ (1 —1)f(y) Vtel0,1] and x,y € C.
Complete the following.

1. Show that f is locally bounded (from above); that is, for every xy € int(C') there exists
d > 0 such that f is bounded (from above) on B(zg, d).

2. Show that f is locally Lipschitz; that is, for every xy € int(C') there exists § > 0 and
M = Mg > 0 such that

f(x) = fy)| < Ms|z —y|  Va,ye B(x,0).

In particular, a convex function (defined on a subset of R™) is continuous in the interior

of its domain.

3. For zp € int(C'), define the sub-differential

Of (zo) = {p eR"| f(x) = f(zo) +{p,x —zp) for all x € C’}.

Show that Jf(zg) is non-empty, convex and compact.
4. Show that f attains a local minimum at z, € int(C') if and only if 0 € 0f(x).
Problem 4.7. Let (M,d) be a metric space, A < M, and f: A — R. For a € A’, define

liminf f(z) = 711_i)r(1)1+ inf{ f(z) |z € B(a,r) n A\{a}},

r—a

limsup f(z) = rl_i)r(r]1+ sup{f(z) |z € B(a,r) n A\{a}}.

r—a

Complete the following.
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1. Show that both liminf f(z) and limsup f(z) exist (which may be +c0), and

T—a T—a

liminf f(z) < limsup f(z).

T—a T—a
Furthermore, there exist sequences {z,}> , {yn}iey < A\{a} such that {x,}> , and

{yn}_, both converge to a, and

lim f(z,) = liminf f(z) and lim f(y,) = limsup f(z).

n—o0 Tr—a n—0o0 r—a
2. Let {z,,})°_, < A\{a} be a convergent sequence with limit a. Show that

liminf f(z) < liminf f(x,) < limsup f(y,) < limsup f(z).

z—a n—0 n—00 T—a

3. Show that lim f(z) = ¢ if and only if

Tr—a

liminf f(x) = limsup f(z) = £.

T—a T—a

4. Show that liminf f(z) = £ € R if and only if the following two conditions hold:

r—a

(a) forall € > 0, there exists 0 > 0 such that { —e¢ < f(x) for all z € B(a, ) n A\{a};
(b) for all € > 0 and § > 0, there exists = € B(a,d) n A\{a} such that f(z) < {+e.

Formulate a similar criterion for limsup and for the case that ¢ = +oo.

5. Compute the liminf and limsup of the following functions at any point of R.

0 ifreQt,
(a) flz)= 1 ifx:gWith(p,q):17q>0,p750.
p p
[z ifzeQ,
o fa={ "

Problem 4.8. Let (M, d) be a metric space, and A < M. A function f: A — R is called

liminf f(x) = f(a),
at a € A if either a € A\A’ or lim sup £(x) < f(a), and is

r—a

lower semi-continuous
upper semi-continuous

called lower/upper semi-continuous on A if f is lower/uppser semi-continuous at a for all

ac A.
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1. Show that f : A — R is lower semi-continuous on A if and only if f~'((—o0,7]) is
closed relative to A. Also show that f : A — R is upper semi-continuous on A if and

only if f~1([r,0)) is closed relative to A.

2. Show that f is lower semi-continuous on A if and only if for all convergent sequences
{z,}2, € Aand {s,}> , < R satisfying f(z,) < s, for all n € N, we have
f( lim xn) < lim s, .
n—0oo n—aoo

3. Let {fa}aer be a family of lower semi-continuous functions on A. Prove that f(z) =

sup f(x) is lower semi-continuous on A.
ael

4. Let A be a perfect set (that is, A contains no isolated points) and f : A — R be given.
Define

f*(x) = limsup f(y) and f«(x) = liminf f(y).

y— y—x
Show that f* is upper semi-continuous and f, is lower semi-continuous, and f(x) <
f(z) < f*(z) for all x € A. Moreover, if g is a lower semi-continuous function on A
such that g(z) < f(z) for all z € A, then g < f,.

§ 4.3 Images under Continuous Maps

Problem 4.9. Complete the following.

1. Show that if f : R® — R™ is continuous, and B < R" is bounded, then f(B) is
bounded.

2. If f: R — R is continuous and K € R is compact, is f~!(K) necessarily compact?
3. If f: R — R is continuous and C' € R is connected, is f~*(C) necessarily connected?

Problem 4.10. Let (M, d) be a metric space, K < M be compact, and f : K — R be lower
semi-continuous (see Problem 4.8 for the definition). Show that f attains its minimum on
K.

Problem 4.11. Let (M,d) be a metric space. Show that a subset A < M is connected
if and only if every continuous function defined on A whose range is a subset of {0,1} is

constant.
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Problem 4.12. Let D < R™ be an open connected set, where n > 1. If a,b and ¢ are any
three points in D, show that there is a path in G which connects a and b without passing
through c. In particular, this shows that D is path connected and D is not homeomorphic

to any subset of R.

Problem 4.13. Let |- | be a norm on R", and f : R" — R be defined by f(z) = |z|. Show
that f is continuous on (R™, | - |2).
Hint: Show that |f(z) — f(y)| < C|z — y|2 for some fixed constant C' > 0.

Problem 4.14. Let (V,| - ||) be a finite dimensional normed vector fields over F, where
F =R or C, and dim(V) < oo. Show that a subset K of V is compact if and only if K is
closed and bounded.

Hint: See Problem 3.21 for the case | - | = || - |2, and the general case follows from Exam-
ple 4.29.

Problem 4.15. Let C < R" be a convex set, and f : C' - R be a convex function. Show
that

1. f is locally bounded from above; that is, for all xy € int(C') there exists 6 > 0 such
that f is bounded from above on B(x, ).

2. f is locally Lipschitz; that is, for all @ € int(C') there exist 6 > 0 and M = Mz > 0
such that

[f(@) = f(y)] < Ms|z—y|  Va,ye Blw,d).

Remark 4.52. By part 2 of Problem 4.15 we know that a convex function is continuous in
the interior of its domain. In particular, under the setting of Problem 4.15, if x € int(C),

then (x, f(x)) is a boundary point of the set
X = {(w,x(”)) eR"™ |zeC ™ > f(:l:)}

In Exercise Problem 4.16 through 4.19, we focus on another kind of connected sets,

so-called path connected sets. First we introduce path connectedness in the following

Definition 4.53. Let (M,d) be a metric space. A subset A € M is said to be path

connected if for every x,y € A, there exists a continuous map ¢ : [0,1] — A such that

©(0) =z and ¢(1) = y.
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Figure 4.2: Path connected sets

Problem 4.16. Recall that a set A in a vector space V is called convex if for all x,y € A,
the line segment joining x and y lies in A. Show that a convex set in a normed space is path

connected.

Problem 4.17. A set S in a vector space V is called star-shaped if there exists p € S such
that for any ¢ € S, the line segment joining p and ¢ lies in S. Show that a star-shaped set

in a normed space is path connected.

Problem 4.18. Let A = {([L‘, sin %) ‘[E e (0, 1]} U ({0} x [-1,1]). Show that A is connected
in (R?,| - [l2), but A is not path connected.

Problem 4.19. Let (M, d) be a metric space, and A € M. Show that if A is path connected,
then A is connected.

Hint: Apply Theorem 3.68 and prove by contradiction.

Problem 4.20. Let (M, d), (N, p) be metric spaces, A be a subset of M, and f: A —> N

be a continuous map. Show that if C' < A is path connected, so is f(C).
§ 4.4 Uniform Continuity
Problem 4.21. Check if the following functions on uniformly continuous.
1. f:(0,0) = R defined by f(x) = sinlogz.
2. f:(0,1) — R defined by f(x) = xsin%.
3. f:(0,0) — R defined by f(z) = /.
4. f:R — R defined by f(z) = cos(z?).

5. f:R — R defined by f(x) = cos®z.
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6. f: R — R defined by f(z) = zsinz.
sin(z®)

Problem 4.22. 1. Find all positive numbers a and b such that the function f(x) = T2
x

is uniformly continuous on [0, ).

2. Find all positive numbers a and b such that the function f(z,y) = |z|*|y|® is uniformly
continuous on R%.

NG

Problem 4.23. Show that f : [0,1] x R — R defined by f(z,y) = T+ a2

continuous on its domain.

is uniformly

Problem 4.24. Let f : R — R™ be continuous, and lim f(z) = b exists for some b € R™.

|z|—00
Show that f is uniformly continuous on R".

Problem 4.25. Suppose that f : R” — R™ is uniformly continuous. Show that there exists
a > 0 and b > 0 such that | f(z)|gm < a|z|g~ + b.

Problem 4.26. Let f(z) = 9(z) be a rational function define on R, where p and ¢ are two

p(x)

polynomials. Show that f is uniformly continuous on R if and only if the degree of ¢ is not

more than the degree of p plus 1.

Problem 4.27. Suppose that f : R — R is a continuous periodic function; that is, there
exists p > 0 such that f(z +p) = f(x) for all z € R (and f is continuous). Show that f is

uniformly continuous on R.

Problem 4.28. Let (a,b) < R be an open interval, and f : (a,b) — R™ be a function.

Show that the following three statements are equivalent.
1. f is uniformly continuous on (a, b).

2. f is continuous on (a,b), and both limits lim f(z) and lim f(x) exist.

r—a r—b—

f(z) = fy)

3. For all £ > 0, there exists N > 0 such that | f(z) — f(y)| < & whenever ‘ o

N and z,y € (a,b), x # y.

>

Problem 4.29. Suppose that f : [a,b] — R is Holder continuous with exponent «;
that is, there exist M > 0 and « € (0, 1] such that

[f(2) = fy)l < Mlz—y|*  Va,yelab].
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Show that f is uniformly continuous on [a,b]. Show that f : [0,00) — R defined by f(x) =

v is Holder continuous with exponent 5

Problem 4.30. A function f : A x B — R™, where A € R and B < RP?, is said to be
separately continuous if for each xy € A, the map ¢(y) = f(zo,y) is continuous and for
yo € B, h(x) = f(x,yo) is continuous. f is said to be continuous on A uniformly with

respect to B if
V5>O,35>09Hf(:z:,y)—f(:co,y)H2<5 whenever |z — zg]s < d and y € B.

Show that if f is separately continuous and is continuous on A uniformly with respect to

B, then f is continuous on A x B.

Problem 4.31. Let (M,d) be a metric space, A < M, and f,g : A — R be uniformly
continuous on A. Show that if f and g are bounded, then fg is uniformly continuous on A.

Does the conclusion still hold if f or ¢ is not bounded?
§ 4.5 Chapter Review

Problem 4.32. Two metric spaces (M, d) and (N, p) are called homeomorphics if there
exists a continous map f : M — N, called a homeomorphism between M and N, such
that f is one-to-one and onto, and its inverse f~! is also continuous. Homeomorphic metric
spaces have the same topological properties. In the following problems, (M,d) and (N, p)

are two metric spaces.

1. Suppose that M is compact, and f : M — N is one-to-one and onto. Show that f is

a homeomorphism between M and N.

2. Suppose that f is a homeomorphism between M and N. Show that the restriction of
f to any subset A € M establishes a homeomorphism between A and f(A).

3. Determine which of the following pairs of metric spaces is homeomorphic.



142 CuAPTER 4. Continuous Maps
(e) M ={(z,y) eR*|2? +y* =1} and N =[0,1] = R.
(f) M = {(x,y) E]R2|:L‘2+y2 = 1} and N = {(x,y) 6R2}x2+xy+y2 = 1}.
(g) M =TR?and N =R3.
4. Let I < R be an interval and f : I — R be a one-to-one continuous function. Show

that f must be strictly monotonic in I and f is a homeomorphism between [ and
f{).

If I <R"forn>1and f:I— R"is continuous and one-to-one, can we still assert
that f is homeomorphism between [ and f(I)?

Problem 4.33 (True or False). Determine whether the following statements are true or

false.

1.

If it is true, prove it. Otherwise, give a counter-example.

Let f: R?\{(0,0)} — R satisfy hH(l) f(z,az™) =0 for alla € R, n € N and hH(l) f(0,y) =
r— y—
0. Then lim ) f(z,y) =0.

(z,y)—(0,
There exists a function f : R — R which is continuous only at three points of R.

Let f: R — R. Then f is continuous on R if and only if its graph {(z, f(z)) |1: € R}

is closed in R2.
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Differentiation of Maps

5.1 Bounded Linear Maps

Definition 5.1. Let X, Y be vector spaces over a common scalar field F, where F = R or C.
A map L from X to Y is said to be linear if L(cx; + x3) = cL(xy)+ L(x,) for all &y, 2o € X
and ¢ € F. We often write Lz instead of L(z), and the collection of all linear maps from X
to Y is denoted by Z(X,Y).

Suppose further that X and Y are normed spaces equipped with norms |- |x and | - |y,
respectively. A linear map L : X — Y is said to be bounded if

sup |Lxly < .
] x =1

The collection of all bounded linear maps from X to Y is denoted by #(X,Y), and the

number sup |Lzly is often denoted by ||L|zx,v)-
] x=1

Example 5.2. Let L : R® — R™ be given by Lx = Az, where A is an m x n matrix. Then
Example 2.19 shows that ||L| g®ngm) is the square root of the largest eigenvalue of A™A
which is certainly a finite number. Therefore, any linear transformation from R™ to R™ is
bounded.

Example 5.3. Recall that X = € ([a,b];R) and | - |x = | - |2 given in Example 2.21 which
makes a normed vector space (X, | - |x). Let ¢ € X be given. Define F': X — R by

F(f) = f f(@)o(x) de.

Then clearly F' € Z(X,R) (the proof is left as an exercise). Moreover, the Cauchy-Schwarz
inequality implies that

143
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IF()] < [1f 1201625

thus

”szup F(f) <|¢ll2 < .
=1

Therefore, F' € (X, R).

Example 5.4. Let (X,|||x) = (Y,|-|y) = (C,|-]), and we consider the bounded linear
maps #A(X,Y).

1. Treat C as a vector space over C. Then {1} is a basis of C and a linear map L € .Z(C, C)
is determined by L1 and we have Lz = zL1 (thus any linear map from C to C is a

multiple of a complex number). Moreover,

sup |Lz| =|L1] < o
|z|=1

which shows that L € Z(C,C).

2. Treat C as a vector space over R. Then {1,i} is a basis of C and a linear map
L e Z(C,C) is determined by L1 and Li. In fact, if L1 = a + bi and Li = ¢ + di for
some a,b,c,d € R, then for z,y € R,

L(x+yi) = L1 + yLi = z(a + bi) + y(c + di) = (azx + cy) + (bz + dy)i.

Treating x + yi as a vector (z,y) € R?, the map L maps [ﬂ [Z ccl] [w] Since

i i= o for s+ tosanl=_ow |3 2] []

|lz+yi|=1 lz-+yil=1 I(z.y)l2=1

the norm of L is the same as the 2-norm of the matrix [Z 2] . Therefore,

|L|#c,cy = the square root of the largest eigenvalue of {Z ccl] [CCL Z] < 0;

thus L € #(C,C). Since C over R is identical to R? over R (from the discussion

above), we always treat C as a vector space over C.

Remark 5.5. By treating C as a vector space over C (which, we emphasize again, will
always be the case), there is only one linear map from C to R, the trivial linear map (which

sends any vectors to the zero vector). This result is left as an exercise.
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Proposition 5.6. Let (X, || x) and (Y, |- |y) be normed spaces over a common scalar field
F, where F =R or C, and L € (X,Y). Then

||LH<%?(X,Y) = sup HLZBHY

=inf{M > 0||Lz|y < M|=|x}.
w20 [Z]x

In particular, the first equality implies that
|Lzlly < ||L|zxy)|®|x Vee X.

Proposition 5.7. Let (X, |- |x) and (Y,|| - |y) be normed spaces over a common scalar
field F, where F =R or C, and L € Z(X,Y). Then L is continuous on X if and only if
Le BX,Y).

Proof. “=" Since L is continuous at 0 € X, there exists 6 > 0 such that
|Lz|y = |Lx — LO|y <1 whenever |z|x <.

Then HL(%:B) HY < 1 whenever ngHx < 0; thus by the linearity of L and properties
of norms,

|Lx|y < whenever || x < 2.

SN

Therefore, sup |Lz|y <
2l x=1

which implies that L € Z(X,Y).

SR )

“="If Le Z(X,Y), then M = |L|zx,y) < o, and
|Lxy — Las|y = |L(zy — @) |y < M@ — 22 x
which shows that L is uniformly continuous on X. O

Proposition 5.8. Let (X, | - |x) and (Y,|| - |y) be normed spaces over a common scalar
field F, where F = R or C. Then (B(X,Y),| - |#xy)) is a normed space. Moreover, if
(Y, | - |ly) s @ Banach space, so is (%(X, Y),| - H,@(Xy)).

Proof. That (#B(X,Y),| - |#xy)) is a normed space is left as an exercise. Now suppose
that (Y,] - |y) is a Banach space. Let {L;}72, = #(X,Y) be a Cauchy sequence. Then by
Proposition 5.6, for each € X we have

| Lx® — Lexly = [(Ly — Lo)zly <[ Li — Le|zx v |®]x — 0 as k£ — oo,
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Therefore, for each € X the sequence {Lyx}2 , is Cauchy in Y; thus convergent. Suppose
that klim Lix = y. We then establish a map x — y which we denoted by L; that is, Lz = y.
—00

Then L is linear since if 1,y € X and c € F,
L(cxy + x2) = lim Ly(cxy + x2) = lim (chwl + Lk:L'Q) =clLxz + Lxy.
k—0o0 k—o0

Moreover, since { L}y is a Cauchy sequence, by Proposition 2.58 there exists M > 0 such
that | Li|zx,y) < M for all k € N. For each x € X there exists N = N, > 0 such that

|Lyx — Lz|y <1 whenever k> N,.
Therefore, for k > N,,
| Ly < |Lizly +1 < |Li| o le|x +1 < M{z|x + 1

which implies that sup |Lz|y < M +1; thus L € #(X,Y).

|z x=1
Finally, we show that klim |Li — Ll|#x,yy = 0. Let ¢ > 0 be given. Since {Lj}Z, is
-0

a Cauchy sequence, there exists N > 0 such that ||Ly — L¢||zx,y) < % whenever k, ¢ > N.
Then if k£ = N, for every € X we have

. . g
Lz — Laly = lim | Lz — Loy < limsup |Li — Lo lelx < Sl
l—0 {—0 2

thus |Lr — L|#x,y) < € whenever k > N. o
Proposition 5.9. Let (X,| - |x), (Y, |y), (Z,] -|lz) be normed spaces over a common

scalar field F, where F =R or C, and L€ B(X,Y), K€ B(Y,Z). Then KoL e B(X,Z),

and

|K o L|ax.z) < |1K|z,2)| L] 2xy) -

We often write K o L as KL if K and L are linear.

Proof. By the properties of the norm of a bounded linear map,

|K o L(z)lz = [K(Lz)|z < [ Klay.zl Lely < K|z Llscylz)x- o

From now on, when the domain X and the target Y of a linear map L is clear, we use

|L| instead of |L|z(x,yy to simplify the notation.
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Theorem 5.10. Let (X, |- |x) and (Y, |- |y) be normed spaces over a common scalar field
F, where F =R or C, and X be finite dimensional. Then every linear map from X to'Y is
bounded; that is, £ (X,Y) = B(X,Y).

Proof. Let {e;}?_; be a basis of X (so that dim(X) = n). Then every z € X can be
expressed as a unique linear combination of e;’s; that is, for all € X, there exist unique n

numbers ¢; = ¢i(x), - - , ¢, = ¢,(x) € F such that
r=ce +---+cpe,.

Define an inner product {-,-) on X by

<iB, y> = 2 Ck(m)m
k=1

and let | - ||z be the norm induced by this inner product; that is, |x|s = 4/{x, ). That {-,-)
is indeed an inner product on X is left as an exercise.
Having define (-, ), these coefficients ¢;’s in fact are determined by cx(x) = (x, €;), and,

by Example 4.29 and the Cauchy-Schwarz inequality, satisfy

er(@)| < |zlflexl> < Clafx  V1<k

N

n
for some constant C' > 0. As a consequence, if L is a linear map from X to Y, then

ILaly = |L(ci(@)er + -+ enl@en)], < lers (@) Lesly + -+ ea(@)l| Lealy
< O(ILerly + [Lealy + -+ |Lely) lelx < Mzlx

for some constant M > 0; thus |L|zx,y) < M < oo which shows that L € Z(X,Y). o
Theorem 5.11. Let GL(n) be the set of all invertible linear maps on R"; that is,
GL(n) = {L € ZL(R"*,R")| L is one-to-one (and onto)}.
1. If L € GL(n) and K € B(R",R") satisfying |K — L||L7!| < 1, then K € GL(n).
2. GL(n) is an open set of B(R™, R™).

3. The mapping L — L™ is continuous on GL(n).
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Proof. 1. Let |[L7Y] = % and |K — L| = 8. Then § < «; thus for every & € R",

alzfes = o L7 Lz < o L7 |Lapn = |Lafrs < (L — K)@|re + | K 2]z

< Bl

R” + ||K:I:

R” .

As a consequence, (a — f)|x

Rn < HKIZJ

re and this implies that K : R” — R” is

one-to-one hence invertible.

2. By 1, we find that if | — L| < HL1—1H’ then K € GL(n). Then B(L, ”L11) < GL(n)
if L € GL(n). Therefore, GL(n) is open.
3. Let L € GL(n) and £ > 0 be given. Choose § = min {22_1, 2”;_1”2 } Then 6 > 0,

and K € GL(n) whenever |K — L| < §. Since K~! — L™! = K~}(L — K)L™', we find
that if |K — L] < 6.

_ _ _ _ _ _ [
K =27 < 1K = L7 < IEHIK = L2 < 1K
which implies that |[K || < 2| L~!|. Therefore, if |[K — L| <,

| K0 = L7 < KK = LI < 227070 <. o

5.2 Definition of Derivatives

Definition 5.12. Let (X, || x) and (Y, -|y) be two normed spaces over a common scalar
field F, where F =R or C. Amap f: A< X — Y is said to be differentiable at a € A
if there exists a map in A(X,Y), denoted by (Df)(a) and called the derivative of f at a,
such that

o @) - f@) - (D) @) - @),

im

a—a |z = alx
where (D f)(a)(x — a) denotes the value of the bounded linear map (D f)(a) applied to the
vector  —a € X (so (Df)(a)(x —a) € Y). In other words, f is differentiable at a € A if
there exists L € Z(X,Y) such that

=0,

Ve>0,30 >0 3 |f(x) — f(a) — L(x — a)|y < ¢|z — al|x whenever z € B(a,d) n A.
If f is differentiable at each point of A, we say that f is differentiable on A.

Remark 5.13. If f is differentiable on A, then for each x € A, (D f)(z) is a bounded linear

map from X to Y, but Df in general is not linear in x.



§5.2 Definition of Derivatives 149

Remark 5.14. The condition
o @ = 10 = (DP@ @ )l

=—a |z = allx

= 07
is sometimes written as

f(x) = fla)+ (Df)(a)(z —a) +o(|lz —alx) as z—a,

where f = g+ o(h) as © — a is a short-hand notation for lim Hf;gl = 0.

Remark 5.15. Let a € A and v be a unit vector in (X, | - ||x) such that a + tv € A for all
te[0,1]. If f: A — R is differentiable at a, then
|ftat )~ f(a) ~ (D))
im

= 0.
0+ |(a+tv) —a|x

Since (Df)(a)(tv) = t(Df)(a)(v) and |[tv||x = t (since t > 0), the identity above implies
that

tim [T gy o)) = 0

t—0t t
or equivalently,
tim T IO () w).

In Calculus, the limit on the left-hand side is the directional derivative of f at a
in direction v and is usually denoted by (D,f)(a); thus the quantity (Df)(a)(v) is a

generalization of the directional derivative.

Example 5.16. Let f : (a,b) — R be differentiable at ¢ € (a,b). Then there exists

L e B(R,R) such that
@)~ 0~ e o)

T—C |ZL‘ - C|
Since L € B(R,R), there exists a real number m such that L(x) = mz for all x € R; thus

the identity above implies that

=0.

i £ @) = flO) =m@—c) _,

T—cC r —cC

or equivalently,

o f@ =@
T—cC r —cC

In other words, a function f : (a,b) — R is differentiable at ¢ € (a, b) if and only if the limit
L S~ 7(e)

T—cC r —cC

L with the real number f’(c) using the relation L(x) = f'(c)x.

exists. The limit is usually denoted by f’(c), and we identify the linear map
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Example 5.17. Let f : (0,00) — R be given by f(z) = é Then f is differentiable at any

a € (0,00) since (Df)(a) : R — R is the linear map given by
1
(Df)(a)(a) =~ -=.
To see this, we observe that

i e

r  a  a?

a2—xa+x2—xa

2

a? — 2za + x2

lim = lim za = lim
r—a |.%' — a\ r—a \x — (1’ r—a xa2\x — a!
= lim \x _ a\ =
t—a  xa?

Example 5.18. Let (X, | - ||x) and (Y, - |y) be two normed spaces. Then every bounded
linear map L : X — Y is differentiable. In fact, (DL)(a) = L for all a € X since
lim |Lx — La — L(z — a)||y

= |z —allx

=0.

Example 5.19. Recall that M,,.,, denotes the collection of all n x n real matrices. Equip
it with 2-norm and let f : M,,x,, — M, be given by f(L) = L?. Then for K, L € My,

FK) = f(L) = K*— [* = L(K — L) + (K — L)L + (K — L)*.
This motivates us to define (D f)(L) by (Df)(L)(H) = LH + HL so that
IF(K) = F(L) — (DFY(L)E — D) < |K — LIE;
which shows

iy W E) = (L) — (DF)L)(EK — L)
K—L | K — L]

Therefore, f is differentiable at every L € M, 5.

=0.

Example 5.20. Let f : GL(n) — GL(n) be given by f(L) = L™, where GL(n) is defined in
Theorem 5.11. Then f is differentiable at any “point” L € GL(n) with derivative (Df)(L) €
P(GL(n),GL(n)) given by

(DfY(L)(K)=—-L'KL™'  forall K e GL(n).
To see this, for K, L € GL(n),

|f(K) = f(L) + L7 (K — L)L~

=@ - KK - L)L

B(GL(n),GL(n) %(GL(n),GL(n))

< L7 = K™Y acrm).army 1K — Lllzcrm).cron |l L 2crm).crmy)
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thus if K # L,

|f(E) = £(L) + L7HE = L)LY g my.anmy)
IK — L] z(GLm),cLn))

< L7 gscrm el L — K7 @ crm),.cLm))-

By the fact that the map L — L™! is continuous on GL(n) (Theorem 5.11), we find that

|f(K) = f(L) + L7 (K — L)L~

B(GL(n),GL(n))

lim =0.

K—L | K — L] z(crm),aLmy)
Example 5.21. Recall the setting in Example 4.11 that X = € ([a,b;R), |- |x = | - [|2,
and I : X — R given by

b
2
= f |f(2)|” da.

Then I is differentiable at every f € X since if (DI)(f =2 f f(x)h(z) dz, Example 5.3

shows that (DI)(f) € Z(X,R) and

o) 1)~ (PO~ Dl =| [ [l9@)F = 1#@P - 27(@)gla) - 5(2)] ]

a

_ J [9(z) — f(2)] dz = | f — g3

a

which implies that
o) = 10) — (DD (g - 1)

=0.
9= lg = 2

Example 5.22. The function f : R?> — R given by f(z,y) = 2? + y? is differentiable at
every (a,b) € R%. In fact, (Df)(a,b)(h, k), the linear map (Df)(a,b) acting on the vector
(h,k) is (Df)(a,b)(h,k) = 2ah + 2bk, since

(@.y)—>(a.b) H(w y) (a, b
= im
(h.k)—(0,0) H (h, K|l
y |(a+ h)*+ (b+ k)? — a® — b* — 2ah — 2bk|
= im
(h,k)—(0,0) Vh? + k2
. h? + k2 .
= lim ———= Ilim Vh2+£k2=0.

(h,k)—(0,0) v/ h2 + k2 (h,k)—(0,0)
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On the other hand, Example 5.5 shows that the function g : C — R given by g(z) = |2|? is
differentiable only if ¢'(z) = (Dg)(z) = 0. Therefore, if ¢ is differentiable at zj, then

0= tim [FP=1oPl _ oy [Goth) 2o+ h = zom]

z—20 |Z — Zo| h—0 ‘h| h—0

Y

_ h

. . h .
thus zy = 0 since lim 7 does not exist.

—0
By treating R as a subset of C, we treat g as a function from C to C (note that there
are more maps in Z(C,C) so in principle it is easier to have differentiable functions from
C to C). Assume the contrary that g’(zy) = (Dg)(z) € Z(C, C) exists, then

19(2) — g(20) — g/ (20)(z — 20)] l9(z0 + ) — g(20) — g (20) |

0=l =1
s |z — 20} - |h]
h h) — 2020 — ¢’ h hz h+|h?=¢q’ h
~ im ](zo + h)(20 + h) — 2020 — 9 (20) } ~ lim ‘ 20 + zoh + |h|* — g'(20) ‘
h—0 |h| h—0 |h|

] h
= }111_1{(1) ‘Zo —g'(20) + Zo|h|‘;

‘ZQ = 0 or equivalently, ZO<}13_I)I(1) ’Z’> — ¢'(2) — %o. If 2 # 0, then

. h . . . .
the fact that }ILIII%) Tl does not exist shows that the identity above cannot be true; thus g is

not differentiable at zy # 0. On the other hand, if zy = 0, the choice of g’(z)) = 0 makes

thus lir% <20 —9'(20) + 20

—

the identity valid. Therefore, g is differentiable only at 0 and ¢’(0) = 0. This agrees with
the observation by treating g as a function from C to R.

Note that by writing z = z+iy, we indeed have g(x+iy) = x2+y?%; thus f(z,y) = g(z+iy).
Even though f is differentiable at every point in R2, ¢ is not. The reason behind this is
that there are “much more” bounded linear maps in Z(R? R) than bounded linear maps in
PB(C,R) or B(C,C) so that it is easier to make a function from R? — R differentiable.

Theorem 5.23. Let (X, | |x), (Y,]|ly) be normed vector spaces, A be a subset of X, and
f:A—Y be differentiable at a. If a € A, then (Df)(a) is uniquely determined by f.

Proof. Suppose Ly, Ly € B(X,Y) are derivatives of f at a. Let ¢ > 0 be given and e € X
be a unit vector; that is, |e|x = 1. Since a is an interior point of A, there exists r > 0 such

that B(a,r) < A. By Definition 5.12, there exists 0 < 6 < r such that
|f(x) = fa) = La(z — a)|y |f(x) = fla) = La(z — a)|ly

<E and <E
|z — alx 2 |z — allx 2
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if 0 < ||z —a|x < 0. Letting = a + Ae with 0 < |A| < 4, we have

1
|Lie — Loely = ‘_i“Ll(x —a) — Ly(x —a)|y
< W(Hf(f) — fla) = Li(z — a)|, + | f(z) = fla) — La(z — x3) )
_ |f(x) = fla) = Ly(z —a)|, N | f(z) = f(a) = La(z — a)|,,
|z — alx |z — alx
< g + % =c

Since £ > 0 is arbitrary, we conclude that Lie = Lqe for all unit vectors e € X which

guarantees that L; = Lo (since if z # 0, Liz = Ha:HXLl( - ) = Ha:HXL2< - > = Loz). ©

=] x (E4P

Example 5.24. (D f)(a) may not be unique if the domain of f is not open. For example,
let A= {(z,y) ‘O <z <1,y =0} be a subset of R? and f : A — R be given by f(z,y) = 0.
Fix a = (h,0) € A, then both of the linear map

Li(z,y) =0 and La(z,y) =hy  ¥(z,y) € R
satisfy Definition 5.12 since

m = im =0.
(2,0)—(h,0) |(2,0) = (h,0) (@,0)—(h,0) |(2,0) = (h, 0) s

Remark 5.25. Let U < R” be an open set and suppose that f : U — R™ is differentiable
on U. Then Df : U — ZA(R",R™). Treating Df as a map from U to the normed space
(BR",R™),]| - | #@~rm)), and suppose that Df is also differentiable on U. Then the
derivative of Df, denoted by D?f, is a map from U to Z(R", Z(R",R™)). In other words,
for each a € U, (D*f)(a) € B(R", B(R",R™)) satisfying

- |(Df)(x) = (Df)(a) — (D*f)(a)(z — a)

=a |z — afen

(R Rm)

=0,

here (D?f)(a) is bounded linear map from R" to Z(R",R™); thus (D?f)(a)(x — a) €
B(R" R™).
Definition 5.26. Let {e;}}_; be the standard basis of R”, U < R" be an open set, a € U

and f : U — R be a function. The partial derivative of f at a in the direction e;, denoted

of . .
by gj(a), is the limit
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fla+he;) — f(a)

iy H
if it exists. In other words, if a = (ay,--- ,a,), then
a_f(a) — hm f(aly-.. ,a/j—laa/j +h,aj+1,-.. 7an) — f(al’... ’an)
ox; h—0 3 _

Theorem 5.27. Suppose U < R" is an open set and f : U — R™ is differentiable at a € U.
Then the partial derivatives %(a) exists for alli=1,---m and j = 1,---n, and the matrix

representation of the linear map D f(a) with respect to the standard basis of R™ and R™ is

given by
[ N ofr ; \ ]
Pl GO O .
[(DH@] =1+ or [(Df)(@)],; = aa]; @
Ofm Ofm
| o (@ o (a)

Proof. Since U is open and a € U, there exists » > 0 such that B(a,r) < U. By the
differentiability of f at a, there is L € Z8(R™,R™) such that for any given € > 0, there exists
0 < 0 < r such that

|f(x) = f(a) — L(z — a)|gm < €|l —a|gn  whenever z e B(a,0).

In particular, for each i =1,--- ,m,
; he:) — f; he.) —
Jlathes) = Jila) g, <Hf(“+ <) f(“)—Lej( <e V0<I|h| <8 heR,
h h R
where (Le;); denotes the i-th component of Le; in the standard basis. As a consequence,
foreachi=1,---,m,
- fila+hej) — fila) .
}llli% h = (Le;); exists
. ofi ofi
and by definition, we must have (Le;); = (a). Therefore, L;; = (a). o
a.%'j 6xj
Definition 5.28. Let U < R” be an open set, and f : U — R™. The matrix
[ df oft ] [ Jf1 df1 i
ol oG B rlt
U@ = + 1 |(@)= : S
Ofm . Ofm Ofmy .. Ofm
L Ox1 oz, | | Ox1 (x) 0%y, <:C> ]
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is called the Jacobian matrix of f at z (if each entry exists). If n = m, the determinant
of (Jf)(z) is called the Jacobian of f at x.

Remark 5.29. A function f might not be differential even if the Jacobian matrix J f exists;
however, if f is differentiable at z, then (Df)(x) can be represented by (Jf)(x); that is,

[(Df)(@)] = (Jf)(@).

Example 5.30. Let f: R? —» R3 be given by f(x1,22) = (2%, 2325, z{23). Suppose that f

is differentiable at x = (x1, z3), then

211 0
(Df)(@)] = | 3afwy i

4323 2xiws

Example 5.31. Let f : R? - R be given by

g T, ,0),
f(a:,y):{ (x,y) # (0,0)

x? +y?
0 if (z,y) = (0,0).

Then %(O, 0) = (2‘5(0, 0) = 0; thus if f is differentiable at (0, 0), then [(Df)(0,0)] = [0 0].

However,

f(z,y) — f(0,0) — [0 0] [x] ’: lzyl  _  lay %m;

y 2+ y? (224 42)

’wiy‘g cannot be arbitrarily small even if 22 41>

thus f is not differentiable at (0, 0) since
(22 +y?)2

is small.
Example 5.32. Let f : R? - R be given by

x ify=0,

flz,y)=1 y ifz=0,
1 otherwise.

O o FO) = FO,00 R Of
Then 8:6(0’0) = flgr(l) - = }lLl_r)%h = 1. Similarly, o (0,0) = 1; thus if f is

differentiable at (0,0), then [(Df)(0,0)] = [1 1]. However,

I

e = 100~ [1 1] |2 = |rtea) = (e +0)
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thus if zy # 0,
[f(@y) = (@+y)|=[1—2—yl%0 as (z,y)—(0,0),zy #0.
Therefore, f is not differentiable at (0, 0).

Definition 5.33. Let U < R" be an open set. The derivative of a scalar function f : U — R
is called the gradient of f and is denoted by gradf or Vf.

5.3 Continuity of Differentiable Maps

Theorem 5.34. Let (X,| - ||x) and (Y,| - |y) be normed spaces, U < X be open, and
f:U =Y be differentiable at a € U. Then f is continuous at a.

Proof. Since f is differentiable at a, there exists L € Z(X,Y’) such that
36> 05 |f(z) = fla) — Lz —a)|, < |z —a|x VazeBa,d).
As a consequence,
|f(x) = fa)|y < (L] + 1)z —a|x Ve Bla,d); (5.3.1)

thus lim | /(2) — f(a)]y = 0. 0
Remark 5.35. In fact, if f is differentiable at xy, then f satisfies the “local Lipschitz
property”; that is,

IM = M(z) > 0and § = () > 03 ||f(x) — f(zo)|ly < M|z —x0|x if |z —z0llx <0
since we can choose M = |L| + 1 and 6 = d; (see (5.3.1)).

Example 5.36. Let f : R? — R be given in Example 5.31. We have shown that f is not
differentiable at (0,0). In fact, f is not even continuous at (0,0) since when approaching

the origin along the straight line zo = max,

ma? oom?

lim f(z1,mzy) = lim # £(0,0) if m # 0.

(z1,mz1)—(0,0) x1—0 (m2 + 1)16% - m2 +1

Example 5.37. Let f : R? — R be given in Example 5.32. Then f is not continuous at
(0,0); thus not differentiable at (0, 0).
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Example 5.38. Let f : R? — R be given by

3
Flay) =4 22+2 if (z,y) # (0,0),

0 if (x,y) = (0,0).
Then f,(0,0) =1 and f,(0,0) = 0. However,
rem-roo-po [
= 70 as (z,y)— (0,0).
N (@)

Therefore, f is not differentiable at (0,0). On the other hand, f is continuous at (0, 0) since

(2. y) = F(0,0)] = [f(z,y)] < [z| - 0 as (z,y) — (0,0).

5.4 Conditions for Differentiability

Proposition 5.39. Let U < R" be open, a € U, and f = (f1, -+, fm) : U = R™. Then
f is differentiable at a if and only if f; is differentiable at a for all i =1,--- ,m. In other

words, for vector-valued functions defined on an open subset of R™,
Componentwise differentiable < Differentiable.

Proof. By the definition of differentiability and Proposition 2.49,
f is differentiable at a

o (L e Myt =IO = L0l _ )

s = — alg

< (L€ My)( lim fu(; )—_afﬂij -1 ( ix—_aﬁw ) HRm 0)
e (@Le Mpwm)(V1<i< n)(m W (e TL)(%)‘ - o)
el —
< (AL e Mpun)(V1<i<n) (I_rg [fit) Za:)_ a(“RnL)(x 2| _ O)
= (@ Lie M) tim P2 ||; _)aRn edl-)
< f; is differentiable at a for each 1 < i < n. =

Theorem 5.40. Let U < R"™ be open, a€ U, and f : U — R. If each entry of the Jacobian
oI of f

matrix [07;1 . 6%]



158 CuAPTER 5. Differentiation of Maps

1. exists in a neighborhood of a, and
2. 1s continuous at a except perhaps one entry.
Then f is differentiable at a.

Proof. W.L.O.G. we can assume that 55

standard basis of R", and € > 0 be given. Since

is continuous at a for 1 < < n. Let {e;}7_, be the

is continuous at a fori=1,--- ,n — 1,

T

| of of ‘ . _ |
36, >05 &xl(x) 81‘2( a) <\/ﬁ whenever |z — a|ge < 6;.

On the other hand, by the definition of the partial derivatives,

35, > 05 f(a—l—he;)—f(a)_a@xi( )‘\\;ﬁ whenever |h| < 0,,.

Letk:x—aandézmin{él,--‘,6n}. Then
0 0
fla) = £(@) = [ @)1 —an) o+ a;;< )~ an)]|
_ of of
= |fa+ b = 1@ = L@ - = L,
0 0

= flar + ki, an +ky) — flag, - ,an)—a;( k1 — "'—ax‘i(a)kn

< f(al—i_kl;'” )an+kn)_f<a17a2+k27"' 7an+kn)_§a{1(a)kl)

+‘f(alaa2+k2a"'7an+kn)_f(a17a27a3+k3a"'7an+kn)_§lj_;(a)k2‘

+‘f(ala”'7an—17an+kn)_f(al7"'aa’n) af()kn

By the mean value theorem,

f(ala'“ 7ajflaa’j+kj7“' 7an+kn)_f<a17'“ 7ajaa’j+1+kj+17'“ 7an+kn>

0
= kjaa{;(ab“' s @1, a5+ 05kj, a1 + ki, o an + k)
for some 0 < 0; < 1; thusfor j=1,--- ,n—1,if |z — a|gn = |k|r» < 0,
of
‘f(ala"' 7aj717aj+kj7'” 7an+kn)_f(a’17"' 7a’j7aj+1+kj+17"' 7an+kn) O ( ) j
J
0
‘axj @@ Ok G+ Ry k) — L (@)|lk] < = k).

ox; \/ﬁ
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Moreover, if |z — allgn < 6, then |k,| < |k|ge = || — a|gr < 0 < §,; thus

‘f(alf" 70Jn71;an+kn)_f(a17"' 7an> af (a)kn

0wy

S
< Slhal.

As a consequence, if |z — a|g» < d, by Cauchy’s inequality,

1) = £(0) = [ (@) ar = ) + -+ (@) — )|

I oxy,

n
€
< \/ﬁj; || < ellklzn = €]z — allrn

which implies that f is differentiable at a. =

Remark 5.41. When two or more components of the Jacobian matrix [aﬁf j“f] of
T In

a scalar function f are discontinuous at a point a € U, in general f is not differentiable
at a. For example, both components of the Jacobian matrix of the functions given in
Example 5.31, 5.32, 5.38 are discontinuous at (0, 0), and these functions are not differentiable
at (0,0).

Example 5.42. Let U = R*\{(z,0) € R? |z > 0}, and f: U — R be given by

ArCCos — ify >0,

$2+y2
[z, y) = arg(z + iy) = m ify=0,
o7 — arccos ———— if y <0.

Then
vy L iy £0
of T2 12 if y #0, of 22 Y ’
3—<£L‘,y) = y and T(xay) = 1
or 0 if y =0, ay - ify=0.
X
) of of . oL .
Since e and Ew are both continuous on U, f is differentiable on U.

Definition 5.43. Let U < R" be open, and f : U — R™ be differentiable on U. f is
said to be continuously differentiable on U if Df : U — Z(R™,R™) is continuous on

U. The collection of all continuously differentiable mappings from U to R™ is denoted by
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€1 (U;R™). The collection of all bounded differentiable functions from U to R™ whose

derivative is continuous and bounded is denoted by %} (U; R™). In other words,
¢ (U;R™) = {f : U — R™ is differentiable on U | Df : U — Z(R",R™) is continuous}

and

G (U;R") = { e €' (U;R")

up ()| + 5up | D (@) | ggur ey < 0}
zelU zelU

Theorem 5.44. Let U < R™ be open, and f : U — R™. Then f € €*(U;R™) if and only if

the partial derivatives % exist and are continuous on U fori=1,--- mandj=1,---,n.
J

Proof. Note that Z(R", R™) is finite dimensional. By Example 4.29, there exist c and C' > 0
such that

CZ Z |lai;| <|L| zmn gm) <C’Z Z lai;| ¥ LeB(R",R™) with representation [L] = [a;].

i=1j5=1 1=1j5=1

Therefore, for every a € U,

afz afz afz af% .
22’5% ’\H Df)(z H%’(R”Rm 022‘5% 695] (a));
i=1j=1 i=1j=1

thus alcl—rg I(Df)(xz) = (Df)(a)|z@rrm) = 0 if and only if 3161311 &f( ) — Sicl (a)‘ = 0 for all
j J
I1<i<m,1<j<n. =

Example 5.45. If f : R — R is differentiable at a, must f’ be continuous at a? In other
words, is it always true that lim f'(x) = f'(a)?

Answer: No! For example, take

N
x?sin — if @ # 0,
x

flx) =
0 if v =0.
Then f is differentiable at z = 0 since the limit
h2 sin =
lim f0+h) — £(0) = lim h :limhsinlzo
h—0 h h—0 h h—0 h

exists. Therefore,

Z:ESinl —Cosl if x # 0,
F@) = TEAE

0 if x = 0.

However, hH(l) f'(x) does not exist.
Tr—>
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5.5 The Product Rule and the Chain Rule

Theorem 5.46. Let (X, || x), (Y,||-|y) be normed vector spaces over field F, where F = R
or C, U < X be open, and f : U - Y and g : U — F be differentiable at a € U. Then
gf : U =Y 1s differentiable at a, and

D(gf)(a)(v) = g(a)(Df)(a)(v) + (Dg)(a)(v)f(a). (5.5.1)

Moreover, if g(a) # 0, then Uy U —Y is also differentiable at a, and D(i)(a) X > Y is
given by I g
_ 9@((Df)(@)(v) — (Dg)(a)(v)f(a)

p e (5.5.2)

Proof. We only prove (5.5.1), and (5.5.2) is left as an exercise.
Define A : X — Y by A(v) = g(a)(Df)(a)(v) + (Dg)(a)(v)f(a). Then clearly A €
Z(X,Y). Moreover,

[4v]y < g(@)(D )@@, + [(Dg)(@)(v)f (@],
)

<lg@[l(PH@ )]y +[(Dg)@)@)| /(@]
< |g@[[(DN)(@)] yx 3 IV]x + [(Dg)(@)] 4y 0] x 1 F (@)
= Ug ’H Df)( CL) BX,Y) + H (Dg)(a HJ(XF)H]C( )HY] lvlx

so that A is bounded. Note that

(9f)(x) = (9f)(a) — Alz — a) = g(2)(f(2) = f(a) — (Df)(a)(z — a))
+ (9(2) — g(a) — (Dg)(a)(z — a)) f(a)
+ (9(2) — g(a) (D) (a)(z — a))).

As a consequence, for x # a,

[(9f)(@) — (9/)(a) — Az —a)|,, <| 7) ‘Hf(w)*f(a)*(Df)(a)(fﬁ*a)Hy

|z —alx

|g(x) — g(a) — (Dg)(a)
|z — alx

|z = allx

s =N @)l + [(DH@)] sy o) — 91

and the right-hand side approaches zero as z — a since f and g are differentiable at a (so
that ¢ is continuous at a). Therefore, gf is differentiable at a with derivative D(gf)(a)
given by (5.5.1). o
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Theorem 5.47. Let (X, |- |x), (Y, llv), (Z,]-|z) be normed vector spaces, U < X and
V €Y be open sets. Suppose that f : U — Y is differentiable at a € U, f(U) <V, and
g:V — Z is differentiable at f(a). Then the map F' = go f:U — Z defined by

F(z) = g(f(z)) VeelU
is differentiable at a, and
(DF)(@)(h) = (Do) (f(@) (DH@)(B)  YheX.
In particular, if X =R™, Y =R™ and Z = R, then

:iagz D)2 ().

6x]

Proof. To simplify the notation, we write b = f(a), A = (Df)(a) € A(X,Y), and B =
(Dg)(b) € A(Y, Z). Since U and V are open, there exists ry, 7o > 0 such that Bx(a,r;) € U
and By (b,r2) <V, where By and By denote balls in X and Y, respectively.

Let £ > 0 be given. Define u : Bx(0,r;) - Y and v : By(0,73) — Z by
u(h) = f(a+h) — f(a) — Ah and  wv(k)=g(b+k)—g(b) — Bk.

By the differentiability of f and g at a and b, there exist 0 < d; < r; and 0 < dy < 1 such

that
I3

|u(h)]y < min {1 BT

}HhHX whenever |h|x < 41,

lv(k)||z < WHI{:HY whenever |k|y < d2.

Let k= f(a+h) — f(a) = Ah + u(h). Then }llirr(l] k = 0; thus there exists d3 > 0 such that
|klly <o  whenever |h|x < d3.
Define § = min{dy, d3}. Then 6 > 0; thus by the fact that

Fla+h)— F(a) = g(b+ k) — g(b) = Bk +v(k) = B(Ah + u(h)) + v(k)
= BAh + Bu(h) +v(k),

we find that if |h|x < 0,

|Fa+h) = F(a) = BAh|z < [Bu(h)|z + [v(k)|z < [B[u(h)]y + 1%

__c

2(1A1+1)
9 9

(IANIR]x + Ju)ly) < S1Blx + 5 1Alx = €lhlx.

3

g
< Ehlx o
2 Ix + a1
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Since BA= Bo Ae %A(X,Z) by Proposition 5.9, we conclude that F' is differentiable at a
and (DF)(a) = BA. o

Example 5.48. Let X = %([a,b];R) and | - ||x be the maximum norm; that is, | f|lx =
max !f(x)\ Let I : X — X be defined by I(f) = f? and J : X — R be defined by

z€la,b]

J(f) = fbf(x)2 dx. Then I is differentiable on X (with (DI)(f)(h) = 2fh) and J is

b
differentiable on X (with (DJ)(f)(h) = J 2f(z)h(z) dz). Therefore, the chain rule implies
that J o I is differentiable on X and ’

D(J o I)(f)(h) = (DI)(f*)((DI)(f)(h)) = (DI)(f*)(2fh) :f 4f(z)h(z) dz.

Example 5.49. Let f : GL(n) - Z(R",R") and g : Z(R",R") - Z(R",R"™) be defined
by f(L) = L' and g(L) = L?. Then for H € GL(n), Example 5.19 and 5.20 imply that

(DfY(L)(H) =L *HL™ and  (Dg)(L)(H)=LH + HL.
Therefore, the chain rule shows that

D(go f)(L)(H) = (Dg)(L™)((Df)(L)(H)) = L ((Df)(L)(H)) + ((Df)(L)(H)) L™
= L 2HL'—- L 'HL?2.

5.6 Higher Derivatives of Functions

Let U < X be open, and f : U — Y is differentiable. By Proposition 5.8, the space
(B(X,Y),| - |#x.y)) is a normed space, so it is legitimate to ask if Df : U — ZB(X,Y)
is differentiable or not. If Df is differentiable at a, we call f twice differentiable at a,
and denote the twice derivative of f at a as (D*f)(a). If Df is differentiable on U, then
D2f : U — %’(X, B(X, Y)) Similar, we can talk about three times differentiability of a

function if it is twice differentiable. In general, we have the following

Definition 5.50. Let (X, | - |x) and (Y,] - |y) be normed spaces, and U < X be open. A

function f: U — Y is said to be twice differentiable at a € U if

1. fis (once) differentiable in a neighborhood of «;
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2. there exists Ly € %’(X, B(X, Y)), usually denoted by (D?f)(a) and called the second

derivative of f at a, such that

|(Df) (@) = (Df)(a) = La(z — a)

@=a |z —alx

2XY) _ g

For two vectors u,v € X, (D*f)(a)(v) € Z(X,Y) and (D*f)(a)(v)(u) € Y. The vector
(D?f)(a)(v)(u) is usually denoted by (D?f)(a)(u,v).

In general, a function f is said to be k-times differentiable at a € U if
1. fis (k — 1)-times differentiable in a neighborhood of «;

2. there exists L, € B(X,B(X, - ,B(X,Y)---)) , usually denoted by (D¥f)(a) and

~"
k copies of “X?” k copies of «)”

called the k-th derivative of f at a, such that
(D f)(x) — (D¥' f)(a) = Li(z — a)

BX,B(X, BX,Y)))

lim =0.
za |z —alx
For k vectors u™, - u® e X, the vector (D*f)(a)(u™, -, u®) is defined as the vector

(D* ) (a)(u®) (1) - (),
where (D* f)(a)(u™) e B(X, B(X,--- ,B(X,)Y )---)) so that (DF f)(a) (u®)(uk—)
< / \ )

(k—1) co‘pries of “X” (k —1) copies of «)”
BX,BX, - BX,)Y )--)) , and etc.
. ~- J W—j
(k — 2) copies of “X”  (k — 2) copies of “)”
Example 5.51. Let (X, - |x) and (Y,| - |y) be two normed spaces, and f(z) = Lx for
some L € #(X,Y). From Example 5.18, (Df)(a) = L for all a € X; thus (D*f)(a) = 0

since Df : U e #A(X,Y) is a “constant” map. In fact, one can also conclude from

D)~ (DH@) 0 — )]y
lim

T—a Hl‘— CLHX

that (D?f)(a) =0 for all a € X.

=0

Remark 5.52. We focus on what (D*f)(a)(ug)(---)(u1) means in this remark. We first
look at the case that f is twice differentiable at a. With x = a +tv for v e X with |v|x =1
in the definition, we find that

(D) + )~ (DF)(@) ~ HD2D(@ )] oy
lim

=0.
t—0 |t|
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Since (Df)(a + tv) — (Df)(a) — t(D*f)(a)(v) € B(X,Y), for all u € X with |ul|x = 1 we

have

12% H (Df)(a + tv)(ut) — (Df)(a)(u) . (DQf)(a)(v)(u)H
 lim [(Df)(a + tv)(w) — (Df)(a)(u) — t(D*f)(a)(v)(w)],
N t—0 |t|
i [[(Df)a+tv) - <Df>$’> — (D) (@) ()] ()]
i [N+ )~ (D@ U N@ Wy _
10 I(a+tv) —alx

On the other hand, by the definition of the direction derivative (see Remark 5.15),

(Df)(a +tv)(u) — (Df)(a)(u) = lim [f(a+tv+8u) — fla+tv)  fla+su)—f(a)].

50 S s ’

thus the limit above implies that
(D2f)(a)(v)(u) = lim lim L@+ 50 = flat ) = flat su) + f(a)

t—0 s—0 st
lim fla+tv+su)— flat+tv) lim fla+ su) — f(a)
— lim s—0 S s—0 S
t—0 t
= Dy(Duf)(a).

Therefore, (D?f)(a)(v)(u) is obtained by first differentiating f around @ in the u-direction,
then differentiating (D f) at a in the v-direction.

In general, (D*f)(a)(uy)---(u;) is obtained by first differentiating f around a in the
uy-direction, then differentiating (D f) near a in the us-direction, and so on, and finally

differentiating (D*~1f) at a in the ug-direction.

Remark 5.53. Since (D?f)(a) € ,%’(X B(X,Y)), if v,v9 € X and ¢ € R, we have
(D%f)(a)(cvy +v2) = c(D%f)(a)(v1) + (D*f)(a)(vs) (treated as “vectors” in B(X,Y)); thus
(

(D?f)(a)(cvr +v2)(u) = c(D*f)(a)(v1)(u) + (D*f)(a)(va)(u)  Vu,v1,02€ X.
On the other hand, since (D?f)(a)(v) € B(X,Y),
(D*f)(a)(v)(cur + uz) = c(D*f)(a)(v)(wr) + (D*f)(a)(v)(uz)  Vur,up,v e X.

Therefore, (D?f)(a)(v)(u) is linear in both u and v variables. A map with such kind of
property is called a bilinear map (meaning 2-linear). In particular, (D*f)(a) : X x X - Y

is a bilinear map.
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In general, the vector (D*f)(a)(u™,--- ,u®) is linear in ™, -- -, u®; that is,

(D f)(a) (M, - u™Y av + fw,uV o WP
= a(D*f)(a) (@D, w7 ol Ly (R
+ 5(Dkf)(a)(u(1)’ e ’u(i—l)jw,u(i—&-l)’ o 7u(k))

for all v,w € X, a,f € R, and ¢ = 1,--- ,n. Such kind of map which is linear in each
component when the other £ — 1 components are fixed is called k-linear.
Consider the case that X is finite dimensional with dim(X) = n, {61762, e ,en} is a

basis of X, and Y = R. Then (D?f)(a) : X x X — Y is a bilinear form (here the term “form”
means that Y = R). A bilinear form B : X x X — R can be represented as follows: Let

n
a;; = B(e;,ej) e Rfor 4,5 =1,2,--- ,n. Given z,y € R", write u = Z u;e; and v = Z vje;.

i=1 7=1
Then by the bilinearity of B,
n n n aix - Qip U1
B(u, ’U) = B(Z U;e;, Z UjGj) = Z Uﬂ)j(lij = [Ul cee Un]
= = b=t an1 - Qpp Un

Therefore, if f: U € R" — R is twice differentiable at a, then the bilinear form (D?f)(a)
can be represented as

(D*f)(erer) -+ (D*f)(a)(eren)] Ty
(D*f)a)(u,v) = [ur - wn] : : :
(D*f)(en,e1) -+ (D*f)(a)(en,en)) LT

The following proposition is an analogy of Proposition 5.39. The proof is similar to the

one of Proposition 5.39, and is left as an exercise.

Proposition 5.54. Let U < R" be open, a € U, and f = (f1, -+, fm) : U > R™. Then f is
k-times differentiable at a if and only if f; is k-times differentiable at a for alli =1, --- ,m.

Due to the proposition above, when talking about the higher-order differentiability of

f:U<CR" - R™ and a point a € U, from now on we only focus on the case m = 1.

Example 5.55. In this example, we focus on what the second derivative (D?f)(a) of a
function f is, or in particular, what (D?f)(a)(e;,e;) (which appears in the Remark 5.53) is,
if X =R2
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Let f : R? — R be differentiable, then

(DN )] = (L) few)] =L@y Law).

Suppose that f is twice differentiable at (a,b), and let Ly = (D?f)(a,b). Then

|(DF) (. y) = (Df)(a.b) = La((z = a,y = b)) | gz

li _
(x,y)lg%a,b) v (z —a)?+ (y —b)? 0
or equivalently,
ey f@w)] - [feab) fyab)] = [L((@ = a,y = b)) ygen
lim ®2R) _ ¢
(w)=(ab V-t (b ’

where [Lg ((x —a,y— b))] denotes the matrix representation of the linear map Lo ((w —a,y—
b)) € Z(R? R). In particular, we must have

hm[h@@—h@@ @u@—@w@]_@ﬁﬂ =0
T—a T —a r—a B(R2,R)
and
hm{hww—nww hww—nw@}_@ﬁﬂ -0,
y—b y—b y—0b B(R?,R)

Using the notation of second partial derivatives, we find that

[Lgel} = [fm(a, b) fyx(a,b)} and [Lgeg] = [fxy(a, b) fyy(a7 b)} s

where fu, = (f2)y = ;y(gi) and fy, = (fy)z = ;; (gi) Therefore, if v = vie; + v9e9,

[Lov] = [La(vier + vaea)] = [v1fon(a, b) + 2 fuy(a,b) 01 fye(a,b) + vafyy(a,b)] .  (5.6.1)

Symbolically, we can write

[LQ} = |: [fME(a? b) fyﬂﬂ(av b)] [fxy(a’v b) fyy(a’= b)} }

so that

[Lg(vlel + Ugeg)} = |:L2:| |iz;

=0 [fwx(aa b) fyl‘(av b)] + Vo [fmy(aa b) fyy(aa b)] .

}: [ealat) fu(@ )] [fayl@d) FufaD)]] {vl}

V2
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For two vectors w and v, what does (D?f)(a,b)(v)(u) or (D*f)(a,b)(wu, v) mean? To see

this, let u = uje; + ugsey and v = vyey + v9e2. Then
(1) o)) = [t 0] 0] = [aores + ] [1]
= 0y [funla,D) ﬂw@uw}[uq«+v2U@Amb) ﬂw@%m]{Zj
~lo [

Jay(a,

b)
b)
Therefore, (D*f)(a,b)(e1,e1) = fuz(a,b), (D*f)(a,b)(e1,e2) = fuy(a,b), (D*f)(a,b)(e, e1) =
fya(a,b) and (D?f)(a,b)(es, €2) = fyy(a,b).
On the other hand, we can identify Z(R?;R) as R? (every 1 x 2 matrix is a “row” vector),
and treat g = [D f]T : R? — R? as a vector-valued function. By Theorem 5.27 (Dg)(a, b)

can be represented as a 2 x 2 matrix given by

fex(a,0)  fuy(a,b)
[(Dg)(a,b)] N [fyﬂcma b) fyy(aab>] .

We note that the representation above means

)= [ [teeny e [53)
o VP (02

The equality above is equivalent to that

R? — 0,

0] = (DN = fr=a y=t] [Frped) o] ]

) V@ —aZ+ (y- b2 -
According to the equality above, Ly, = (D?f)(a, ) should be defined by
_ fea(@,b) fra(a,0)] _ ([farl@b) foy(a,0)] [er])"
Batwen o] = o] [0 200 = () o) )

which agrees with what (5.6.1) provides.

Proposition 5.56. Let U < R" be open, and f : U — R. Suppose that f is k-times
differentiable at a. Then for k vectors uV, .- u*) e R",

n k
(D F)(a) (@D, u®) = ) I (@)ufy ) - uf),

Jiyje=1 axjkaxjk—l T 6le
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where u') = (ugi),u(;),'-- : (i)) foralli =1,k ( P R3E57 chiF g rb Th k B
BY RSB R o TR - BRI RN S BLE ) and
*f 2

(a) =

x:a(axi_l ( N ag(; (aii) ))

Proof. We prove the proposition by induction. Let {ej 1 be the standard basis of R". By

0,05, _, -+ 0T an

Remark 5.53 (on multi-linearity), it suffices to show that

ok f

ja
&xykaxjk 10T

(DEf)(@)(ei) (&) - (e)(e) = (DM f)(a) (e s ej) = (a) (56.2)

provided that f is k-times differentiable at a since if so, we must have

(Dkf)(a)(u(l),... ,u(k)> ( Z ujl €, i ug’:)ejk>

Jj1=1 Jr=1
=2 2 D@ e e Jug wg )

(1,2 .,

J1 J2 Jk *

|
—

S
S~—

Jiysjk=1

Note that the case k = 1 is true because of Theorem 5.27. Next we assume that (5.6.2)
holds true for & = ¢ if f is (¢ — 1)-times differentiable in a neighborhood of a and f is
(-times differentiable at a. Now we show that (5.6.2) also holds true for k = ¢+ 1 if f is
(-times differentiable in a neighborhood of a, and f is (¢ + 1)-times differentiable at a. By
the definition of (¢ + 1)-times differentiability at a,

@0 ) @) = (D f)(a) = (D f)(a)(z - a)|,
lim

rT—a H$ — CL”Rn

s (Rn’.,_’%(Rn’R)...D — O

Since

(D)) = (D' F)(a) = (D F)a)( — )] (e) -+ (e (es0)
<|[(0DE) = (D'D@) ~ (O P~ )] e) - (en)] el

)
< (D)) ~ (D“)(a) — (D" f)(a)(w - Hﬂwgmmw%wmmﬂ%ww~wwmw
= (D) (@) — (D' )(@) — (D f) (o) — a)],

AR, B(RYR)-))
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using (5.6.2) (for the case k = {) we conclude that for = # a,
o'f of

\axj Fr o ) T e, (@~ (DT (@) (e i — )
HLL’ — aHR"
= ‘(Def)(x)(ejl’ e Leg) — (Def)(a)(ejlv e ,ej,) — (Dulf)(a)(x —a)(ej,, 7ej1z)‘
”.’E — aHRn
|(D ) (@) = (D f)(a) = (D) (a) (@ = a)| g e spmn 20 )
h Iz — af[gn

and the right-hand side approaches zero as * — a so that

) (@) D @ e e )
lim a‘rj[axjk—l T ale alea‘rjk—l T 6le =0

r—a HSC - a||Rn

In particular, we pass to the limit as x — a in the way x = a + te;,, as t — 0 for some
Jex1 = 1,--- ,n and conclude from the definition of partial derivatives that
o'f

axjéaxjk—l t (}xh

ol f

axje (}xjk—l T ax]&

()

(CL + teje+1) -

(D“_lf)(a)(eju € ejl+1) - 11—{% t

aZ—l—l
/ (a)

axje-uaxje 0Tjy,_y -+ 0Tj,

which is (5.6.2) for the case k = ¢ + 1. o

Example 5.57. Let f : R? — R be given by f(z1,22) = 2?cosxy, and u) = (2,0),
u® = (1,1), u® = (0,—1). Suppose that f is three-times differentiable at a = (0,0) (in
fact it is, but we have not talked about this yet). Then

3 Wy W (2 () _ O
(D°f)(a)(u Z 63:;96:3]8:61 (a)u; Uy U Z &Eg&a}ﬁml 2 Yy (=)
a3f agf
é’xg(?xl 02202,
Corollary 5.58. Let U < R™ be open, and f : U — R be (k + 1)-times differentiable at a.

Then for u®, -+ u® y*+) ¢ Rn

2 (0,0)-2-1-(=1) + (0,0)-2-1-(—1) =0.

n

k+1 ... ’f+1) (k+1) k O N )
(D )@@, - u -2 | 0@ ).
In other words, (using the terminology in Remark 5.15) (D1 f)(a)(u™, -, u® u*+D) s
the “directional derivative” of the function (D*f)(-)(u™M, - u®)) at a in the “direction”

w1
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Proof. By Proposition 5.56,

C ak+1f 1 k k+1
(Dk+1f) (a)(u(l)’ Y ’u(k)7 u(k+1)) = Z Oxi OXi ++-0x; (a)ug'l) . .u.gk)u§k+1)
J1 dhadrgr=1 JRHLTTIR J
" n k+1
z : (k+1) 2 ] oL f (1) (k)
U, (a)u s U
Jr1=1 e i k=1 0T jy 11 OFjy. O . o
_ Zn (k+1)_ 0 Zn: Pyl
. e . J
Jrk+1=1 e a:Eij T G k=1 ax]k ax]l o t
— § : D) 0 (D ) (@)D, - -, u®), .
. jk+1 ax]k 1 Tr=a
Jr+1=1 +

Example 5.59. Let f : R? —» R be twice differentiable at a = (a;,as) € R?. Then the

proposition above shows that for u = (u1, us),v = (vi, v9) € R?

(D*/)(@)(0) ) = (D*/) Sy M%

'Lj_
_O*f 0 f f 0?f
= &Tﬁ(a)ulvl + PR (a)uyvg + P (a)ugvy + a—x%(a)ugvg
0% f 0% f
o AN e
= U1 Uy 62'](. 627']0(&) Vs .
0x10x2 63:%

In general, if f : R® — R be twice differentiable at a = (a1,---,a,) € R". Then for

U = (ula"' ,Un),U = (Ulv"' 7Un) ERH7
[ o2f 2f
a—x%(a) e a) o
(D?f)(a)(v)(u) = [w Un] : : : :
o’ f o’ f Un
| Gorom (@ 5z (@)

The bilinear form B : R” x R™ — R given by

B(u,v) = (D*f)(a)(v)(u) Vu,veR"
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is called the Hessian of f, and is represented (in the matrix form) as an n x n matrix by

2f 2f ]
8755%@) 07,071 (a)
0% f 62f

| 0z10z, a @(a) i

2
aag (a) of f at a exists for all 4,5 = 1,--- ,n (here the
TjO0Lg

twice differentiability of f at a is ignored), the matrix (on the right-hand side of equality)

If the second partial derivatives

above is also called the Hessian matrix of f at a.

Even though there is no reason to believe that (D?f)(a)(u,v) = (D*f)(a)(v,u) (since
the left-hand side means first differentiating f in w-direction and then differentiating D f
in v-direction, while the right-hand side means first differentiating f in v-direction then
differentiating D f in u-direction), it is still reasonable to ask whether (D?f)(a) is symmetric
or not; that is, could it be true that (D*f)(a)(u,v) = (D*f)(a)(v,u) for all u,v € R®? When
f is twice differentiable at a, this is equivalent of asking (by plugging in u = e; and v = ¢;)
that whether or not 2 2

(a). (5.6.3)

a$ja$i = aibzal'j @

The following example provides a function f : R? — R such that (5.6.3) does not hold at

a = (0,0). We remark that the function in the following example is not twice differentiable

at a even though the Hessian matrix of f at a can still be computed.

Example 5.60. Let f : R? — R be defined by

wy(@® —y?) o (z,y) # (0,0),

flzy) =< @ +y?
0 if (z,y) = (0,0).
Then . ) ;
xry +dxcy® —y° .
if (x,y) # (0,0),
Fay=q @ 000
0 if (z,y) = (0,0),
and

x® — dady? — xy4

ey =] @rep
0 if (x,y) = (070)7

if (z,y) # (0,0),
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It is clear that f, and f, are continuous on R?; thus f is differentiable on R?%. However,

fo(0,0) = Jimy k b
while (h.0) (0.0)
~ fy(h,0)— £,(0,0

fyw(070) = }111E>r(1) Y Y = 1;

h

thus the Hessian matrix of f at the origin is not symmetric.

Theorem 5.61 (Clairaut’s Theorem). Let U < R™ be open, and f : U — R. Suppose that
of of  0*f 0% f

— exist in a neighborhood of a, and

the mized partial derivatives Gvi’ Bw;’ Gmom dmyom

a2

1s continuous at a. Then
&:zj €Ty

02 f

- axzﬁx]

02 f

axjaxi

(@)

a). (5.6.4)

Proof. Let a € U be given. For real numbers h, k # 0 such that a + he; + ke; € U, define

fla+ he; + kej) — f(a+ he;) — fa+ke;) + f(a)

Q(h, k) = . _
Then
lim Q(h, k) = %}}i% (f(a + he; + k‘e]i) — fla+he) flat ke;i) n f(a)>
_ %(%(a + hey) (%(@) ,
thus N .
Hm fm QU k) = 7, () (5.6.5)

Define ¢(x) = f(z + ke;) — f(x). Then the mean value theorem implies that

o(a+he;) —p(a) 1 0p

_1/0f of
—_ E(al’z (a —f- thei + k:ej) — a—xl(a —|— thez)>
o f

= (}x]axl (a + thei + 92kej)
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for some functions 0; = 6,(h, k) and 0 = 65(h, k) satisfying 0 < 6,0 < 1. Therefore, we
establish that there exist functions ¢, = 01(h, k) and 0y = 6,(h, k) such that 61,60, € (0,1)

and

('/32
Q<h> k) = ax]axZ (a + thei + 92k:ej) .

. o . - o f
Passing to the limit as k& — 0 first then h — 0, using (5.6.5) and the continuity of o
we conclude that ]Z

*f s .. Of O f
0x;07; (a) = flblﬂ% ilCIE%Q(h’ k) = }Ll—rftl) ]£1_r)r(1] 0x;0x; (0 Ouhei + Boke;) = 0x;0x; (@)- .

Remark 5.62. In view of Remark 5.52, (5.6.4) is the same as the following identity

i i £ @+ hei + kej) — fla+ hei) — fla+ kej) + f(a)
h—0 k—0 hk
_ i fim L@ e he) = flathe) = fla+ key) + f(a)
k—0 h—0 hk

which implies that the order of the two limits lim and lim can be interchanged without

h—0 k—0

changing the value of the limit (under certain conditions).

Example 5.63. Let f(z,y) = yz? cosy?. Then

foy(7,y) = 22y cosy?), = 2z cosy® — 2xy(2y) siny® = 22 cosy* — day®siny?,
Fyel,y) = (22 cosy? — ya?(2y) sing?)e = (22 cos y — 2229 siny?),
= 2z cosy® — day’siny® = fo, (2,y).

Definition 5.64. A function is said to be of class €* if the first k derivatives exist and
are continuous. A function is said to be smooth or of class ¢ if it is of class €* for all

positive integer k.

Now we would like to answer the question of what kind of functions are k-times differ-
entiable. Suppose that U < R" is open and f : U — R. Note that by the definition of
differentiability, f is k-times differentiable in U if and only if D*~!f is differentiable in U.
This would further imply that f is k-times differentiable in U if and only if D¥=2f is twice
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differentiable in U. Therefore, Proposition 5.39 and Theorem 5.44 imply that

f is k-times (continuously) differentiable in U

< Df is (k — 1)-times (continuously) differentiable in U

of of o 1. . : : :
[a—xl, pre ,m] is (k — 1)-times (continuously) differentiable in U
D) is (k — 1)-times (continuously) differentiable in U for all 1 < j; <n
Tj1

< D of is (k — 2)-times (continuously) differentiable in U for all 1 < j; <n

L1
a1 2 is (k — 2)-times (continuously) differentiable in U
a$18$]’1 ’ ’ é’xné’le

forall1 <7 <n
0% f
a$j25.%'j1

is (k — 2)-times (continuously) differentiable in U for all 1 < j;, 72 < n.

Applying similar argument several times, we obtain the following theorem which is an anal-

ogy of Theorem 5.44.

Theorem 5.65. Let U — R"™ and f : U — R. Suppose that the partial derivative
o f

exists in a neighborhood of a € U and is continuous at a for all ji,--- , jxr =
awjkaxjkq T ale

orf

0, 0y, -+ Oy

s continuous

1,---,n. Then f is k-times differentiable at a. Moreover,

on U if and only if f is of class €*.
Corollary 5.66. Let U € R™ be open, and f is of class €*. Then

(D*f)(a)(u,v) = (D*f)(a)(v,u) VaeU and u,v e R".

5.7 Taylor’s Theorem

Recall Taylor’s Theorem for functions of one variable:

Theorem 5.67 (Taylor). Suppose that for some k € N, f : (a,b) — R be (k + 1)-times
differentiable and c € (a,b). Then for all x € (a,b), there exists d in between ¢ and x such

that

SPARG ¢ (E+D(d k+1
o) = 2 o+ e =,

where f© denotes the (-th derivative of f.
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Theorem 5.68 (Taylor). Let U < R™ be open, and f : U — R be (k+1)-times differentiable.
Suppose that x,a € U and the line segment joining x and a lies in U. Then there exists a

point ¢ on the line segment joining x and a such that

LD H@E—a e )
1 (5.7.1)

b OO a0~ a).

k ¢ copies of x — a

(k+1) co;;es ofx—a
Proof. Let g(t) = f((1 —t)a+tz). Since Ta < U and U is open, there exists § > 0 such
that (1 —t)a+tx e U for all t € (—d,1+ ). By the chain rule, for ¢t € (=4, 1+ 9),

Zaf (1 =t)a+tz)(z;—a;) = (DF)((1 = t)a + tz) (z — a);

Xz

D

—
.

1=

thus for t € (—0,1 4+ ¢), Proposition 5.56 shows that

"(t) = 4'2:1 6ai»6fxi (1 =t)a+tx)(z; — a;)(z; — aj) = (D*F)((1 = t)a + tz) (x — a,z — a).

By induction, we conclude that

g(‘])(t) = (Déf)((l —t)a—l—tx)(:\v—a,-- T —a).

J/
~
£ copies of x — a

By the fact that f is (k + 1)-times differentiable, g : (—=0,1 + §) — R is (k + 1)-times
differentiable as well. Theorem 5.67 then implies that for some ¢, € (0, 1),

E a0y g+
:Zg@(>+gk <1°|) (5.7.2)
B G
Letting ¢ = (1 — tg)a + toz, (5.7.2) implies (5.7.1). o

Definition 5.69. Let U < R" be open, and f : U — R be k-times differentiable. The k-th

(order) Taylor polynomial for f at a is the polynomial

1
2? a:—a,-~~,:c—(3).

£ copies x — a
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Corollary 5.70. Let U < R"™ be open, f: U — R be (k+ 1)-times differentiable, and define

the remainder

k
1
Ri(a,h) = f(a+ h) — ;g_ -, h).
Then hII(l) RH]“}EFL h) _ 0, or in notation, Ry(a,h) = o(|h||.) as h — 0.
*) Rn
Remark 5.71. An n-dimensional multi-index is a vector a = (ay, - - - , @) of non-negative

integers (that is, a; € N U {0} for all 1 < j < n). Given an n-dimensional multi-index

a=(ag, - ,a,), |a| and a! are numbers defined by

la| = Zak and ol = Hak,

and the differential operator D is defined by

i an |
e 0 0 0

= T 5z Qgom 0z .. Ogon
1 n 1 n

We also use D“ to denote DS when the variable of differentiation is clear. For a vector
h = (hi, -+, h,) € R" and an n-dimensional multi-index «, we use h* to denote the number
hi*hy? - - - hor.

Suppose that f : U — R is (k + 1)-times differentiable. Then D*f is continuous on U
for 1 < ¢ < k; that is, f is of class €*; thus Theorem 5.65 implies that all the mixed partial
otf

derivatives
a$j£a£8jé+l e 81’j1

are continuous on U. Therefore, the Clairaut Theorem shows

that
(D' f)(x)(h, -+ h) = )] @(Daf)(x)ha VeeU,heR",

!
a:
la|=£

and the Taylor Theorem further implies that

=33 LD N@E -+ Y (D) - a).

=0 |al=k |a]=m+1

Example 5.72. Let f(x,y) = e”cosy. Compute the fourth degree Taylor polynomial for
f at (0,0).
Solution: We compute the zeroth, the first, the second, the third and the fourth mixed
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derivatives of f at (0,0) as follows:
FO.00=1,  £0.0=1.  £0,0)=0,
fx(0,0) =1, f24(0,0) = f,2(0,0) =0, fyy(0,0) = —1,
J22a(0,0) =1, fary(0,0) = foya(0,0) = fyae(0,0) =0,
Juw(0,0) =0, fyy2(0,0) = fyey(0,0) = fayy (0,0) = —1,
and
Jf1222(0,0) =1, Syyyy(0,0) =1,
fr2y(0,0) = fazyo(0,0) = fayaz(0,0) = fyaza(0,0) =0,
Jayyy(0,0) = fyayy(0,0) = fyyey(0,0) = fyyy.(0,0) =0,
Sryy(0,0) = fayay(0,0) = fayya(0,0) = fuaay(0,0) = fraya(0,0) = fyyea(0,0) = —1.

Then the fourth order Taylor polynomial for f at (0,0) is
£(0,0) + £.(0,0)z + £,(0,0)y + % [fm(o, 0)22 + 2 £, (0,0)xy + £, (0, O)yQ}
+ é [ Fawn (0,002 + 3 funy (0, 0022y + 32y (0, 0)2y + F,1 (0, 0)y3]
b o [onan (00088 4 410, (0,002 + 6,1, (0,002
4y (0, 00" + fyyun (0, 0}y

_ 1oy 9 1,4 2 14 o9 4
—1+IE+2(ZL‘ y)+6(m 3xy)+24(x 62"y +y).

Observing that using the Taylor expansions

1 1 1 1 1
ex:1+x+§x2+6x3+ﬂx4+--- and cosy:1—§y2+ﬁy4+---,
we can “formally” compute e” cosy by multiplying the two “polynomials” above and obtain

that

T w__» 1 2 2 13_1 2 i4_122 i2 .
e cosy = 1—|—x+2(x y)—l—(6x 2xy)—|—(24x 4xy +24y)+h.0.t.,

where h.o.t. stands for the higher order terms which are terms with fifth or higher degree.

Theorem 5.73. Let U € R"™ be open, and f : U — R be of class €% and (D*f)(a) =0 for
(=1, k—1. If (D¥f)(a)(u,u, -+ ,u) >0 for all non-zero vectors u € R™, then f has a

local minimum at a; that is, there exists 6 > 0 such that

f(x)= fla)  VaxeBa,d).
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Proof. Let a € U. Since U is open, there exists r > 0 such that B(a,r) € U. Note that
g: B(a,7) x R* — R defined by g(x,u) = (D*f)(x)(u,- - ,u) is continuous since

)
(2) = (D)) 0, )

W) = (D))o, o
< (D)) (- w) = (D)), o)+ |[(D")
< (D)@, w) = (D)), o) + (DA ) = (D))ol
< |(D"f) (@) - 'JM+MDWX@@WV“JO (D" ) () (v, )
+|(D*f)(@) - < )l

< (¥ @Mu—thH (D) (@) (0, u - vyus - u) — (DA (@) (v, o)
(D P @) w0, w) — (D)), o) + (DA ) (@) — (D)) ol

< [@*N@)[Ilu = vire (lullge’ + lulzz?vles + - + [ulravlza® + lolzs")

+ (D) (@) = (D) )| vl

so that
gz, u) — g(y,v)| (573
< |(D* 1) (@) (Jullgn + [olrn)" " |u = v]an + (D £)(@) = (D*F) ()| J0]hn

and the right-hand side approaches zero as * — y and v — v. In particular, by the
compactness of S*' = {z € R"|||lz| = 1}(= B[0,1)\B(0, 1) which is closed and bounded),

g(a,-) attains its minimum at some point w € S"!; that is,
g(a,u) = gla,w)  VYueS" '

Let A = g(a,w) = (D¥f)(a)(w, -+ ,w) > 0. Since f is of class €*, there exists 0 < § < r
such that
I(D*f)(x) — (D¥f)(a)|| < % whenever x € B(a,0).
Let x € B(a,0)\{a} be given. By Taylor’s Theorem there exists ¢ € Ta (so that ¢ €
B(a,0)) such that

k1 écopies}\ofx—a kcopiesAofac—a
f(ﬂf)Zf(a)+Z€,(D£f)( a)(@—a, - z—a)+ (Dkf)( J@—a, -z —a).
/=1

Since (D*f)(a)(u,u, -+ ,u) =0 for 1 < j < k — 1, we conclude that

flx) = f(a)+%(Dkf)(c)(a:—a,x—a,-~~ T —a) :f(a)—l-%g(c,x—a).
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Note that (5.7.3) implies that

(e =) — ale. o) < [(D")(@) = (D D)ta)] < 5:
thus
oo ) > o ) 37
By the fact that g(c,z — a) = g(c, H) |z — a|*, we conclude that
f@) > f(@) + 5ple—al*  ¥aeBlad)\a)
thus f(z) = f(a) for all z € B(a, ). o

Corollary 5.74. Let U < R" be open, a € U, and f : U — R be of class €*. If (i{(a) =0
¢

for all 1 < ¢ < n and the Hessian matriz of f at a is positive (cf. negative) definitive, then
f has a local minimum (cf. maximum) at a.
Definition 5.75. Let U < R" be open. A function f: U — R is said to be real analytic
e}
1
at ae U if f(x)= >, —

o (D*f)(a)(z — a, - ,x — a) in a neighborhood of a.
k=0 %

Example 5.76. Let f : R — R be defined by

1
exp(———) ifx >0,
= { PP
0 if xr <0.

Then f is of class €%, and f*)(0) = 0 for all k € N. Therefore, f is not real analytic at 0.

5.8 Exercises

§ 5.1 Bounded Linear Maps

Problem 5.1. Let {T;}2, < Z(R",R™) be a sequence of bounded linear maps from

R™ — R™. Prove that the following three statements are equivalent:

1. there exists a function 7" : R” — R™ such that {Tpx}}”, converges to Tz for all

x e R";

. 1 - A n pPpm\) — .
2 Mlgloo Ty — T rn gy = 0;
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3. there exists a function 7" : R” — R™ such that for every compact K < R™ and ¢ > 0
there exists NV > 0 such that

|Tyx — Tx|gm <e whenever ze K and k> N.

Problem 5.2. Recall that M,, ., is the collection of all m x n real matrices. For a given
A e M,,xn, define a function f: M, x,, — R by

f(M) = tr(AM),

where tr is the trace operator which maps a square matrix to the sum of its diagonal entries.
Show that f € B(Mxm,R).

Hint: You may need the conclusion in Example 4.29.

Problem 5.3. Let #([0,1)) be the collection of all polynomials defined on [0, 1], and | - |
be the max-norm defined by |p|, = m[ax] Ip(z)].
z€|0,1

1. Show that the differential operator C% : 2([0,1]) — £([0,1]) is linear.

2. Show that % : (2([0,1]), ] - [») — (22(10,1]),]| - | ) is unbounded; that is, show
that

sup [|ple = 0.
[pllo=1

Problem 5.4. Let (X,| - |x) and (Y, - |y) be normed spaces, and T" € Z(X,Y). Show
that for all x € X and r > 0,

sup [T’y = r|T|sxy)-
z'eB(z,r)

Hint: Prove and make use of the inequality max {|T(z + &)|y, |T(z — &)|yv} > |T€|y for
alléey.

Problem 5.5. Let (X, | - |x) be a Banach space, (Y,| - |y) be a normed space, and .# <
A(X,Y) be a family of bounded linear maps from X to Y. Show that if sup |[Tz|y < oo

TeF
for all x € X, then

sup [T zx,y) < ©.
TeF
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Hint: Suppose the contrary that there exists {7}, };_, = F such that |T,|zxy) = 4"

0

o, where xy = 0, such that

Using Problem 5.4 to choose a sequence {x,}

T, € B(illn_l, S_n) and HTnmnHY = g : 3_n||TnHQ(X7y) .

Show that {x,}’2_; converges to some point ¢ € X but {T,,x}’°_; is not bounded in Y.
Remark: The conclusion above is called the Uniform Boundedness Principle (or the Banach-

Steinhaus Theorem). This is one of the fundamental results in functional analysis.
§ 5.2 Definition of Derivatives

Problem 5.6. Show that if f: C — R is differentiable at zy, then (Df)(z) = 0.
Hint: Show that Z(C,R) = {0}.

Problem 5.7. Let f : R?> — R be given by

{0 if xy =0,
f(x’y)_{1 if xy#0.

of of
Compute %(x,y) and @(m,y).

Problem 5.8. Investigate the differentiability of

xy .
—— if ([B,y) 7 <070)7
floy) = VI +y
0 if (z,y) = (0,0).
Problem 5.9. Investigate the differentiability of

if z+9y?#0,

Yy
fla,y) =4 = +y
0 ifz+y?=0.

Problem 5.10. Define f : R? —» R by

1
(22 + y?) sin ———
fla,y) = Vatty?

0 if (z,y) = (0,0).

if (x,y) # (0,0),

Discuss the differentiability of f. Find (Vf)(z,y) at points of differentiability.
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Problem 5.11. Let (X, |- |x) be a normed space, A € X and f: A — R be a function. f
is said to attain a local extremum at a € A if there exists r > 0 such that either f(z) < f(a)
for all x € B(a,r) n A or f(x) = f(a) for all x € B(a,r) n A. Show that if f attains a local
extremum at an interior point a € A and f is differentiable at a, then (Df)(a) is the zero
map in A(X,R).

Problem 5.12. Let X = M,,.,,, the collection of all n x m real matrices, equipped with
the Frobenius norm | - |z introduced in Exercise Problem 2.9, and f : X — R be defined by
f(A) = |A|%. Show that f is differentiable on X and find (Df)(A) for A € X.

Problem 5.13. Let | - | denote the Frobenius norm of matrices given in Exercise Prob-
lem 2.9. For an m x n matrix A = [a;;], we look for an m x k matrix C' = [¢;;] and an k x n
matrix R = [r;;], where 1 < k < min{m,n}, such that |A — CR|% is minimized. This is to
minimize the function
n m k
F(C.R) = |[A—CRJ} = tr((A— CR) (A~ CR)") = Y. (a5 — Y. caryy)”
j =1

i=1j5=1

Show that if C'e R™** and R € R**" minimize f, then C, R satisfy
(A-CR)R"=0 and C"(A-CR)=0.

Problem 5.14. Let u,v € R" be given vectors satisfying u - v # 0, and B € M,,«,(R) be a
symmetric matrix. Define f: M, ,(R) — R be defined by

f(X) =X - Bl = tr((X - B)"(X - B)).
1. Find the derivative of f.

2. Consider finding the minimum of f over the set
S={XeMpR)| X =X"and Xu=v}.
Suppose that A is the minimizer of f over S; that is,
f(A) < f(X) VXeS.

Show that
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3.
Proof. 1. Let H € M+, (R) be given. Then

f(A+ H)— f(A)=tr(A+ H - B)"(A+ H - B)) — tr((A — B)"(A - B))
=tr(H'(A-B)+(A—-B)"H) +tr(H"H).

Define L(H) = tr(H"(A — B) + (A — B)TH). Then L : M,x,(R) — R) is linear.
Moreover, for H # 0 we have
|f(A+H)— f(A)— L(H)| |tw(H"H)| |H|3%

= — = ||H|p;
[Hlr Hr 18 - e

thus
|f(A+H) — f(A) — L(H)|

H—0 |H

This shows that f is differentiable at A with derivative

=0.

Df(A)H)=L(H)=tr(H"(A—-B)+ (A—-B)"H).

Since tr(M) = tr(M7T), we find that tr(HY(A — B) + (A — B)TH) = 2tr((A — B)TH);
thus Df(A)(H) = 2tr((A — B)TH).

2. Let A be the minimizer of f over S. Then
VBeS,B—AeN ={XeM;u,[R)|X=X"and Xu=0}.

Therefore, any element in S takes the form A + H for some H € N.

Since A is the minimizer of f over S, we have
f(A+H)— f(A) =0 VHeN.
The computation in part 1 shows that
2tr(A— B)"H)+ |H|% >0 VHeN;
thus by the fact that |H|% is quadratic in |H|| we must have

tr(A—B)'H)=0 VHeN.
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Let O be a rotation/orthogonal matrix satisfying Ou = e, = (0,--- ,0,1)T. Note that
HeN < (0OHOY) is symmetric and OHO%, =0,

and conditions OHOT is symmetric and OHO"e,, = 0 imply that

C

T _
OHO _{OT 0

} for some (n — 1) x (n — 1) symmetric matrix C.

Therefore, the minimizer A satisfies that

c 0

tr(O(A - B)'O*™™M)=0 VM = [ o 0

} ,Ce M(n_1)x(n_1)(R) symmetric

Since A— B is symmetric, the identity above shows that the upper left (n—1) x (n—1)
block of O(A — B)OT is the zero matrix; thus

o --- 0 a
0 .- 0 a,
a -+ Qp-—1 an
which further shows that
0 0 aq
0 --- 0  a,
ayp - Qp-—1 G,

Problem 5.15. Let X = Z(R",R") equipped with norm | - |, and f : GL(n) — Z(R",R")
be defined by f(L) = L™ = L~' o L™'. Show that f is differentiable on GL(n) and find
(Df)(L) for L € GL(n).

Problem 5.16. Let X = ¢'(|—,1,1];R) and || - | x be defined by | f|x = rr[lax] | f(z)|, and
re[—1,1

(Y.l -|y) = (R,]-]). Consider the map ¢ : X — R be defined by §(f) = f(0). Show that ¢
is differentiable on X. Find (D¢)(f) (for f € €([-1,1];R)).
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Problem 5.17. Let X = €([a,b];R) and | - ||z be the norm induced by the inner product
b
{f,9)= f f(z)g(x)dz. Define I : X — X by

1)@ = | fwrde voelad),
Show that [ is differentiable on X, and find (DI)(f).

Problem 5.18. Let X = %([a,b];R), the collection of all piecewise continuously differen-
tiable real-valued function, and | - ||z be the norm (on X) induced by the inner product
b

S0 = [ @) + @)y’ @)] da.

a

For g € €([a,b];R), define I : X — R by

Show that [ is differentiable on X, and find (DI)(f).

Problem 5.19. Let r > 0 and a > 1. Suppose that f: B(0,7) — R satisfies |f(z)| < |z|*
for all x € B(0,r). Show that f is differentiable at 0. What happens if o = 17

Problem 5.20. Suppose that f,g : R — R™ are differentiable at a and there is a § > 0
such that g(z) # 0 for all 0 < |z —a| < 0. If f(a) = g(a) = 0 and (Dg)(a) # 0, show that

i @ _ I(Pf)(a)]
== [g(z)|  [(Dg)(a)]

In the following, we discuss the concept of sub-differentials of convex functions. Note

that convex functions may not be differentiable everywhere, and sub-differentials extends

the idea of derivatives.

Definition 5.77. Let C' < R" be a convex set, f : C' — R be a convex function, and x € C.

A vector v e R" is called a sub-gradient of f at x if

fy) = fx)+v (y—2) VyeC. (5.8.1)

and the sub-differential of f at x, denoted by df(x), is the collection of all sub-gradients of
f at x; that is,

of(x) ={veR"|f(y) = f(®)+ v (y—=) for all ye C}.
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We note that if in addition f is indeed differentiable, then the sub-differential of f at «
contains only the vector (D f)(x).

Problem 5.21. Let ' < R"™ be a convex set, f : €' — R be a convex function, and
x € int(C).

1. Show that the sub-differential Jf(x) is non-empty, convex and compact.
2. Show that f attains a local minimum at @ if and only if 0 € df(x).

Problem 5.22. Let C' < R" be a convex set, and f,g : C'— R be convex functions. If in
addition that g is differentiable (in the interior of C'), then for x € int(C),

ve d(f+g)(x) if and only if  v— (Dg)(z) € 0f ().
§ 5.3 Continuity of Differentiable Maps

Problem 5.23. Let U < R” be open, and f : U — R. Suppose that the partial derivatives
of . of

a0, are bounded on U; that is, there exists a real number M > 0 such that
1 n

af(x)‘gM VeeUandj=1,---,n

axj

Show that f is continuous on U.
Hint: Mimic the proof of Theorem 5.40.

§ 5.4 Conditions for Differentiability

Problem 5.24. Let U < R"™ be open, and f : U — R. Show that f is differentiable at

a € U if and only if there exists a vector-valued function ¢ : U — R"™ such that
o Of
)= X, (e~ ) =<l (o=

and e(z) — 0 as z — a.

Problem 5.25. Let f : R? — R be defined by

3y )
flany) = R if (x,y) # (0,0),

0 if (z,y) = (0,0).
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and v € R? be a unit vector. Show that the directional derivative of f at the origin exists

in all direction, and

(0.00.0) = (£0.0.50.0)-u.

Is f differentiable at (0,0)?
§ 5.5 The Product Rule and the Chain Rule

Problem 5.26. Verify the chain rule for
u(z,y,z) =xe’, wv(r,y,2) =yzsinz

and

flu,v) = u* +vsinu
with h(z,y, 2) = f(u(z,y, 2),v(z.y, 2)).
Problem 5.27. Let (1,6, ¢) be the spherical coordinate of R? so that
x =rcosfsinp,y=rsinfsing,z=rcosyp.

1. Find the Jacobian matrices of the map (z,y,z) — (r,0,¢) and the map (r,0,¢) —
(z,y,2).

2. Suppose that f(x,y, 2) is a differential function in R3. Express |V f|? in terms of the

spherical coordinate.

Problem 5.28 (The inverse statement of the chain rule). Let f : (a,b) — R be continuous
and g : (¢,d) — R be differentiable at yo = f(x¢) € (¢, d). Show that if (go f) is differentiable
at xo and ¢'(yo) # 0, then f is differentiable at x.

Problem 5.29. Let U < R" be open, and f: U — R™ with f = (f1, -, fm)-

1. Suppose that f is differentiable on U and the line segment joining x and y lies in U.

Then there exist points ¢y, - , ¢, on that segment such that

fiy) = filz) = (Df)(e)ly —x)  Vi=1,---,m.
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2. Suppose in addition that U is convex (the convexity of sets is defined in Problem 4.16).
Show that for each x,y € U and vector v € R™, there exists ¢ on the line segment

joining z and y such that

v [f@) = f)] =v- (D)) —y).

In particular, show that if sup ||(Df)(x)|s@nzm) < M, then
zeU

|f(z) = fW)|em < M|z —ylgn  Va,yel.
Problem 5.30. Let U < R" be open and connected, and f : U — R be a function such
that aaf(x) =0 for all x € U. Show that f is constant in U.
Ty

Problem 5.31. Let U < R" be open, and for each 1 < 7,j < n, a;; : U — R be differentiable
functions. Define A = [a;;] and J = det(A). Show that

.
T,

- tr(Adj(A)ai) Vi<k<n,

where for a square matrix M = [m;;], tr(M) denotes the trace of M, Adj(M) denotes the

- . oM . o . om;
adjoint matrix of M, and F denotes the matrix whose (i, j)-th entry is given by am” .
Tk Tk
Hint: Show that

oa oa oain

&71;3 iz - Qin a1 5101; a3 -+ Qip air - Gp-1)1 51’1k

(9(121 6a22 &a2n

;J _ ez, 22 Qaon n Q21 ok a3 Q2n T a2 A(n—1)2 .

Lk : : : : :
aa7L1 a PR a/ a aan2 a PR a a/ P a aanl
Ern n2 nn nl Ere n3 nn nl (n—1)n Ere

and rewrite this identity in the form which is asked to prove. You can also show the dif-

ferentiation formula by applying the chain rule to the composite function F' o g of maps

g : U - R” and F : R” — R defined by g(z) = (a11(x), ar2(z), -, apn(z)) and

F(ay, -+, any) = det ([a;;]). Check first what ;F

is.

Qg

§ 5.6 Higher Derivatives of Functions

Problem 5.32. Let f(z,y,2) = (z*>+1) cos(yz), and a = (0, g, 1), u = (1,0,0), v = (0,1,0)
and w = (2,0, 1).
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1. Compute (Df)(a)(u).
2. Compute (D?f)(a)(v)(u).
3. Compute (D3 f)(a)(w)(v)(u).

Problem 5.33. 1. If f: ACR" - R™and g: B < R™ — R’ are twice differentiable and
f(A) € B, then for xy € A, u,v € R", show that

D*(g o f)(@o)(u, v)
= (D*9)(f (0)) ((Df) (o) (u), D f(z0)(v)) + (Dg)(f (0)) ((D*f) (o) (u,v)) -

2. If p: R" > R™ is a linear map plus some constant; that is, p(z) = Lx + ¢ for some
Le ZR",R™),and f: A< R™ — R* is k-times differentiable, prove that

D*(f o p)(wo)(u®, -+, u®) = (D* £) (p(ao)) (Dp) (o) (™M), -, (Dp) (o) (u™) .

Problem 5.34. Let f(z,y) be a real-valued function on R%. Suppose that f is of class €

2
(that is, all first partial derivatives are continuous on R?) and ; éf exists and is continuous.
xdy
Af . ?f ?f
Show that 3o exists and dwdy ~ dyox’

Hint: Mimic the proof of Clairaut’s Theorem.

Problem 5.35. Let U < R" be open, and 9 : U — R™ be a function of class 2. Suppose
that (Dvy)(x) € GL(n) for all x € R™, and define J = det([Dv]) and A = [Dy]~!, where
[D1)] is the Jacobian matrix of ¢. Write [A] = [a;;].

1. Show that for each 1 <74, j,k <n, a;; : R" — R is differentiable, and

%:_Z 52%

axkaxs

2. Show the Piola identity
Sl
Z ox (
=1

§ 5.7 Taylor’s Theorem

x)=0 Vi<j<nandzeU. (5.8.2)
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Problem 5.36. Let f : R — R™ be differentiable, and Df is a constant map in Z(R"™, R™);
that is, (Df)(x)(u) = (Df)(y)(u) for all z,y € R™ and v € R™. Show that f is a linear term

plus a constant and that the linear part of f is the constant value of Df.

Problem 5.37. Let U < R™ be open, and f : U — R be of class €* and (D*f)(a) = 0 for
¢ =1,---,k— 1. Show that if (D*f)(a)(u,u,---,u) > 0 for all non-zero vectors u € R",

then f has a local minimum at a; that is, there exists 6 > 0 such that
f(x) = fla)  VxeB(a,d).

Problem 5.38. Let C' € R™ be an open convex set (see Problem 4.16 for the definition of
convex sets), and f : C' — R be a twice differentiable function that attains a local minimum
at x, € C. Suppose that there is a sequence {z;}7, in C satisfying f(xy) = f(zg41) for
all k € N and h]gr_l)glfH(Vf)(xk)H = 0. Show that if f is strongly convex on C; that is, there

exists m > 0 such that

(D?f)(2)(z,2) = m|z|? VzeR"and z € C, (5.8.3)
then {z;}72, converges to z,.
§ 5.8 Chapter Review

Problem 5.39 (True or False). Determine whether the following statements are true or

false. If it is true, prove it. Otherwise, give a counter-example.

1. Let U < R™ be open. Then f : U — R is differentiable at a € U if and only if each

directional derivative (D, f)(a) exists and

w= (L@, @)

o0x1 " 0xn

)
n
where u = (uq, -+ ,u,) is a unit vector.

2. Let f : R? - R be of class €. Assume that all second order partial derivatives of f

exist, then f is second times differentiable in R2.

3. Let f be a function defined on R?, and A be an invertible matrix. Define y = Az for
xz € R". Then f(y) is differentiable if and only if f(Ax) is differentiable as a function

of x.

4. Let f :[a,b] — R? be continuous and be differentiable on (a,b). If f(a) = f(b), then
there exists some ¢ € (a,b) such that f'(c) =0.



Chapter 6

Integration of Functions

6.1 Integrable Functions

In this chapter, we discuss the integration of (bounded) real-valued functions defined on
bounded sets. We first recall the integral of functions of one variable that we learned from

Calculus.

Definition 6.1. A finite set P = {x¢,z1,--- ,x,} is called a partition of the closed interval
[a,b]if a =z < 21 < -+ < x,, = b. Such a partition P is usually denoted by {a = z¢ < z; <
+++ < &, = b}. The norm of P, denoted by |P|, is the number max {z; — z;_1 |1 <i < n}.

Let f : [a,b] — R be a function. A Riemann sum of f for the partition P = {a = 2y <

x1 < - - <x, = b} of [a,b] is a sum which takes the form

Zn: f(&k)(wr — 1),
=1

where &, € [xg_1,2] for each 1 < k < n. f is said to be Riemann integrable on [a,b] if
there exists a real number A such that for every € > 0, there exists 6 > 0 such that if P is
partition of [a, b] satisfying |P| < d, then any Riemann sums for the partition P belongs to

the interval (A — e, A+¢). Such a number A (is unique and) is called the Riemann integral

of f on [a,b] and is denoted by f(z)dx.
[a,b]

To define the partition of a bounded set A in R™, we start with the simplest case n = 1.

Definition 6.2. Let A < R be a bounded set. A collection of point P = {xg, 21, ,zn}
is called a partition of A if P is a partition of the closed interval [inf A, sup A}. Such a

192
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partition P is usually denoted by {[xk,xkﬂ] | 0<k<N-— 1}, and the norm of P is the

maximum of the length of intervals in P; that is,
|P| = max {z), — z)_1 |1 < k < N}.
Next we look at how a partition of a bounded set in the plane is defined.

Definition 6.3. Let A < R? be a bounded set. Define

a; = inf{z € R|(z,y) € A for some y € R},
by = sup {z € R|(z,y) € A for some y € R},
az = inf{y e R|(z,y) € A for some z € R},
b, = sup {y € R|(z,y) € A for some z € R}.

A collection of rectangles P is called a partition of A if there exists a partition P, of [a;, b1 ]

and a partition P, of [ag, bs], where
Px:{a1:x0<x1<~--<xn:bl} and Py:{a2:yo<y1<~--<ym:62},
such that
P = {Aij}Aij =21, 2] X [yj_1,y;] fori=1,2,--- 'nand j =1,2,-- ,m}.

The norm of P, denoted by ||P|| and also called the mesh size of the partition P, is a real
number defined by

IP] :max{\/($i_$i*1)2+(yj —yi)?li=12, n =12 am}'

The number \/(z; — z;-1)? + (y; — yj—1)? is often denoted by diam(A;;), and is called the

diameter of A;; (thus the norm of P is the maximum of the diameter of rectangles in P).
In general, the partition of a bounded set A < R" is defined as follows.

Definition 6.4. Let A < R” be a bounded set. Define the numbers ay,as,--- ,a, and
b17b27'” ,bn by

ak:inf{xkeR‘x:(xl,--- ,x,) € A for some 1, Tp_1, Tpy1, - ,xneR},

bkzsup{xkeR‘x:(xl,--- ,x,) € A for some 1, Tp_1, Tpy1, - ,xneR}.
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A collection of rectangles P is called a partition of A if there exists partitions P®*) of

[ak, by], k=1,--- ,n, P® = {ak = m(()k) < xgk) << xg\]fz = bk}, such that
1 1 2 2 n n+1
P = {Ai1i2~--in Aijigein = [95511179551)] X [x§211a$§2)] Koo X [xgnll,xEJ )]’

ih=1,2- Nok=1,--- n}

The norm of P, denoted by ||P|| and also called the mesh size of the partition P, is a real
number defined by

HP” maX{JZ($£:)IEEf)1)2 ) Zk:1727 7Nk7k:17"' an}-

k=1

n

The number 4 [ ] (x(k) — 2 _)? is often denoted by diam(A;,4,...;, ), and is called the diam-

ik T
k=1

eter of the rectangle Ay ;,..;,. The volume of A, ,,..; , denoted by v, (A;,..;,) (or simply

V(A iyi,) 18 v is clear to us), is defined by

n

P Bivipin) = [T () = ali0) = (1)) = o) (o) = 2lle) - () = 2).
k=1

Next we define the Riemann sum of a function f: A — R for a partition P of A.

Definition 6.5. Let A € R” be a bounded set, and f : A — R be a (bounded) function.
A Riemann sum of f for the partition P = {Ay, Ay, .-+, Ax} of A is a sum which takes

the form N

F&wray),

k=1

where ?A is a function given by

“(2) :{ @) weA, (6.1.1)

0 z¢A.
and the set = = {&;,&, -+ , &N} satisfies that & € Ag forall 1 <k < N.

Definition 6.6. Let A € R” be a bounded set, and f : A — R be a (bounded) function.
The function f is Riemann integrable on A if and only if there exists (a unique) I € R such
that for every given € > 0, there exists 6 > 0 such that if P is a partition of A satisfying

|P|| < ¢, then any Riemann sums of f for the partition P belongs to the interval (I—e,I+¢).
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In other words, f is Riemann integrable on A if and only if there exists I € R such that for

every given £ > (, there exists § > 0 such that

N
Z v(A) =1

whenever P = {Ay,--- Ay} is a partition of A satisfying |[P| < & and the set =
{&1,6, - &N} satisfies that & € Ay for all 1 < & < N. The number I is denoted by

R) L Flz) de.

The definition of the integrability of functions given above is due to Bernhard Riemann;

<e (6.1.2)

however, the definition above somehow lacks of flexibility for developing the theory of in-
tegration of functions. In the following, we adopt another point of view due to Gaston
Darboux to discuss the integration of (bounded) functions f : A — R for general bounded
set A < R™.

Definition 6.7. Let A € R™ be a bounded set, and f : A — R be a (bounded) function.
For a partition P = {Al, Ag, -+ ,AN}, the upper sum and the lower sum of f for the
partition P, denoted by U(f,P) and L(f,P) respectively, are numbers defined by

N

U(f;P) = 2 sup [l (@)v(Ay)  and  L(f,P) = nggkf (2)v(A).

The two numbers

( f(z)dz = inf {U(f,P)|P is a partition of A},
A

and
.

.JA f(z)dr = sup {L(f, P) ‘73 is a partition of A}

are called the upper integral and lower integral of f on A, respectively. The function

f is said to be Darboux integrable (on A) if J f(z) dx and J f(z) dx are identical real

numbers, and in this case, we express the upper and lower integral as ( J f(x) dz, called

the Darboux integral of f on A.

Using the property of supremum and infimum, we immediately obtain the following
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Proposition 6.8. Let A < R" be a bounded set, and f,g: A — R be functions. If P is a
partition of A, then

L(f,P)+ L(g,P) < L(f+¢9,P) <U(f+g,P)<U(f,P)+Ul(g,P). (6.1.3)

Definition 6.9. A partition P’ of a bounded set A < R” is called a refinement of another
partition P of A if for any A’ € P’, there is A € P such that A’ < A. A partition
P of a bounded set A < R” is called the common refinement of another partitions

7)1,7)2, s ,Pk of A if
1. P is a refinement of P; for all 1 < j < k.
2. If P’ is a refinement of P; for all 1 < j < k, then P’ is also a refinement of P.

In other words, P is a common refinement of Py, Ps, - -- , Py if it is the coarsest refinement.

14 b
_l’_

Figure 6.1: The common refinement of two partitions

Qualitatively speaking, P is a common refinement of Py, Py, -, Py if for each j =
1,---n, the j-th component ¢; of the vertex (¢, -- ,¢,) of each rectangle A € P belongs to

Pi(j) for some i =1,--- k.

The following proposition should be clear to the readers, and the proof is left as an

exercise.

Proposition 6.10. Let A < R"™ be a bounded set, and f : A — R be a function. If P and
P’ are partitions of A and P’ is a refinement of P, then

L(f,P) < L(f,P") <U(f,P') <U(f,P).

Corollary 6.11. Let A € R"” be a bounded set, and f : A — R be a function. If Py and P,
are partitions of A, then L(f,P1) < U(f,P2).

Proof. Let P be the common refinement of P; and P,. Then Proposition 6.10 implies that

L(fapl)<L<f77))<U(f77D)<U(f7P2) =
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Corollary 6.12. Let A < R"™ be a bounded subset, and f : A — R be a function. Then

L @)z < L f(@)dz

Proof. Note that for each given partition P of A, the previous corollary implies that L(f, P)

is a lower bound for all possible upper sum. Therefore,

L(f,P) < J f(x)dx for all partitions P of A
A

which further implies that J f(x)dx is an upper bound for all possible lower sum; thus
A

L flx)de < L f(x)de. :

In the following proposition, we state an equivalent condition for Darboux integrability

of bounded functions (on bounded sets).

Proposition 6.13 (Riemann’s condition). Let A € R™ be a bounded set, and f : A — R be
a (bounded) function. Then f is Darbouz integrable on A if and only if

Ve > 0,3 a partition P of A sU(f,P) — L(f,P) <e

Proof. “=7" Let ¢ > 0 be given. By the definition of infimum and supremum, there exist
partition P; and Py of A such that

Jf(x)d:c—£<L(f,P2) and Jf(x)d:c+£>U(f,P1).
Ja 2 A 2

Let P be a common refinement of P; and P,. Since f is Darboux integrable on A,

J flz)dx = J f(z)dz; thus Proposition 6.10 implies that
JA A

U(f,P) = L(},P) <U(f,P1) = L(f, P2)

ff da:—l——* Jf a:—i =ec.

<" Let ¢ > 0 be given. By assumption there exists a partition P of A such that U(f,P)—
L(f,P) <e. Then

0< Lf(:c)da:— Lf@:)dm UF.P) — L, P) < <.



198 CHAPTER 6. Integration of Functions

Since e > 0 is given arbitrary, we must have f f(z)dx = f f(z)dz; thus f is Darboux
A

A
integrable on A. o

The following theorem establishes the equivalence between the Riemann integrals and

the Darboux integrals.

Theorem 6.14 (Darboux). Let A € R" be a bounded set, and f : A — R be a (bounded)
function. Then f is Riemann integrable on A if and only if f is Darboux integrable on A.

In either cases,
®) | f@)de =) [ flo)de.

rTr r 7"j|7l

Proof. The boundedness of A guarantees that A < [—5, 5} " for somer > 0. Let R = [—5, 3
Then v(R) = r™.
“=7” Suppose that f is Riemann integrable on A with (R)J f(x)der = 1. Let € > 0 be
A
given. Then there exists ¢ > 0 such that if P is a partition of A satisfying ||P|| < ¢,
then any Riemann of f for P locates in (I — %, I+ Z)

Let P = {Ay,---, Ay} be a partition of A with |P| < §. For each 1 < k < N, choose
&k, Mk € Ay such that

(a) sup () - 4VER> < (&) < sup f(@);
(b) inf T'(x) + 4V§R) > Fm) = inf T'(@).
Then
N A N —A g
U(f,P)= ,;552 Fr@)v(ay) < ,; [F(&) + v (B0
N —A £ N 9 19 g
= kZlf E (A + 15 kZlu(Ak) <I+g+7=T+3
and
N N N c
L(f,P) = ;xggk I (@A) > ,; £ ) = gl (A)
. N —A A £ N A I 9 19 1 g
—kzlf (7w "”)_4u(R)k21V( k) > 11" '3
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As a consequence, I—% < L(f,P) <U(f,P) < I+%; thus U(f, P)—L(f, P) < € which
shows that f is Darboux integrable on A. Moreover, since € > 0 is given arbitrarily

and L(f,P) f f(z)dz < U(f,P), we must have [ = (D)J f(z)dx.
A

Let I = (D)J f(z)dz, and € > 0 be given. Since f is Darboux integrable on A,
A

there exists a partition Py of A such that U(f,P1) — L(f,P1) <
7311 {Z/g ,y1 ; 7ymz} for 1 < i <n. We define

Suppose that

| ™

£

§= — — :
4rn=t(my +mo + - +my, +n)(sup £ (R) —inf f(R) + 1)

Then 6 > 0.

Assume that P = {A1, Ay, -+ ,Ax} is a given partition of A with |P| < 4.
Let P’ be the common refinement of P and P;. Write P’ = {A], A}, --- | Al\,} and
Ap =AM AP s Al as well as AL = ATV x AP scooox AT Define two

classes of rectangles in P and P’ by

={AeP|y ¢ AV foralli,j}, Cy={AeP|y e Al for some i,;},
={A"e P’|y](-i) ¢ A'Dforall i, j}, Do={AeP| yj(i) e A’ for some 4, j}.

By the definition of the upper sum,

N

U(f,P) =Y sup f(z)v(Ay) = Y| sup f (2)w(A) + Y] sup ' (2)v(A)

=1 TEA AeCy TEA AeCh TEA
and similarly,
—A —A
Z sup f(@)v(Ay) = ) sup @A) + D sup F(z)w(A).
k=1 IGA/ A,ED]_ zeA’ AIEDQ zeA/
By the fact that C; = Dy, we must have
—A —A
D1 sup fr@)w(A) = D) sup f7(x)r(A)
AeCy TEA A’eD; zeA’

and

dv(A) =) 4.

AeCy A’eDo
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The equalities above further imply that

U(f.P)=U(f,P)= Y supf (z)v(A) = > sup [ (z)v(A)

AeCy, TEA AleD, TEA
< (sup F(R) —inf F(R)) )} v(A)
AeCy
= (sup f(R) — inf f*(R)) D v(Ag)

1<k<N with 3" € A for some i,
n m;

= (sup?A( —inf 22 Z v(Ayg).

=170 1<k<N with y{Veal?

Moreover, for each fixed 1, 7,

U mes b o ol 557

1<k<N with yVeA(?

thus
Z v(Ag) < 2001 Vi<i<n,1<j<m.
1<k<N with yVeA(”
Therefore,

n m;

U(f,P) - U(f,P") < (sup f(R) —inf F(R)) D > v(Ay)

=17=0 1<k N with yVeAf)

n m;

< (Sup?A( ) —inf 7 ( 22257“" !

i=135=0
<26r" Ymy+mo 4o+ my, + n)(supfA(R) - infTA(R)) <

DN ™

and the fact that U(f,P1) — L(f,P1) < g shows that

U(f,P) 1< U(f,P) =1+ U(f,P1) = U(f, P1)
<U(f,P) = L(f,;P1) + U(f,P1) —U(f,P) <e

Similar argument can be used to show that L(f, P) — 1 > e. Therefore,

I—e < L(f,P)<U(f,P) <I+e

which implies that any Riemann sum of f for P locates in (I —¢,1+ ¢). =
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Notation: If f: A — R is Riemann/Darboux integrable on A,
®) | f@)dz= (D) | f@)da
A A
and we use f f(z) dx to denote this common number.
A

From now on, we will simply use f to denote the zero extension of f when the

domain outside which the zero extension is made is clear.

6.2 The Lebesgue Theorem

In this section, we talk about another equivalent condition of Riemann/Darboux integra-
bility, named the Lebesgue theorem. The Lebesque theorem provides a more practical way
to check the Riemann/Darboux integrability in the development of theory. To understand

the Lebesgue theorem, we need to talk about a new concept, sets of measure zero.

6.2.1 Volume and sets of measure zero

Definition 6.15. A bounded set A < R” is said to have wvolume if the characteristic
function or the indicator function of A, denoted by 14 and given by

{1 ifreA,

1 —
a(@) 0 otherwise,

is Riemann integrable on A, and the number f 14(z) dx is called the volume of A and is
A

denoted by v(A). If v(A) = 0, then A is said to have volume zero or be a set of volume

Z€ero.
Remark 6.16. Not all bounded set has volume.

Proposition 6.17. Let A < R"™ be bounded. Then the following three statements are

equivalent.

(a) A has volume zero;

(b) for every e > 0, there exists finite open rectangles Sy, ---, Sy whose sides are parallel

to the coordinate axes such that

N N
AclJS  and D w(Sk) <e (6.2.1)
k=1 k=1
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(c) for every e > 0, there exist finite rectangles Sy, - -+, Sy such that (6.2.1) holds.

Proof. It suffices to show (a)=>(b) and (c)=>(a) since it is clear that (b)=>(c).

“(a)=(b)” Let € > 0 be given. Since A has volume zero, f 14(z) dz = 0; thus there exists
A
a partition P of A such that

U(1a,P) < f

AlA(x)dx+%: g

1 ifAnA#J,
' m. Z we must have Y, v(A) < S NowifAeP
0 otherwise, AcP 2

AnA#+J

and A n A # ¢, we can find an open rectangle [] whose sides are parallel to the
coordinate axes such that A < [J and v([J) < 2v(A). Let Sy, -+, Sy be those open

N N
rectangles []. Then A < [ J S, and >, v(Sk) <e.

k=1 k=1

Since sup 14(z) = {
TeA

“(c)=(a)” Let £ > 0 be given. By assumption there exist rectangles Sy, Ss, - -+, Sy such
that (6.2.1) holds. W.L.O.G. we can assume that the ratio of the maximum length
and minimum length of sides of Sy is less than 2 for all k& = 1,--- | N (otherwise
we can divide Sy into smaller rectangles so that each smaller rectangle satisfies this
requirement). Then each Sy can be covered by a closed rectangle [J, whose sides are
parallel to the coordinate axes with the property that v([J;) < 2" '/n"v(Sy). Let
P be a partition of A such that for each A € P with A n A # ¢, A < [, for some
k=1,--- N. Then

N

N
Ua,P)= D v(A)< Y v(h) <27'Wn" Y w(S) <2 'Wn';
AeP k=1 k=1

AnNA#J

thus the upper integral J 14(z) dx = 0. Since the lower integral cannot be negative,
_ A

we must have J 14(z)de = J 14(z) dr = 0 which shows that A has volume zero. o
A JA

Example 6.18. Each point in R™ has volume zero.

Definition 6.19. A set A < R" (not necessarily bounded) is said to have measure
zero (R1E % % ) or be a set of measure zero (% p|E & ) if for every € > 0, there exist

00]
countable many rectangles Sy, S, - -+ such that {Sx}; is a cover of A (that is, Ac | Sk)
k=1

Q0
and Y, v(Sg) <e.
k=1
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Example 6.20. The real line R x {0} on R? has measure zero: for any given ¢ > 0, let

£
Sk = [k, k] x [2k+3k 2k+3k] Then

0 o0 0 0
2e € €
RX{O}gkLJSk and ;V<Sk):;2k.m222k+1:§<5'
=1 =1 —1

Similarly, any hyperplane in R™ also has measure zero.

Proposition 6.21. Let A < R" be a set of measure zero. If B < A, then B also has

measure zero.
Modifying the proof of Proposition 6.17, we can also conclude the following

Proposition 6.22. A set A < R"™ has measure zero if and only if for every € > 0, there

exist countable many open rectangles S1, Sz, -+ whose sides are parallel to the coordinate

azes such that A < U Sk and Z v(Sk) < e.

Remark 6.23. If a set A has volume zero, then it has measure zero.

Proposition 6.24. Let K < R"™ be a compact set of measure zero. Then K has volume

ZEero.

Proof. Let ¢ > 0 be given. Then there are countable open rectangles 57, S5, - -+ such that

0] oo
c U Sk and 2 v
k=1 k=1

Since {Sk}72; is an open cover of K, by the compactness of K there exists N > 0 such that
N N o

K < | Sk, while >, v(Sk) < > v(Sk) <. As a consequence, K has volume zero. o
k=1 k=1 k=1

Since the boundary of a rectangle has measure zero, we also have the following

Corollary 6.25. Let S < R™ be a bounded rectangle with positive volume. Then S is not a

set of measure zero.

o0
Theorem 6.26. If Ay, Ay, --- are sets of measure zero in R", then |J Ay has measure

k=1
ZET0.
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Proof. Let ¢ > 0 be given. Since Ajs are sets of measure zero, there exist countable
rectangles {S](k) };il, such that

e}
(k)
c | s and Z 2k+1 VkeN.
j=1
Consider the collection consisting of all .S ](-k)’s. Since there are countable many rectangles in
this collection, we can label them as S;, Ss, - -+, and we have
a0 e} o6} e}
Ja=UUs=Us
k=1 k=1j=1 =1
and
Z :ZZVSJ 22k+1:§<5'
k=1 k=1j=1 k=1
e}
Therefore, | J A has measure zero. =

k=1

Corollary 6.27. The set of rational numbers in R has measure zero.

Theorem 6.28. Let A < R"™ be bounded and B < R™ be a set of measure zero. Then Ax B

has measure zero in R™"T™.

Proof. Let € > 0 be given. Since A is bounded, there exist a bounded rectangle R such that

A < R. Since B has measure zero, there exist countable rectangles {S;};2; < R™ such that

o} 0 c
c| JSk and Vm(Sk) < .
,Ql 2. v(R)

k=1

o0
Then A x B < |J(R x Si), and

k=1

e} ee} e}

Z Vpim(R x Sg) = Z Vn(R)Vim (Sk) = vn(R Z

k=1 k=1 k=1
Since R x S} is a rectangle for all k € N, we conclude that A x B has measure zero. =

(=)

.2.2 The Lebesgue theorem

\«\-\

2_

Vi e F] 9 &k Riemann ¥ f 05 B & % i% % @ Riemann’s condition f= Darboux

o Aim— &P o AP iE S HiE Riemman ¥ frﬂf - BE x% EiE o iEBE x% iE &

b

i
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Wi B f & AL L Riemann 7 ff hF 2 2 [ eutdp [ (LSET A T
£V FRE) PP RS DELAPIRLT o L EP B APAK- B
Sfchi F - BRG] e B BABIDD N T URE A ke Bafch-
R E

]

Definition 6.29. Let f : R™ — R be a function. For any x € R", the oscillation of f at
x is the quantity

osc(f,z) = inf  sup ‘f(:vl) - f(l'g)‘.

6>0 z1,22€B(x,0)
AP R A A AP infimum Gz BE A(Gx) = sup  [f(@1) — flae)|

z1,22€B(x,0)

B0l (0 HE) @ ose(f,z) PIE_h(0;z) § 0 > 0 PFerni&® o § ¢b > Ay

ALIR h(0e) 4 TR A sup f(y)— inf f(y).
yeB(z,0) yeB(,0)

T Lemma B drmiesh- B odich- BRI o

Lemma 6.30. Let f : R" — R be a function, and xo € R™. Then f is continuous at xy if

and only if osc(f,zo) = 0.
Proof. “=7" Let € > 0 be given. Since f is continuous at x,
36> 053 |f(z) — f(z)] < % whenever = € B(xg, 9).

In particular, for any x;, 25 € B(zo,9),

2e

‘f(ah) - f($2)| < ‘f(%) - f(xo)‘ + ‘f(xo) - f($2)| <3

thus  sup  |f(z1) — flz2)| < % which further implies that

:)31,33263(.’170,5)

0 < osc(f,xg) < % <e.

Since € is given arbitrarily, osc(f, zo) = 0.

“<" Let € > 0 be given. By the definition of infimum, there exists 6 > 0 such that

sup | f(z1) — f(z2)] <e.

x1,22€B(x0,0)

In particular, |f(z) — f(zo)| < sup  |f(z1) — f(z2)| <€ for all z € B(x,0). o

xl,:pgeB(azo,E)
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Lemma 6.31. Let f : R® — R be a function. Then for all ¢ > 0, the set D, = {a: €
R" | osc(f,z) = e} is closed.

Proof. Suppose that {yx}7; € D. and y,, — y. Then for any § > 0, there exists N > 0 such
that y, € B(y,d) for all £ > N. Since B(y,d) is open, for each k > N there exists 0 > 0
such that B(yk,dr) < B(y,d); thus we find that

sup  |f(z1) = fzo)| < sup  |f(z1) — flz2)] Vk=N.

©1,226B(Yr,0k) x1,22€ B(y,0)
The inequality above implies that osc(f,y) = ¢; thus y € D, and D, is closed. =

Theorem 6.32 (Lebesgue). Let A € R™ be a bounded set, f : A — R be a bounded function,
and ?A be the extension of f by zero outside A; that is,

A(x):{ flo) ifzeA,

0 otherwise.

f
Then f is Riemann integrable on A if and only if the collection of discontinuity of TA is a
set of measure zero.
Proof. Let D = {z € R" ! OSC(TA,x) >0} and D, = {z e R" ‘ osc(fA,a:) > c}. We remark
ee}
here that D = | J D:.
k=1 "

“=" We show that D 1 has measure zero for all k € N (if so, then Theorem 6.26 implies

that D has measure zero).

Let £ € N be fixed, and ¢ > 0 be given. By Riemann’s condition there exists a
partition P of A such that

2 [sup (@) - mf 7)) < £
AeP
Define
pWw = {xe Dy |z € 0A for some A € P},

=y wie

) = {xeD%}xeint(A) for some A € P}.

Then D 1= D(;) U D(f). We note that D(f) has measure zero since it is contained in
k k k

J 0A while each dA has measure zero. Now we show that D(f) also has measure

AeP k
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zero. Let C = {A € P|int(A) n D # @}. Then D(f) < |J A. Moreover, we
k AeC

also note that if A € C, sup?A(:c) - ini TA(LE) > % In fact, if A € C, there exists
zEA z€
y € int(A) n D%; thus choosing 6 > 0 such that B(y,d) < int(A),

sup F() — inf 7 (@) = sup [F'(or) = F'(@2)| = swp  [F(w) = T (w2)

TEA T1,T26A 1,226 B(y,0)

> inf sup VA(xl) —?A(szﬂ = OSC(TAJJ) =
0>0 421 22€B(y,6)

| =

As a consequence,

E3u(a) < X [sup T @) — inf T (@) w(A) = UG, P) — L(,P) <

AeC Aep €A

which implies that >; v(A) < e. In other words, we establish that D(f) has measure
AeC k
zero. Therefore, D% has measure zero for all k£ € N; thus D has measure zero.

“<" Let R be a bounded closed rectangle with sides parallel to the coordinate axes and A <

5
, where = su 2.
2| flleo +v(R) +1 1f oo meg‘f( )|

int(R), and € > 0 be given. Define ¢’ =

1. Since D,/ is a subset of D, Proposition 6.21 implies that D. has measure zero;

thus Proposition 6.22 provides open rectangles Sy, S, - - - whose sides are parallel
o0 Q0

to the coordinate axes such that D, < |J Sk, and ) v(Sk) < €. In addition,
k=1 k=1

we can assume that S, < R for all £ € N since D., € R.

2. Since D < R is bounded, Lemma 6.31 implies that D, is compact; thus D. <

N
S for some N € N.
k=1

Let [ = Sk, and P; be a partition of R satisfying
(a) For each A € Py with A n Do # &, A [, for some k=1,---, N.

(b) For each k =1,--- N, [ is the union of rectangles in P;.

(¢) Some collection of A € Py forms a partition Py of A.
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AL L S e S e I

Figure 6.2: Constructing partitions P; and P, from finite rectangles Sy, --- , Sy

Rectangles in P; fall into two families: C} = {A eP: ‘ A € [y for some k=1, --- ,N},
and Cy = {A e P1 ‘ Ad[pforallk=1,--- N } By the definition of the oscillation
function, for x ¢ D, we let §, > 0 be such that

7 Flaa)| <€

. —A
sup f(y)— inf f(y)= sup [f(x1) -
z€B(y,dy) zeB(y,0y) 1,226 B(x,04)

Since K = [J A is compact, there exists r > 0 (the Lebesgue number associated
AeCoy

with K and open cover |J B(z,d,)) such that for each a € K, B(a,r) < B(y,d,) for
zeK
some y € K. Let P’ be a refinement of P; such that |P’|| < r. Then if A" € P’ satisfies

that A’ < A for some A € Cy, we must have A’ < B(y, d,) for some y € K; thus
—A

sup f () — inf fi(x) < sup f(y)— inf F(y)

PN e’ z€B(y,0y) z€B(y,0y)

= sup ‘TA<$1) - TA(%)\ <
x1,22€B(y,0y)

if A’ < A for some A € Cy. Let P = {A’ e P’ ’ A’ < A for some A € 732}. Then P is
a partition of A and
ULP) L) = (2 + X )(sup T (@) — inf T (@))u(a)

!
AleP! Alep! zel
A'cAeCy AlcAeCy

<2flw Dy A+ Y w(A)

Alep’ AleP!
AlcAeCy AlCAeCy
<2fle > v(A)+eV(R)
AePnCi
N
<2 floo 3, v(Sk) +EV(R) < (20 + V(R))' < e
k=1

thus f is Riemann integrable on A by Riemann’s condition. =
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Example 6.33. Let A=Qn [0,1], and f: A — R be the constant function f = 1. Then

f(x):{ 1 ifzeQn|0,1],

0 otherwise.

The collection of points of discontinuity of f is [0, 1] which, by Corollary 6.25, cannot be a
set of measure zero; thus f is not Riemann integrable.

Another way to see that f is not Riemann integrable is U(f,P) = 1 and L(f,P) = 0 for
all partitions P of A.

Corollary 6.34. A bounded set A < R™ has volume if and only if the boundary of A has

measure zZero.

Proof. 1t suffices to show that the collection of discontinuities of the function 14 (which is
the same as 1,") is indeed dA.

1. If 29 ¢ OA, then there exists § > 0 such that either B(wzg,0) € A or B(xq,d) < A%

thus 1,4 is continuous at z ¢ 0A since 14(x) is constant for all z € B(x, ).

2. On the other hand, if g € 0A, then there exists z;, € A, y, € A such that z;, — z and

yr — xg as k — oo. This implies that 14 cannot be continuous at zy since 14(x;) =1
while 14(yx) = 0 for all ke N.

As a consequence, the collection of discontinuity of 14 is exactly dA, and the corollary

follows from Lebesgue’s theorem. =

Corollary 6.35. Let A < R" be a bounded set with volume. A bounded function f: A — R
is Riemann integrable on A if and only if the collection of discontinuities of f has measure
zero. In particular, a bounded function f : A — R with a finite or countable number of

points of discontinuity is Riemann integrable on A.
Proof. Note that
{x e R"” ‘ osc(f,x) > O} c 0A U {a: €A ’ f is discontinuous at :U}
and
{x c A ‘ f is discontinuous at a:} < {x e R"” ’ osc(f,x) > 0};

thus by the fact that dA has measure zero (Corollary 6.34) and Theorem 6.26 we conclude
that the collection of discontinuities of f has measure zero if and only if the collection of

discontinuities of f has measure zero. O
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Corollary 6.36. A bounded function is integrable on a compact set of measure zero.

Proof. 1f f : K — R is bounded, and K is a compact set of measure zero, then the collection

of discontinuities of f is a subset of K. =

Corollary 6.37. Suppose that A, B < R™ are bounded sets with volume, and f : A — R is

Riemann integrable on A. Then f is Riemann integrable on A n B.

Proof. By the inclusion
{z € int(A n B) ‘OSC(TMB, z) >0} < {zeR"| osc(f', z) > 0},
we find that

{zeR"| osc(f'"",z) > 0} € d(An B)u {zeint(Adn B) |osc(7AmB, z) >0}
c 0AudBuU {xERn‘OSC(?A,.T) > 0}.

Since dA and 0B both have measure zero, the integrability of f on A n B then follows from
the integrability of f on A and the Lebesgue Theorem. =

Remark 6.38. Suppose that A < R" is a bounded set of measure zero. Even if f: A - R
is continuous, f might not be Riemann integrable. For example, the function f given in

Example 6.33 is not Riemann integrable even though f is continuous on A.

Remark 6.39. When f : A — R is Riemann integrable on A, it is not necessary that A
has volume. For example, the zero function is Riemann integrable on A = Q n [0, 1] even

though A does not has volume.

Corollary 6.40 (Lebesgue’s Differentiation Theorem, a simple version). Let A € R" be a

bounded set with volume, and f : A — R be bounded and Riemann integrable on A. Then

1

" (Blao,r) n A) f() fl@)dw = f(@) (6:2:2)

for almost every xqg € A; that is, the equality above does not hold only for xo from a set of

measure zZero.

Proof. Let ¢ > 0 be given, and suppose that f, the zero extension of f outside A, is

continuous at xy. Then there exists 0 > 0 such that

‘f(if)— ($0)}< Ve B(xg,d) nA.

DO |
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Since 0A has measure zero, by the fact that 0(B(xg,r) n A) € dB(xg,r) U dA we find that
0(B(xg,r) N A) also has measure zero for all » > 0. In other words, B(z, ) n A has volume.
Then if 0 < r < 4,

e L@O,w fla)da = fao)

1
— ’y(B(a:O,T’) A A) JB(xO,r)mA (f(l') — (:L'O)) dwl
1 - _
v(B(zg,7) N A) JB(ZO,T)QA ‘f(x) - f($0)| dx
€ 1 )
20(B(xq,7) N A) L(IO’T%A ldx = 5 <e

N

<

This implies that (6.2.2) holds for all z; at which f is continuous. The theorem then follows

from the Lebesgue theorem. =

6.3 Properties of the Integrals

Proposition 6.41. Let A < R" be a bounded set, and f,g: A — R be bounded functions.
Then

f(x)dx and L (f1p)(x)dx = f f(x) dx.

B

(a) If B< A, then L (f1p)(z)dx = J

B

jf da:+j ff+g>(>d jf+g jf d:c+j

(c) If ¢ =0, thenf( )z )x—cff dxcmdf (cf)(z dm—cff x)dz. If ¢ <0,

thenf x)dr =c J x)dx andf (cf)(z x—cf f(z

(d) If f < g on A, then J J g(x)dx and f flx Lg(w) dx.

(e) If A has volume zero, then f is Riemann integrable on A, and f f(x)dz =0.
A

Proof. We only prove (a), (b), (c) and (e) since (d) is trivial.
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(a) Let € > 0 be given. By the definition of the lower integral, there exist partition P4 of
A and Pgp of B such that

JA(fIB)(m) der —e < L(flp,Pa) = Z 1nf 15" (x)v(A)

AGPA

and

TzeA
AePp

| s@de=5 <1000 = 3 it @ma),

Let P!y be a refinement of P4 such that some collection of rectangles in P/, forms a

partition of B. Denote this partition of B by Pj. Since in£ T x) <0if Ae PPy,
xe

Proposition 6.10 implies that

JA<le)($) dr —e < L(le,PA) < L(le,,PA) Z mf le ( )V(A)

AGPA

>+ Y )il @A)

AeP)\Py AePj

< D) inf [ @w(A) = L(f,Pp) < f f(z)dz.

AePl, =B
On the other hand, let 75A be a partition of A such that Pg < 75,4 and
€
A< ————,
) VA < SGr 1)
AePA\Pp, AnB£Z

where M > 0 is an upper bound of | f|. Then

2, inf fU@p(A) =M Y (A=

- TeA -
AE'PA\'PB,AHBig AE’PA\’PB,AﬁBig

which further implies that

| 1) ds = 215, By = 3 inf 71" @)

A€75A

-(X+ X o+ ¥ )i

AEPB  AePs\Pp,AnB£Z AePA\Pg, AnB=

= L(f,Ps) + > 1nff Jf )dx — €.

AeﬁA\PB,AmB;é@



6.3 Properties Of The Integrals 213
§ p g

Therefore, we establish that

JB flz)dx —e < f (flp)(z)dzx < JB f(z)da +e.

Since ¢ > 0 is given arbitrarily, we conclude that J (f1p)(z)dx = f f(z)dz. Similar
argument can be applied to conclude that J (f1p)(x)dx = j flx

(b) Let € > 0 be given. By the definition of the lower integral, there exist partitions Py
and P,y of A such that

| s@dr=5 <pp) and [ g@rdo-5 < Loy,
Ja 2 Ja 2
Let P be a common refinement of P; and P,. Then

JA f(z)dzx —i—f g(x)de —e < L(f,P1) + L(f,P2) < L(f,P)+ L(g,P)

= 2, A (B)+ ), nfglap(a

AeP AeP
< 3 i+ @A) = L(F +0.P) < | (F+0)a
AeP Y

Since € > 0 is given arbitrarily, we conclude that

IREEE j s)de < [ () dr
Similarly, we have f (f+9)( f f(z)dz + J x) dzx; thus (b) is established.

(c) It suffices to show the case ¢ = —1. Let € > 0 be given. Then there exist partitions
P, and P, of A such that

J —f(x)de —e < L(—f,Py) and U(f,P) < f flz)dx +«.
JA A
Let P be the common refinement of P; and P,. Then

JA —f(x)de —e < L(—f,P1) < L(—f,P) < J —f(z)dx

A

and

Lf(x)dx <U(f,P)<U(f,P2) < Lf(x)da:Jrs.
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By the fact that

L(=f,P) = Y inf (=) (@)w(A) = = Y sup f (2)p(A) = ~U(f,P),

AEP$6A = zeA
we find that
J —f(x)de —e < L(—f,P)=-U(f,P) < —J f(z)dx
JA A
and _
—f(x)de = L(—f,P)=-U(f,P) > —J f(z)dx —e.
JA A
Therefore,

JA—f(x)dx—5<—Lf(x)dx< JA_f(I)dx_i_a

Since £ > 0 is given arbitrarily, we conclude (c).

Since f is bounded on A, there exist M > 0 such that —M < f(z) < M for all z € A.
Therefore, —14 < % < 14 on A; thus (¢) and (d) imply that

L 14(x) dz > L % de = % L (@) do

f(z)dx < 0. Similarly, f — f(x) dz < 0 which further implies
A

0= | 1a@)do

which implies that f
A

that f f(z)dx = 0. Therefore, by Corollary 6.12 we conclude that
Ja

0< Lf(x) dr < Lf(x) dr <0

which implies that f is Riemann integrable on A and j f(x)dx =0. o
A

Remark 6.42. Let A < R"™ be a bounded set.

1.

2.

If f: A— Ris a bounded function, then (a) of Proposition 6.41 shows that if B < A,

then f is Riemann integrable on B if and only if f1g is Riemann integrable on A.

If f,g: A— R are bounded functions, then (b) of Proposition 6.41 also implies that

_L(f—g)(:w dv < L f(x) do— L g(x) dz and L f(x) du— L o) di < L( o)) de.
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Corollary 6.43. Let A, B < R" be bounded sets such that A n B has volume zero, and
f:Au B — R be a bounded function. Then

_L flz)dx + JB fz)de < LUB fz)dz < LUB flz)dz < L f(z)dz + L oy

Proof. Note that fla + flg = flaup + fla~p on A U B. Therefore, (a), (b) of Proposi-
tion 6.41 and Remark 6.42 implies that

)
j f(x) do+ j f(2) da = <f1A><x>da:+f (1) () da < f (Fla+ flp)(z) de
JA JB JAUB JAUB

JAUB

- ; (fan = (~flans) o) do
<[ Aas@)de— J (= flanp) (@) da

AuB JAUB

| e

leo

r

[ stade- f (D)

JA

which, with the help of Proposition 6.41 (e), further implies that

Jf dx+ff LUBf(x)dx.

The case of the upper integral can be proved in a similar fashion. O

Having established Proposition 6.41, it is easy to see the following theorem (except (c)).

The proof is left as an exercise.

Theorem 6.44. Let A < R" be a bounded set, ¢ € R, and f,g : A — R be Riemann

integrable functions. Then
(a) f + g is Riemann integrable, and J (f+9)(z)dx = f f(z)dx £+ J g(x) dx.
A A A
(b) ¢f is Riemann integrable, and J (cf)(z)dr = CJ f(z)dx
A A
(¢) |f| is Riemann integrable, and ‘f f(x) dac) < f |f(z)|dx.
A A

(d) If f < g, then L fz)dr < Lg(a:) d

(e) If A has volume and |f| < M, then ‘J f(x) d$‘ < Mv(A).
A
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Theorem 6.45. Let A < R™ be bounded, and f : A — R be a Riemann integrable function.

1. If A has measure zero, then f f(z)dx = 0.
A

2. If f(x) = 0 for all x € A, and J f(z)dz = 0, then the set {x € A|f(z) # 0} has
A

measure zZero.

Proof. 1. We show that L(f,P) < 0 < U(f,P) for all partitions P of A. Let P =
{Al, e ,AN} be a partition of A. By Corollary 6.25, A, n A # G fork=1,--- ,N;

thus we must have inAf f(z) < 0 and sup f(z) = 0. As a consequence, if P is a
TEAQE TEAL

partition of A,

M=

N
L(f,P) = 2, inf f@)w(Ay) <0 and U(f,P) = Zsupf Ay) = 0;

k=1

thus J f(x)dxr <0< J f(x)dx. Since f is integrable on A, J f(x)dx = 0.
A A A

2. Let Ay ={z e Al f(z) = %} We claim that Ay has measure zero for all k£ € N.

Let ¢ > 0 be given. Since J f(z)dz = 0, there exists a partition P of A such that

U(f,P) <. Let C={AeP|An A # @} Then A, |J A, and
AeC

: Z < ), sup fla < Y sup f(z)p(D) = U(f,P) < %

AeC AeC TEA Aep €A

which implies that Y] v(A) < e. Therefore, Ay has measure zero; thus Theorem 6.26
AeC

0
implies that A = | J A also has measure zero. =
k=1

Remark 6.46. Combining Corollary 6.36 and Theorem 6.45, we conclude that the integral

of a bounded function on a compact set of measure zero is zero.

Remark 6.47. Let A =Qn[0,1] and f : A — R be the constant function f = 1. We have
shown in Example 6.33 that f is not Riemann integrable. We note that A has no volume
since A = [0, 1] which is not a set of measure zero. However, A has measure zero since it

consists of countable number of points.
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1. Since f is continuous on A, the condition that A has volume in Corollary 6.35 cannot

be removed.

2. Since A has measure zero, the condition that f is Riemann integrable in Theorem 6.45

cannot be removed.

Definition 6.48. Let A < R" be a set and f : A — R be a function. For B < A, the
restriction of f to B is the function f’B : A — R given by f|g = flpg. In other words,

f(z) ifxe B,
f‘B(x):{ 0 ifzeA\B.

The following two theorems are direct consequences of (a) of Proposition 6.41 and Corol-
lary 6.43.

Theorem 6.49. Let A, B be bounded subsets of R", B < A, and f : A — R be a bounded
function. Then f is Riemann integrable on B if and only if f|p is Riemann integrable on

A. In either cases,
J f}B(x) dx:J f(z)dz.
A B

Theorem 6.50. Let A, B be bounded subsets of R™ be such that A n B has volume zero,
and f: Au B — R be bounded such that f‘A and f!B are all Riemann integrable on A U B.

Then f is Riemann integrable on A v B, and

LUB f(x)de = L f(z)dx + fB f(z)dx.
6.4 The Fubini Theorem

If f: [a,b] — R is continuous, the fundamental theorem of Calculus can be applied to
computed the integral of f on [a,b]. In this section, we focus on how the integral of f on

A < R", where n > 2, can be computed if the integral exists.

Definition 6.51. Let A < R™ and B < R™ be bounded sets, and f : A x B — R be a

bounded function. For each fixed x € A, the lower integral of the function f(z,-) : B —

R is denoted by j f(z,y) dy, and the upper integral of f(z,-) : B — R is denoted by
_ B

j f(x,y)dy. If the upper integral and the lower integral of f(z,:) : B — R are the same
B
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at © € A, we simply write f f(z,y) dy for the integrals of f(z,-) on B. The integrals
_ B

f f(z,y) dx, J f(z,y) dx and J f(z,y) dx are defined similarly.

A JA A

Theorem 6.52 (Fubini’s Theorem). Let A < R"™ and B < R™ be bounded sets, and
f:Ax B —R be a bounded function. For x € R" and y € R™, write z = (z,y). Then

_LXBf(z) J f flz, ydy dx J f f(z, ydy d:z: f dz, (6.4.1a)
JAxBf(z)dz<JB _Lf(a:,y)dx)dy J Jf:cyd:zc dy < f dz. (6.4.1b)

In particular, if f : A x B — R is Riemann integrable, then

JAxB fle)d= = L (JB f(xyy)d@ dz = JA (L f(:c,y)dy) dx
_ L <_L f(x,y)da;)dy = L (L f(x,y)dx)dy,

Proof. 1t suffices to prove (6.4.1a). Let € > 0 be given. Choose a partition P of A x B such
that L(f,P) > J f(2)dz—e. Since P is a partition of A x B, there exist partition P4 of
AxB

A and partitionipB of B such that P = {A =RxS | RePy,Se PB}. By Proposition 6.41
and Corollary 6.43, we find that
lA(ZL‘) f
(U,

A
N

Z J JfAXBa:ydy d.CE
RePy SePp

f(@,y)1s(y) dy ) do

SePp s

\Y

> inf 77 (2, y)vn(S)va(R)
RE'PAZ,SEPB (z,y)ERXS

= 3 it P () = LEP) > [ s
Aep VA JAxB

Since € > 0 is given arbitrarily, we conclude that

JAXB J(z)dz < JB (_JA f(x,y)dx |d

Similarly, J (J f(x,y)dy) dr < J f(z)dz; thus (6.4.1a) is concluded. o
A B AxB
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Corollary 6.53. Let S < R" be a bounded set with volume, ¢1,ps : S — R be continuous
maps such that p1(z) < pa(z) forallz € S, A= {(z,y) e R"xR |z € 5,91 (z) <y < pa()},

and f: A — R be continuous. Then f is Riemann integrable on A, and

[ semien= [ ([ s ) (64.2)

p1(z)

Proof. Since 0A has measure zero, and f is continuous on A, Corollary 6.35 implies that f

is Riemann integrable on A. Let m = Hli;l ¢1(x) and M = max @a(x). Then A < S x[m, M];
xre e

thus Theorem 6.50 and the Fubini Theorem imply that

[ fenien={  Fenien= [ ([ Fena)n

_ L (J_j?A(x,y) dy)d. _

Noting that [m, M] has a boundary of volume zero in R, and for each = € 5, ?A( ,-) is

continuous except perhaps at y = @1 (z) and y = ps(x), Corollary 6.35 implies that f (z,-)

is Riemann integrable on [m, M| for each x € S. Therefore, J f x,y)dy = f f z,y)dy
which further implies that

ffxy (1) fffxydy)dm (6.4.3)

For each fixed z € S, let A, = {y € R|p1(z) <y < ¢a(x)}. Then T, y) = f(z,y)1a, (y)

for all (x,y) € S x [m, M] or equivalently, fA(x, ) = f(x,)|a, for all z € S; thus Proposi-
tion 6.41 (a) implies that

M e2(z)
| Pena=| seva=["" tana  vees. @y
m Aac 4191(‘1:)
Combining (6.4.3) and (6.4.4), we conclude (6.4.2). o

Corollary 6.54. 1. Let ¢1,¢s : [a,b] — R be continuous maps such that ¢1(x) < a(x)
for all x € [a,b], A < bpi(z) <y < paa)}, and f: A — R be

continuous. Then f is Riemann integrable on A, and

[ semas={([ (()) (o) dy ).

a @
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2. Let 1,1 : [¢,d] — R be continuous maps such that 11(y) < a(y) for all y € [c,d],
A= {(x,y) ‘ c<y<d,(y) <z < wg(y)}, and f: A — R be continuous. Then f is

Riemann integrable on A, and

[ steman= ([ e as)ay

c ¥1(y)

p2(x)
Remark 6.55. To simplify the notation, sometimes we use f J f(z,y) dydzx to denote
S Jp1(z)
(x)

the iterated integral the iterated integral J (J
5

©2
f(z,y) dy) dx. Similar notation applies
e1(x)

wb o rd
to the upper and the lower integrals. For example, we also have J J flz,y)dydzr =

[ ([ st av)ae

d 7d
Remark 6.56. For each x € [a,b], define p(x) = f f(z,y)dy and ¥(z) = J f(z,y)dy.

Then p(z) < ¢(z) for all z € [a,b], and the Fubini Theorem implies that

| ) - eta))a =0

a

By Theorem 6.45, the set {z € [a,b] | ¢(z) — ¢(z) # 0} has measure zero. In other words,
except on a set of measure zero, f(z,-) is Riemann integrable on [c¢,d] if f is Riemann
integrable on [a,b] x [¢,d]. This property can be rephrased as that “f(x,-) is Riemann
integrable on [c, d| for almost every z € [a,b] if f is Riemann integrable on the rectangle
[a,b] x [c,d]”. Similarly, f(-,y) is Riemann integrable for almost every y € [c,d] if f is

Riemann integrable on [a, b] x [c, d].

Remark 6.57. The integrability of f does not guarantee that f(x,-) or f(-,y) is Riemann
integrable. In fact, there exists a function f : [0,1] x [0,1] — R such that f is Riemann
integrable, f(-,y) is Riemann integrable for each y € [0,1], but f(z,-) is not Riemann

integrable for infinitely many x € [0, 1]. For example, let

if x =0 orif x or y is irrational

0
f(%y): ]1) iijye@andx:%vvith(p,q)=1.

Then
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1. For each y € [0,1], f(-,y) is continuous at all irrational numbers. Therefore, f(-,y) is

1 1
Riemann integrable, and J flz,y)de = J f(z,y)dz = 0.
0 Jo

1
2. Forz =0orz¢Q, f(z,-) is Riemann integrable, and J f(z,y)dy = 0.
0

with (p,q) = 1, f(z,-) is nowhere continuous in [0,1]. In fact, for each

. 1 .
1%}) flz,y) = [ While yl%g) f(z,y) =0;

thus the limit of f(z,y) as y — yo does not exist. Therefore, the Lebesgue theorem
implies that f(z,-) is not Riemann integrable if z € Q@ n (0, 1]. On the other hand, for
x = ]% with (p,q) = 1 we have

1 1 1
T dy = nd T dy = —.
Lf(w)y 0 a Lf(w)y ;

1 7l
4. Define ¢(x) = f f(z,y)dy and ¥(z) = J f(z,y)dy. Then 2 and 3 imply that ¢
Jo 0
1 1
and 1 are Riemann integrable on [0, 1], and J o(x)dx = J Y(z)dr = 0.
0 0

5. For each a ¢ Q n [0,1] and b € [0,1], f is continuous at (a,b). In fact, for any given

€ > 0, there exists a prime number p such that , < e. Let
s=min{lo—[[o<t<h<pheNreNo o}
Then § > 0, and if (z,y) € B((a,b),8) n ([0,1] x [0, 1]), we have
fay) = fab)] = |fep)] < S <=

where we use the fact that if (z,y) € B((a, b), 5) and z € Q, then z =

form) for some k > p.

(in reduced

T~

As a consequence, {(a,b) € R?| f is discontinuous at (a,b)} < Q x [0,1]. Since
Q x [0,1] is a countable union of measure zero sets, it has measure zero; thus f is

Riemann integrable by the Lebesgue theorem. The Fubini theorem then implies that

1 1
f f(ey) dA = f f Fay) ddy = 0.
[0,1]x[0,1] o Jo
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Remark 6.58. The integrability of f(x,-) and f(-,y) does not guarantee the integrability
of f. In fact, there exists a bounded function f : [0,1] x [0,1] — R such that f(z,-) and
f(-,y) are both Riemann integrable on [0, 1], but f is not Riemann integrable on [0, 1] x [0, 1].
For example, let

( k¢

), 0 < k,l < 2™ odd numbers, n € N,
flz,y) =

0 otherwise.

Then for each x € [0,1], f(z,-) only has finite number of discontinuities; thus f(z,-) is

f?mwwz

Similarly, f(-,y) is Riemann integrable, and J f(x,y)dr = 0. As a consequence,

fffxydydx—fffmydxdy:()

However, note that f is nowhere continuous on [0, 1] x [0, 1]; thus the Lebesgue theorem
implies that f is not Riemann integrable. One can also see this by the fact that U(f,P) =1
and L(f,P) = 0 for all partition of [0, 1] x [0, 1].

Riemann integrable, and

Example 6.59. Let A = {(z,y) € RQ‘O <z<l,z<y<1} and f: A — R be given by
f(z,y) = zy. Then Corollary 6.54 implies that

vk b ay? =t Lirooa 11 1
dA = dydr=| "L do=| (5 -Z\de=-—==-.
Lf(m’w L(Lwy y)x L 2 |y L(z 2)“" 18 8

On the other hand, since A = {(:c, y) € R? ‘ 0<y<1,0<z< y}, we can also evaluate the
integral of f on A by

1, ry 1,2 o 1.3 1
nydA—J (J xydx)dy—J Ty ydy—f y—dy:—.
A 0 0 0o 2 le=0 0 2 8

Example 6.60. Let A = {(z,y) € RQ‘O <z <1,4/z<y<1} and f: A— R be given by
flz,y) = e¥’. Then Corollary 6.54 implies that

ijwmzf(&wmpﬂ
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Since we do not know how to compute the inner integral, we look for another way of finding
the integral. Observing that A = {(m, y) € R? ’ 0<y<1l,0<x< y2}, we have

1
1
foydA f Jeydx dy—Jy2ey3dy:§ey3

Example 6.61. Let A = R? be the set {(z1,22,23) € R* |21 = 0,25 > 0,23 = 0,and z; +
T + 23 < 1}, and f : A — R be given by f(z1,72,23) = (21 + 22 + 23)%. Let S =
[0,1] x [0,1] x [0,1], and f : R® — R be the extension of f by zero outside A. Then

Corollary 6.35 implies that f is Riemann integrable (since dA has measure zero). Write

y=1  e—1

y=0 3

Ty = (29, 3), T2 = (x1,23) and T3 = (x1, x2). Theorem 6.49 implies that

RECEREE
A 5
and Theorem 6.52 implies that

ff(x)dxzf (J f(:?g,xg)d:?;g)dmg.
S [0,1] (0,1]x[0,1]

Let A,, = {(:z:l,xQ) € Rﬂm >0 >0, +x2<1— xg} Then for each z3 € [0, 1],

_ 1—x3 l1—xz3—x9o
f f(f& $3)d§3 = J f@& $3)d§3 = J (J f(lﬂl, T2, $3)d$1>d$2-
[0,1]x[0,1] Agg

0 0

Computing the iterated integral, we find that

1 . pl—zxs l—z3—x9
J f(z)dx = [ J (J (21 + 20 + x3)2dx1)da:2} dxs
A Jo -JO 0
= Fl _Jl_x3 (xl + x2 + x3>3 x1:113w2dx2:| dilf3
Jo +~Jo 3 LL‘1:0
1 . pl—xs 3
_( J (1 _ M)d@ dy
Jo Lo 3 3
_ 1(1_ﬁ+x_§)dx _1 1 1 _15-1041 1
" \e 3 T 12" T4 660 60 T 10°

Example 6.62. In this example we compute the volume of the n-dimensional unit ball w,,.

By the Fubini theorem,
1 4/17m% 1—x{——z; 4
:f f f dx, - - - dz.
-1 —1/1—1? - l—x%—~--—:1:2
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V1-a? 1—af——ap_, -
Note that the integral f f dz, - - dxs is in fact w, (1 — 2?)77 ;
1 - 1_9”%_‘"_3”% 1
thus . _
e 2
Wy, = f wWn-1(1 — a:Q)Tldaz = an_lf cos™ 0db. (6.4.5)
—1 0

Integrating by parts,

3 3 6=1 3
J cos" 0 df = f cos" ' fd(sin @) = cos™ ' #sin 0‘6 ‘+(n-1) J cos" 2 0sin® 0 df
0 0 =0 0

=(n-1) JQ cos" 2 f(1 — cos® 0) df)
0

which implies that

s 1 s
JQ Cos”9d9:n JQ cos"20dh.
0 n 0

As a consequence,

x (n ;(;)S %) 3) 3 2 JQ cos 6 db if n is odd,
J cos" 0df =
0 (n = 1)( f do if n is even;
n(n — 2)
thus the recursive formula (6.4.5) implies that w,, = OJ;Z_QW. Further computations shows
that -
Lwl if n is odd,
nin—2)---3
wn = n—2
ﬂw if n is even
n(n—2)---47 '

Q0
Let I" be the Gamma function defined by I'(¢) = f ' te ™ dx for t > 0. Then I'(z +1) =
0

xl'(x) for all z > 0, ['(1) = 1 and F(é) = /7. By the fact that w; = 2 and wy = 7, we can

express wy, as

VE

™

INE

Wp =

_l’_

2)'
6.5 The Monotone and Bounded Convergence Theo-

l\3|

rems

In the following, we introduce two very important theorems in the theory of integration of

functions. Before proceeding, we establish the following two lemmas.
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Lemma 6.63. Let f : [a,b] — R be a bounded function. Then for each € > 0, there ezist
continuous functions g, h : [a,b] — R such that i?fb} fle)<g< f<h< sup f(z) and
z€la, x€[a,b]
b b b b
f f(x)dx<f g(x)dx + ¢ and J f(x)d:r;>J h(z)dx —¢.
Proof. We only prove the case of lower integral since the proof of the counter-part is similar.

Let € > 0 be given, and P = {a =20 < T] < < Ty < Ty = b} be a partition of

b
[a, b] such that L(f, P) > j f(z)dx — % Let s(z) be the step function given by

s<x)::§( inf () V() + (0 )1, ()

TE[TR_1,Tk TE[Tn—1,b]

which is a linear combination of characteristic functions. Then i?fb] f(z) < s(x) < f(x) for
z€la,
all x € [a, b] and

J: (@) do < Lbs(x) drt (6.5.1)

since the integral of s on [a, b] is exactly the lower sum L(f, P). On the other hand, for such
a simple function s we can always find a continuous function g : [a,b] — R (for example, ¢

can be a trapezoidal function) such that inb] f(z) < g(x) < s(x) for all z € [a,b] and
z€la,

b b
J s(x) dx <f g(x) dx—i—g. (6.5.2)
| ——»o L |
= .
N f gi—
a:.QZ() ZE.1 172 21?3 37-4 xnigx;,lxn.:b

Figure 6.3: One way of constructing g given simple function s
The combination of (6.5.1) and (6.5.2) then concludes the lemma. o

Lemma 6.64. Let hy, : [a,b] — R be continuous for each k € N, and hy(x) = hyy1(x) for
b
each k € N and x € [a,b]. If klim hi(xz) = 0 for each x € [a,b], then k}im hi(z) dx = 0.
—00 —00

a
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Proof. For each k € N define ¢, = m[a)g hi(z). Then {cx}72, is a decreasing sequence of non-
z€la,

b
negative real numbers, so klim ¢r exists and is non-negative. Since J hi(z) dz < ci(b—a),
—00 a
it suffices to show that klim c, = 0.
—00
Suppose the contrary that klim ¢, = 20 for some § > 0. Then there exists N > 0 such
—00

that ¢, = § for all k > N. Define Fj, = {z € [a,b] | hy(x) = 6}. Then
1. Fy is closed for each k£ € N by Theorem 4.14.
2. Fy 2 Fyyq for each ke N.
3. F, # g for each k > N.

0 e}
Therefore, by the nested set property we have [\ Fp # & (or otherwise | J F} is an
k=N k=N

open cover of compact set [a, b] which, using the finite subcover property, implies that there

exists Fy, < [a,b]", a contradiction). This then implies that there exists ¢ € [a,b] such

that hx(c) = 0 for all £ > N which contradicts to the condition that klim hi(z) = 0 for all
—00

x € [a, b]. Therefore, klim e = 0. o
—00

Theorem 6.65. Let {fr}2, be a decreasing sequence of bounded functions on [a, b]; that is,

for each k e N, fp(x) = fri1(x) for all x € [a,b] and [y is bounded. If klim fr(z) =0 for all
—00

x € [a,b], then

lim Lbfk(x) dz =0 (: Lbkli_rgofk(x) dx).

k—o0

Proof. Let € > 0 be given. By Lemma 6.63, for each k£ € N there exists a continuous function
gk : [a,b] = R such that 0 < g < fi and

f fu(x) dz < Jb gr(x) dx + % (6.5.3)

Define hy = min{gi,--- , gx}. Then hy is continuous on [a,b|, hy = hiy1 (that is, {hy}72, is

a decreasing sequence of funtions), 0 < hy < gx < f for all £ € N, and klim hi(x) = 0 for
—0

all x € [a,b]. Therefore, Lemma 6.64 implies that there exists N > 0 such that

b
J hi(z) do < Z Wk > N. (6.5.4)

a

On the other hand, for 1 < ¢ < k, max{gy, -, gr} < max{fe, -, fe} = fe; thus

Jb (max{ge, -, gi}(x) — ge(w)) dw < Lb fe(x) do — Lb ge(x)dr < %

a
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Moreover, for each 1 < j < k and z € [a, b,
0 < gi(2) = g;(2) + (g(2) — g;()) < g;(x) + (max {g;(z), -, g(2)} — g5)

< gj(w) + Z (max{ge, -, ge}(z) — ge(x)),

=1
so minimizing the right-hand side over all 1 < j < k implies that

k—1

0 < gi(z) < hi(x) + ) (max{ge, -, g} (x) — o))  Vaelab].

=1
As a consequence,

b b k—1 b
€ €
0<J gk(x)dng hk(x)dx—l—z% <f hk(I)dx+§;
N a =1 a

thus (6.5.3) and (6.5.4) imply that

b
ngfk(l’)dl’<8 VkE>N. o

Example 6.66. Let {q1,q2, - ,qn, -} denote the rational numbers in [0, 1], and f; :
[0,1] — R be defined by

0 ifxEQCU{Q1>Q2>“‘ 7(]%:}7
1 otherwise.

fr(@) —{

Then f; > fri1 and ]}im fr(z) =0 for all € [0,1]. Note that f; is not Riemann integrable
1 —®©
on [0, 1] but f fr(x)dx =0 for all k € N; thus
Jo

1

lim | fi(z)dz=0.

k—o0 0

7l
Note that J fr(x)dx =1 for all ke N.
0

Corollary 6.67 (Monotone Convergence Theorem). Let fi, f : [a,b] — R be Riemann

integrable on [a,b], and klim fr(z) = f(z) for all x € [a,b]. Suppose that fi < fry1 for all
—00

keN. Then

Jb f(z)de = kh_’rg) bfk(:v) dx.
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Proof. Let g, = f— fr. Then {gr};~, is a decreasing sequence of bounded functions on [a, b]

(since 0 < gp < f— f1) and klim gr(x) =0 for all = € [a,b]. Therefore, the integrability of fy
—0

and f, as well as Theorem 6.65, imply that

b b b
0= Jim [ gute)do = tim [ (= ) de = Jim [ (= f) oo
b - b -
:J f<x)dx_/}1—>r§of fr(x)dx. o

Corollary 6.68 (Arzela’s Bounded Convergence Theorem). Let fi, f : [a,b] — R be Rie-

mann integrable on [a,b], and klirn fru(x) = f(x) for all x € [a,b]. Suppose that there exists
—m

a constant M > 0 such that |fi(z)| < M for all x € [a,b] and k € N. Then

b
Jb f(z)de = 1}1_{{.10 fr(x)dx.

Proof. Let € > 0 be given. For each k € N, define g (z) = sup |fy(z) — f(z)|. Then {gi};",
=k

is a decreasing sequence of bounded functions on [a,b] and klim gr(xz) = 0 for all = € [a,b].
—00

Therefore, Theorem 6.65 implies that there exists N > 0 such that

b
Jgk(x)dx<5 Vk>N.

a

Therefore, by observing that 0 < |fi(z) — f(x)| < gi(x) for all k € N, by the integrability of
fr and f we conclude that

b b

| fu(z) = f(z)]dz < J gr(x)dr <e  VYk=N. o

a

NEEEE

a

Theorem 6.69 (Monotone Convergence Theorem). Let A = [a1,b1] X -+ X [ay,b,] be a
rectangle in R™, f.,f : A — R be Riemann integrable on A and klirn fr(x) = f(x) for all
—00

x € A. Suppose that {fi}72, is a monotone sequence of functions; that is, fr < fri1 or

fr = fra1 for all k € N. Then

k—o0

lim L Fo(w) da = L F@) da.

Proof. W.I..O.G. we assume that f, > fr., for all £ € N. We first prove the case n = 2
d
and write A = [a,b] x [¢,d]. Define gi(x) = j (fu(z,y) — f(z,y))dy. Then g > g1 for
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all £ € N. Moreover, Theorem 6.65 implies that klim gr(x) = 0, and the Fubini theorem
—00

(Theorem 6.52) implies that gy is Riemann integrable on [a, b] for all k € N. Therefore, by

the monotone convergence theorem for functions of one variable (Corollary 6.67) we find

that

0= hmJ gr(z) dx = hmJ J fr(x,y) f(x,y))dy)c&
= lim | (fu(z,y) = f(2,9)) d(z,y).

k—o0 A

Now suppose that the conclusion holds for the case n = N. Then for n = N + 1, write
A = R x [c,d] for some rectangle R in RY, and define g, by

d
gr(@1, - ay) = f (fr(@r, o owa) = f@n, @) ) oy

[

Then Theorem 6.65 again implies that {gx}{.; converges monotonically to 0 on R, and the
Fubini theorem (Theorem 6.52) implies that g is Riemann integrable on R for all £ € N.
Write 2’ = (z1, -+, xy). Then the validity of the monotone convergence theorem for N-tuple

integrals implies that
d
0= lim gk( )de‘ = hm (J (fk;(l'/,xN-i-l) _f($,,$N+l>)dIN+1> d'r/
k—o0 R k—o0 R Je

= lim | (fu(z) — f(z)) d. o

k—o0 A
Theorem 6.70 (Bounded Convergence Theorem). Let A = [ay,bi] x -+ X [an, b,] be a

rectangle in R™, fi.,f : A — R be Riemann integrable on A and klirn fr(x) = f(x) for all
—00
x € A. Suppose that there exists a constant M > 0 such that |fk($)| < M forallze A and

keN. Then
kh—{go L fr(z)de = L f(z)dx

Proof. For 1 < j < n, let R; be the rectangle [a;, b;] X - - - X [a,, b,], and define g 'R, - R
iteratively as follows.

1. ¢V(a) = sup |fo(x) = f(2);

2. for 1 < ] n— 1 g(J+1)(xj+la"' 71'71) = J g](gj)(xjaxj—&-l 7xn) dmj-
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Then for each 1 < 7 < n, { g,?)}zo:l is a decreasing sequence of bounded functions; that is,

gz, an) = g,(jll(xj,--- , L) VikeN,1<j<n,(zj, - ,x,) €R;.

Moreover, for each 1 < j < n, hm g(”( ) =0 for all x € R;. To see this, we note that by
the fact that l}im fr(x) = f(x) for all x € A,

lim g (z) = lim sup | fo(z) — f(z)| = lirknsup | fo(z) = f(z)| = 0.

k—o0 k—o0 p>p

Assume that for some 1 < j <n — 1 such that hm g(”)( ) =0 for all x € R;. Then

b

T () _
Tji1, - 717n)—khﬂolo 97 (x5, %441, x0) dzy =0
Jaj

lim g(J+1) (

k—0o0

for all (z;41,---,2,) € R;y1 which shows that hm g (x) = 0 for all x € Rj;,. By

induction we conclude that hm g“)( y=0forallz e RJ7 thus Theorem 6.65 and the Fubini
theorem (Theorem 6.52) 1mply that

0= lim

bn, bn
k:‘ g](gn)(xn)dxn: hm f Sup}ff X1, - ,I'n)_f(l’l,"' ,Cl?n)}dl'l"'dl‘n
—00

Jan k—a0 Jan al =k

bn b1
>limsupf J | fozr, - mn) = foy, - )| day - - day,
Jan Jay

k—0o0
> i sup j [ule) = @) =t [ |fu(o) = fa)do .

Remark 6.71. 1. If A is a bounded set with volume, we can choose a rectangle S 2 A

and consider g = 72 as well as g = 7A. Then g, g : S — R satisfy the assumptions
in Theorem 6.69 and 6.70; thus Proposition 6.41 implies that

kh_r)glof fr(x)de = hm gk(a:) dx = JRg(x) dx = L f(z)dx

In other words, the Monotone Convergence Theorem and the Bounded Convergence
Theorem also hold for more general domain A, or to be more precise, for bounded set

A with volume.

. The Monotone Convergence Theorem (MCT) can be viewed as a corollary of the

Bounded Convergence Theorem (BCT) since under the assumptions of MCT, we can
apply BCT (choose M = max { sup f(z),sup fi (m)}) directly to conclude the MCT.
zeA zeA

Here we prove MCT without the help of BCT to demonstrate the power of the Fubini

Theorem.
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6.6 Improper Integrals

The Riemann integral deals with the “integrals” of bounded functions on bounded sets;
however, often times we need to integrate unbounded functions on unbounded sets, such
as finding the area under an unbounded function above x-axis. The improper integral is
an answer to this particular situation. We first consider improper integrals of non-negative
functions. Let A € R™ be a set and f : A — R be a non-negative function. If f is bounded

but A is unbounded, to define the integral of f on A, it is natural to consider the limit

lim f(z)dz.
k= JA~B(0,k)
We note that for this limit to make sense, it is required that the integral f(x)dx
AnB(0,k)

exists for all £k € N. On the other hand, if A is bounded and f is unbounded, to define the

integral of f on A it is also natural to consider the limit

lim | (f Ak)(z)dz, (6.6.1)

k—o0 A
where (f A k)(z) = min{f(x),k}. Again, for the limit above to make sense, it is required
that the integral f (f A k)(x)dx exists for all £k € N. In both cases, we look for generic
A
conditions (independent of k) that f and A have to satisfy so that

Lmsm,k)f (z)dx and L(fAk)(x) dx

are well-defined for all £ € N, and we have the following

Definition 6.72 (Riemann measurable sets and functions).
1. A set A < R"” is said to be Riemann measurable if 0 A has measure zero.
2. A function f: A < R” — R is said to be Riemann measurable if

the set {a: e A ‘ f is discontinuous at m} has measure zero in R".

Adopting this definition, the Lebesgue theorem shows that if A is bounded and Riemann
measurable, then f : A — R is Riemann integrable on A if and only if f is bounded and
Riemann measurable. Since the improper integrals deal with integrals of possibly unbounded
functions on possibly unbounded sets, in view of the Lebesgue theorem it is quite natural
to consider removing the boundedness but keeping the Riemann measurability of A and f

in order to define the improper integrals. Observe that
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1. If A is Riemann measure, then A n B(0, k) is Riemann measurable for all k£ € N since
0(An B(0,k)) € 0A U dB(0,k).

2. If f is Riemann measure, then f A k is Riemann measurable for all £ € N. In fact,
since the function F' : R? — R defined by F(z,y) = max{z,y} is continuous, if f is

continuous at x, then for all k € N,

lim (f A k)(y) = lim F(f(y), k) = F(f(x), k) = (f A k)(2).

Yy—z Yy—x

Therefore, for all k£ € N,

{x €A ‘ f A k is discontinuous at m} c {x e A ‘ f is discontinuous at :E}

In other words, if A < R” is a Riemann measurable set and f : A — R is a Riemann

measurable function.

1. If f is bounded, then J f(x) dx exists for all k e N,
AnB(0,k)

2. If A is bounded, then J (f Ak)(z) dx exists for all k € N.
A

How about the case that A is an unbounded set and f is an unbounded function? From

the discussion above, it is natural to consider the limit of (f nk)(x)dr as k — o0.
AnB(0,k)
We note that if A € R” is a Riemann measurable set and f : A — R is a Riemann measurable

function, then J (f A k)(x) dx exists for all k£ € N. This motivates the following
AnB(0,k)

Definition 6.73. Let A < R" be a Riemann measurable set, and f : A — R be a non-

negative Riemann measurable function. f is said to be integrable on A if the limit

L f(z)dx = lim (f AE)(x) dx (6.6.2)

k=0 JAnB(0,k)

is finite, and in such a case f f(z)dx is called the integral of f on A.
A

Remark 6.74. 1. For non-negative function f : A — R (with f and A satisfying assump-

tions in Definition 6.73), if the limit J f(z) dz is infinite, we still call f f(z)dx
AnB(0,k) A

the integral of f on A. However, in this case f is not integrable on A.
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2. Let A< R"and f : A — R be given in Definition 6.73. If ' < A is a Riemann

measurable set with measure zero, then
f f(z)dx = lim (fAK)(z)dx =0,
F k=0 JpAB(0,k)

where Theorem 6.45 is used to evaluate the integral.

3. By the Monotone Convergence Theorem (Theorem 6.69), (6.6.2) always holds if f :
A — R is Riemann integrable; thus Riemann integrable functions are integrable.
From now on, when talking about integrability, it could refer to Riemann

integrable functions as well.

Remark 6.75. When f : A — R is unbounded, instead of (6.6.1) one might want to define
the improper integral of f on A as

limJ fr(x)de,

k—o0 A

where
f(x) if f(z) <k,

0  otherwise.

fule) = (FLyga) () = {

The sequence {f}72; still monotonically converges to f; however, it is not easy to see if the
collection of points of discontinuity of f; has measure zero since the set {a: €A ‘ flz) = k}

could be large. In other words, by defining f; in this way we do not know the integrability
of f; on A; thus it is meaningless to define the improper integral as the limit of f fr(x) dz.
A

Example 6.76. Let f : [1,00) — R be given by f(x) = 2P for some p € R. If p > 0, then f
is unbounded, and in this case

2P i1 <z <kv,

koifx > kv

(f A k)(z) = {

thus for p > 1

Sl

k k
1
J (f/\k)(x)dx:f xpdx+flkdx:—(k1+é—1)+k(k—ki)
[1,00) (—k,k) 1 kP p+1
and for 0 <p < 1,

k

1
fak xdxzfxpdx:—k:pﬂl.
J[l,oo)m(k,k)( )(@) 1 p+ 1( )
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In both cases, the limit (as kK — o0) do not exist.
When p <0, f is bounded by 1 on [1,00). Therefore,

L) e 1,

k
J (f/\k;)(a:)dxzf flx)de =< p+1
[Lw)ﬁ(_kvk) 1 logk lfp == *1

It is easy to see that the limit (as k — o0) exists only when p < —1. Therefore, f is
integrable on (0, 1) if and only if p < —1, and in this case

1

1
= lim — (kP 1) = ————
f[l’oo)f(x)dx k1—>nolcp+1( ) p+1

Example 6.77. Let f : (0,1) — R be given by f(z) = z? for some pe R. If p > 0, f is
continuous on (0, 1), so f is Riemann integrable on (0,1). If p < 0, f is unbounded on (0, 1),
so the Riemann integral of f no longer makes sense. Nevertheless, we can find the improper
integral of f using (6.6.2): for each k € N,

xP ifx)k:%,
(f AK)(z) = , 1
ko if0<x<kr;

thus

1 1 1

1 kv 1 —(pk"tr £ 1) ifp £ 1,
[ rmme= [kt [ arae = § pra® 7 =0T

0 0 kP 1+ logk if p=—1.

It is easy to see that the limit (as k — o0) exists only when p > —1. Therefore, f is

integrable on (0,1) if p > —1, and in this case

. 1 1+1 1
z)dr = lim ——(pk 77 +1) = ——.
L = i 1) =

The following three propositions are generalization of corresponding results in Riemann

integrals.
Proposition 6.78.

1. Let A < R"™ be a Riemann measurable set, and f,g : A — R be non-negative, Riemann

measurable functions. If f < g, then

L f(z)dx < Lg(m) dx.
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2. Let A, B < R" be Riemann measurable sets, and f : A u B — R be a non-negative,

Riemann measurable function. If A < B, then

L f(z)de < JB f(z) dz.

Proof. The first case follows from that f (f Ak)(x) de < J (g A k) (z) dz, while
AnB(0,k) AnB(0,k)
the second case follows from that J (fAk)(x)de < (f k) (z)dx. o
AnB(0,k) BnB(0,k)

Corollary 6.79. Let A < R" be a Riemann measurable set, and f : A — R be a non-negative

Riemann measurable function. Then

L (@) dz = 1im F@)de = lim | (f A k) () da. (6.6.3)

k=0 JAnB(0,k) k=0 Ja

Proof. For each k € N, Proposition 6.78 implies that

ng(o,k)(f AE)(z) de < J f(z)de < L f(a) dz,

AnB(0,k)
f (fAk:)(m)da:éf(fAk)(x)dngf(x)dx.
AnB(0,k) A A
The conclusion follows from passing to the limit as k — 0. =

Corollary 6.80. Let A < R” be a Riemann measurable set, and f : A — R be a non-negative

Riemann measurable function. Then for all a > 0,

[ en@as=a s

Proof. By Corollary 6.79,

| @@ = tim [(@f) A (ak)] (z) dz = lim olf A k) (@) da
A AnB(0,ak) AnB(0,ak)
= ozklig& AmB(07ak)<f AE)(z)dr = « JA f(z)dx. o

Proposition 6.81. Let A, B < R" be Riemann measurable sets, and f : Au B — R be a

non-negative, Riemann measurable function. If A n B has measure zero, then

LUB f(x)de = L f(x)dx + JB f(z)dz.



236 CHAPTER 6. Integration of Functions

Proof. To simplify the notation, for each k € N we let f, = f Ak, and Ay = A n B(0,k) as
well as B, = B n B(0,k). Then

N

(Au
(An

)u dB(0,k) < 0AudB U IB(0,k),

d(Ay U By) = 0((Au B) n B(0,k))
0 )u dB(0,k) < 0A U dB U dB(0,k);

0 B
(AN By) =0((AnB)n B(0,k)) =@ B

N

thus under the assumptions of this proposition, A, u By and A, N By, have volume for each
k € N. Therefore, Corollary 6.35 implies that for each k € N, fy14,, fxlp, and fila, ~p, are
all Riemann integrable on A, U By. Since Ay n By, has measure zero, Theorem 6.45 and 6.50

imply that

(f/\k)dxzj

ArUBy

J fr(z)dx = fr(x) de + fr(x) dz
(AUB)nB(0,k) Ag By,

:J (f/\k)d(ﬂ-'-f (f Ak)dz,
AnB(0,k)

BnB(0,k)

and the theorem is concluded by passing to the limit as k — 0. =

Proposition 6.82. Let A < R" be a Riemann measurable set, and f,g : A — R be non-

negative, Riemann measurable functions. Then

[ ¢+ o@a = saies | g

Proof. Note that if f, g are non-negative functions, then for all k£ € N,

[(f +9) ~k](2) < (FAk)(@) + (g A k) (@) < [(f +9) A (2K)](z)  VYaeA

Therefore, Proposition 6.78 implies that for all k € N,

JA B(0,k) [(f +9) K] (@) d < J [(f A k) (@) + (97 k)(x)] d

AnB(0,k)

<| (G ab@ -+ @an@]de < [ [+ ) A @h] @) da.
AnB(0,2k) B(

0,2k)

By Theorem 6.44, we obtain that

J [(f—l—g)/\k:}(x)dxéf (fAk:)(x)danf (g Ak)(z)dz
AnB(0,k) AnB(0,k)

AnB(0,k)

< jB(O [T+ o e,

and the conclusion follows from passing to the limit as k — 0. o
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Those who are familiar with the improper integrals introduced in Calculus might be
confused with the way we compute the improper integrals in Example 6.76 and 6.77. In
fact, there are other ways of evaluating the improper integrals for functions of one variable,

and the following theorem is useful for this particular purpose.

Theorem 6.83. 1. Let f : [a,00) — R be bounded, non-negative, and continuous except

perhaps on a set of measure zero. Then

f dr = lim J f(z (6.6.4)
[Q,OC) R—0

2. Let a € R, f: (a,b] > R be non-negative, bounded on [a + €,b] for all ¢ > 0, and

continuous except perhaps on a set of measure zero. Then

dz = lim J f@ (6.6.5)

(a, b] e—0t

Proof. 1. Note that for k > max {|a|, sup,cp, ) f(2)},

J[am)m(_k’k)(f Ak)(z)de = Lk o) da

thus (6.6.4) is obtained by passing to the limit as & — oo.

2. For each € > 0 sufficiently small,

(a,b]

b
| t@de=| (luwse)de< | fla)ds
a+te (a,b]

thus passing to the limit as ¢ — 0", we find that

b
lim f f@)de< | f@)de (6.6.6)
(a,b]

e—0F a+te

On the other hand, note that the Monotone Convergence Theorem for Riemann inte-

grable sequence of functions (Theorem 6.69) implies that

b b
k dr = li k)( < li
| ¢ Abte) e = i (U AR@)ds < lin f e
Passing to the limit as k& — oo, we find that
b
f(x)dxr = lim fnrk < lim f f(x 6.6.7
| s =tm | Ak < i (667

Combining (6.6.6) and (6.6.7), we concluded (6.6.5). o
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Corollary 6.84. Let a € R, f : (a,0) — R be non-negative, bounded on [a + €,0) for all

e > 0, and continuous except perhaps on a set of measure zero. Then

R
J f(x)dx = lim f(x)dx. (6.6.8)
(a,00) Lot Jate

Proof. Let a < b < co. Then Theorem 6.81 implies that

f f(z)dx = f(x)dxr + f(x) dx;
(a,00) (a,b]

[b,0)

thus we conclude from Theorem 6.83 that

J f(z)dx = lim f(z)dx 4+ lim f(z)dx
(a,0) e=0% Jlate,b) R= Jp,R)
= lim f(z)dr + lim f(x)dx
5% Jlate LoF IR

R

= lim (J[aﬁ’b] f(z)dx + - f(x) d;z:) = lim f(z)dz,

R— oe)
e—0Tt em0t Yate

where the sum of the limits of two integrals is the same as the limit of sums of integrals

since both integrals are increasing as R — o0 and ¢ — 0%, =

Remark 6.85. In view of (6.6.4) and (6.6.5), we also have the following notation for im-

proper integrals for functions of one variable:

0 b
J f(m)dxzj[ )f(x)dx and Jf(x)dx: (b]f(a:)dx.

Example 6.86. Let f(x) = a? as in Example 6.76 and 6.77. Since

1
R —(RPHL 1) ifp# -1,
f 2P dx = p+1( ) b
1 log R ifp=-1,
and
1

1 _ ey _
fxpdx: m(l ey ifp £ —1,

—loge ifp=-1,

by Theorem 6.83 we find that f is integrable on [1,00) if and only if p < —1 and f is
integrable on (0, 1] if and only if p > —1. These are the conclusions that we have obtained
in Example 6.76 and 6.77.



§6.6 Improper Integrals 239

0
Example 6.87 (The Gamma function). For each ¢t > 0, define I'(t) = J e d.
0

1. For 1 <t < o, the integrand is bounded and non-negative. In fact, 2!~ 'e ™ < Me™2

z .
for some constant M; > 0 (we can choose M; = sup z'"'e™2). Since
z€[0,00)
R R =R
J e dr < J Mie 2de < —2M,e™ 2 < 2M,; < wo;
0 0 =0

we find that I'(¢) is well-defined for 1 <t < o0.

2. For 0 <t < 1, the integrand is unbounded near 0; thus by Theorem 6.81 we rewrite
0 1 0 . N
J v le ™ do = f o' te dr + f ' lem2e7 2 d.
0 0 1

Since 27 te™® < z'™! on (0,1] and 2'"te™® < €7 on [1, ), for £ > 0 we have

1 1
1,1 1 1
J e dr < J o't de = ;xt (1-¢" < n
15

B Tr=¢& t

and for R > 1,

R R P
f e dr < J e tder = —e " —elt—efgel.
1 1

Therefore, I'(t) is also well-defined for 0 < ¢ < 1.

The following theorem provides different ways of computing the improper (multiple)

integrals.

Theorem 6.88. Let A < R"™ be a Riemann measurable set, and f : A — R be a non-
negative, Riemann measurable function. Then f is integrable on A if and only if for each

sequence { By}, € R™ of bounded sets with volume satisfying
1. By € Bgyy forall ke N;
2. for all R > 0 we have B(0, R) € By for sufficient large k € N;

the limit lim (f Ak)(z) dx exists.
k—co AﬁBk

Proof. “<" Simply choose By = B(0, k) to conclude the integrability of f on A.
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“=7” For each ¢ € N, there exists N(¢) > ¢ such that B(0,¢) < By, for all k > N({¢). Then

J (fAE)(x)dx<J (fw)(x)dng (FAk)@)de V= N(0).
AnB(0,0) AnBy

AN By

Since J (f AE)(x)de = J ((f ~k)lg,)(z)de < f f(z)dz, by the sandwich
AnB A A

lemma we conclude that

fAf(x)dx: lim (f Al)(z)dr = lim (f AK)(z)dx. o

=% J AnB(0,0) k=0 JAnB,

In other words, as long as {By}72; “expands to the whole space”, one can evaluate the

improper integral using

J f(x)de = hm (f ~nk)(x)dx.

An By

One particular sequence of sets {Bg}2, is given by By = [k, k] x -+ x [—k, k].

a0
Example 6.89. Consider the improper integral J e~** dx. Instead of evaluating this

improper integral directly, we consider the improper integral e~ (@+v*) dA. Note that

R2
Theorem 6.88 implies that

f e~ @) JA = lim e~ @) A = lim e~ @+ gA |
R2 k=0 J1_k k] x [~ k,k] k=0 Jp(0,k)

By the Fubini theorem,

k 0

k
lim e~ @+ gA = lim (J e—<w2+y2)dy) do = ( J
k=0 J1_k k] x [~ k,k] k—oo J_p Nk -

while the change of variables formula (with (z,y) = (rcosf,rsin#)) implies that

22, \?
emdx>,

0

27 k
lim e~ @) dA = lim e rd(r,0) = lim (J e_TQTdr> df
k=0 Jp(0,k) k=0 Ji0,k]x[0,27] k=0 Jo 0
' 2 677"2 r=k ) 2
= lim < >d9: lim (1 —e™™) =m.
k—w J -2

r=0 k—0o0

o0
Since J e~ dr > 0, we must have
—

®© 2
f e dr = +/T.

—00
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Now we define the improper integrals for general functions. Let v be an operation which

outputs the maximum of values from both sides of v; that is,

(f v g)(z) = max {f(z),g(x)}.

Define the positive and negative parts, denoted by f* and f~ respective, by f* = fv0 and
f==(=f)v0. Since f*, f~ are non-negative and f = f*— f~, to defined the integral of f it

is natural to consider the difference of the integrals J f1(z)dx and f f~(x)dx. Note that
A A
if the collection of discontinuities of f has measure zero, the collections of discontinuities of

both f* and f~ are sets of measure zero; thus the integrals J f*(z) dz makes sense.
A

The discussion above motivates the following

Definition 6.90. Let A < R” be a Riemann measurable set, and f : A — R be a Riemann

measurable function. f is said to be integrable on A if both integrals

J ff(x)dz  and J [ (z)dx
A A
are finite, where f* and f~ are the positive and negative parts of f defined by
ff=fv0 and f~ = (—f)vO0.
If f is integrable on A, the integral of f on A, denoted by f f(z)dz, is the number
A
fer(x)da:— j /() dx.
A A
Remark 6.91. 1. If f is integrable on A, then
f |f(z)| dz = J () dw—l—f f(z)dzx < oo;
A A A

thus the integrability of f on A sometimes is also called the absolute integrability of
f on A or that the integral J f(x) dzx is absolutely convergent.
A

2. For integrable function f: A — R, one can compute the integral of f on A by

f f(z)dx = lim (fT A k)(z)dz — lim (f~Ak)(z)dx
A k=0 J A~B(0,k) k=0 J A~B(0,k)
= lim [T (z)dr — lim [ (z)dx
k=0 JAn~B(0,k) k=0 J A~B(0,k)
= lim (f*(z) = f(z)) dz = lim f(x)dx. (6.6.9)

k=0 JAnB(0,k) k=0 JAnB(0,k)
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where (6.6.3) is used to conclude the third equality. In (6.6.9), the set B(0, k) can also

be replaced by increasing sequence of set { By}, as introduced in Theorem 6.88.
By Proposition 6.78, 6.81, 6.82 and Corollary 6.80, we can also establish the following

Theorem 6.92. Let A < R” be a Riemann measurable set, and f,qg: A — R be integrable
functions. If f < g, then

L f(z)dx < Lg(x) dx.

Theorem 6.93. Let A < R"™ be a Riemann measurable set, and f : A — R be an integrable
function. Then for all a € R,

| @p@ds=a| s

Theorem 6.94. Let A, B < R" be Riemann measurable sets, and f : A u B — R be an

integrable function. If A n B has measure zero, then

LUB f(z)de = L f(x)dx + JB f(z)dz.

Theorem 6.95. Let A < R" be a Riemann measurable set, and f,g: A — R be integrable

functions. Then

[G+owae= [ swar+ | gwa.

The proofs for the theorems above are left to the readers as exercises.

Remark 6.96. 1. If f is not integrable on A but one of the integrals f fH(x)dz or
A
f f~(z)dz is finite, the number f ft(z)dx — J f~(z)dz is still well-understood,
A A A

and we still call this difference as the integral of f on A.

2. When at least one of the integrals J ft(z)dx or J f~(x) dx is finite,
A A

f f(x)dx:klim (f+/\k:)(x)da:—klim (f~ ~Ak)(z)dx
A —% JA~B(0,k) —% JAnB(0,k)
= lim T A — A
a ’CLOO (JAmB(O,k)(f £)lw) de JAmB(O,k)(f 5@ d:c)
= lim (=k)v (fAk)(z)dr.

k=0 JAnB(0,k)
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Therefore, it is tempting to define the integrability of f on A by the existence of the
limit

lim (k) v (f A k)] (z)d.

k=0 JA~B(0,k)
However, this cannot be the correct definition since if we adapt this definition, then
the function f : R — R defined by f(z) = é for z # 0 (and f(0) is given arbitrarily)

will be integrable on R (and the integral is 0 by symmetry), while Theorem 6.94, a
should-have theorem for integrable functions, fails to hold for this particular function

since

Oszf(x) dr # f[om)f(x) dx+f f(a)dz.

(7&070]

Theorem 6.97 (Comparison Test). Let A € R" be a Riemann measurable set, f,g: A — R
be Riemann measurable functions. If |f| < g on A and g is integrable on A, then f is

integrable on A.

Proof. Since |f| = f* + f~, the condition that |f| < ¢ implies that f* < g and f~ < g;
thus

J (fiAk)(iv)d$<f (g/\k;)(m)d:véf g(z)dr < 0.
AnB(0,k) AnB(0,k) A

Since J (f* Ak)(z) dx are increasing in k, both limits
AnB(0,k)

lim (ff Ak)(z)dz
k= JAnB(0,k)
must exist (and are finite). Therefore, f is integrable on A. o
Example 6.98. Let f : [0,00) — R be given by f(z) = ST ppen |f(z)| < 1 and
’ z? 41 z? 41
the function y = ot is integrable on [0, o) since
R _
1 =R
lim 5 dr = lim tan™'z = lim tan 'R = .
R Jo 2?41 R—0 =0 R— 2
Q0
Let {ax};>; be a non-negative sequence. Then the series )] aj can be viewed as the
k=1

integral of the piecewise constant function

flx)=a, if k—1<zxz<k (6.6.10)
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over the set RT™ = {x > 0}. Now suppose that {a;};2, is a general sequence in R. Define

af = max{ay,0}, a; = max{— ak,O} for each k € N, and let f : R* — R be defined by

(6.6.10). Recall that a series Z ay is absolutely convergent if Z lag| < oo and this is
k=1 k=1

0 o0
Za;<oo and Za,;<oo.
k=1 k=1

Since f+( )dr = Z a and f f(z)dx = Z a,, we find that the series Z ay is

k=1

equivalent to that

absolutely convergent 1f and only if f given by (6.6.10) is integrable on R*.

There is another concept of convergence of series, called the conditional convergence.
0 4

Recall that a series | ay is said to be conditionally convergent if the limit glim > ay exists
k=1 P k=1
a0 Q0
but Y |ax| = 0. Let > aj be a conditionally convergent series, and f : R — R be given
k=1 k=1

by (6.6.10). Then
0 0
x:ZaZ:oo and f’(m)dx:Za,;:oo,
k=1 R+ k=1

¢ ¢
while the limit elim f(z)de = elim > ay exists. The connection between the two kinds
—00 0 —00 k=1

R+

of convergence of series and integrals motivates the following

Definition 6.99. Let A < R be a Riemann measurable set, and f : A — R be a Rie-

mann measurable function. The improper integral J f(z)dx is said to be conditionally

convergent if [ is not integrable on A but the limit lelm f(z) dz exists.
=% JAn(—tk)

0

Remark 6.100. Suppose that the series > ay is conditionally convergent. Then for each
k=1

r € R, there exists a permutation 7 : N — N such that

r= ) Gn(y = (1) + Gn@) F Ga) T
k=1
In other words, the order of the summation matters in a conditional convergent series; thus
in general it will not be possible to talk about conditionally convergent integrals of functions
on subsets of R™ if n > 2 since it usually requires the Fubini theorem to evaluate the multiple

integrals while the Fubini theorem involves evaluating integrals in different orders.
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sin x

Example 6.101. Let f : [0,00) — R be given by f(z) = . Then for all 0 < r < R,

using the integration by parts formula we obtain that

=R Bl cosx 2 2 L) 4
+ —2d$ < =S+ -+ —dr = —.
, x R r

=T

R -
1—
f sma:dx‘ _ ‘ COST

X X

T

k-
Let I}, = f Slzxda:. Then the inequality above implies that {I;}"; is Cauchy in R, so the
0

© sinx
limit J dxr = lim [} exists. However,
0

X k—o0
w © ~(2k—1)7 e (2k—1)m o
J fﬂx)dszJ Smmdw)Z;f sin xdr = 22 !
0 im1 J@2k=2)r T 1 (2k — D) (2k—2)m 2k — 1

0 0 2km 2k ®
—sinx 1 1
f_a:dngf da:/g f —smxdx:—g—:oo.
Jo (@) i1 J( 2k77 2k—1)7 k

2k—1)m T =

Therefore, the improper integral j sinx dx is conditionally convergent.
0 T

6.6.1 The monotone convergence theorem and the dominated con-
vergence theorem

In the remaining part of this section, we present some important theorems introduced in

Section 6.4 under the new settings of improper integrals.

Theorem 6.102 (Dominated Convergence Theorem). Let A € R"™ be a Riemann measurable
set, and fr, f : A — R be Riemann measurable functions such that klglolo fr(x) = f(x) for all
x € A. Suppose that there exists an integrable function g such that |fy| < g for all k € N.
Then f is integrable on A, and

J f(z)dx = lim | fi(x)dz
A k=0 Jg

Proof. Since |fi(z)| < g(z) for all z € A and k € N, |f(z)| < g(z) for all z € A. By
the integrability of g, the comparison test (Theorem 6.97) implies that f; and f are also
integrable on A.

Let € > 0 be given. Since f, g are integrable on A, there exists L > 0 such that

OéJ g(:z:)dxf (gAl)(x)dx < c Vi=L (6.6.11)
A AnB(0,0) 3
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and

‘JAJC(%) dr — JAmB(OE) (=0 v (fr0)(z) da:l < % V{> L.

Moreover, since (—L) v (fy A L) — (=L) v (f A L) p.w. as k — o (due to the pointwise
convergence of {fy};2y to f), and |[(=L) v (fx A L)| < L on A n B(0,L), the Bounded
Convergence Theorem (Theorem 6.70) implies that there exists K > 0 such that

‘ LmB oL v (fe A L))(:E) dr — fAmB(O,L) ((—L) v (fA L))(a:) dx’ < % Vi> K.

Note that Theorem 6.81 implies that

Uf d:r:—f i) da Uf LmB L)V (f A L)) di

+ LmB L (Cnvgan) LmB v (fen D) (a) da]

—i—‘f v (fe AL))( d:p—f (m)dlr‘—i—u fr(x)dz
AnB(0,L) AnB(0,L) AnB(0,L)t

and the fact that ‘ fk| < g implies that

Y

[(=L) v (fi n L)) (2) = fu(z)| < g(z) = (g A L)(2).

Therefore, for k > K,

Uf dx—Jfk dx

<=y Lmb (60~ (g A @) dr + | s

3 AB(0,L)¢

2
<—€+Jg(:p)d1’—f (gAL)(z)dr < €. o
3 A ARB(0,L)

The Monotone Convergence Theorem for improper integrals, unlike the case in the Rie-
mann integrals, is no longer an immediate consequence of the Dominated Convergence
Theorem since the “integral” of the limit function might be infinite. It requires a little bit

more attention to get proved.

Theorem 6.103 (Monotone Convergence Theorem for Improper Integrals). Let A < R”

be a Riemann measurable set, and fi,f : A — R be non-negative, Riemann measurable
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functions such that klim fi(x) = f(x) for all x € A. Suppose that {fi}, is a monotone
—00

increasing sequence of functions; that is, fr < fri1 for all k € N. Then
J f(z)dx = lim | fr(x)dx. (6.6.12)
A k=0 J 4
Proof. By the Dominated Convergence Theorem (Theorem 6.102), we only need to consider
the case that f f(z)dx = oo and show that klim f fr(x)dr = 0. We also assume the
A -0 Ja

non-trivial case that J fr(x)dr < oo for all ke N.
A

Let M > 0 be given. Since J f(x) dr = oo, there exists L > 0 such that
A

f (fAl)(x)de =2M V= L.
AnB(0,0)

By the Monotone Convergence Theorem for Riemann integrals (Theorem 6.69), there exists
K > 0 such that

—Méf (fk/\L)(x)dx—J (fAL)(z)de <0 Vk=K.
AnB(0,L) AnB(0,L)

Therefore, for all k > K,

| #terde = | iy LHB(O,L)m D@ et [ (fn D)) ds

AnB(0,L)

B LNB(M; A L)) de + J (f A L)(z) d

AnB(0,L)

fok(x)dx—f (fenL)(z)de+M = M. o
A AnB(0,L)

When non-negativity of functions is removed from the condition, for (6.6.12) to hold it is
required that the sequence of functions has an integrable lower bound. To be more precise,

we have the following

Corollary 6.104. Let A < R" be a Riemann measurable set, and fi., f : A — R be Riemann
measurable functions such that klgrolo fr(z) = f(z) for all x € A. Suppose that there exists an
integrable function g : A — R such that fi(x) = g(x) for allx € A and k e N, and {fi}7,
is a monotone increasing sequence of functions; that is, fr < frr1 for all k € N. Then

J f(z)de = lim | fi(z)dx.
A k—o0

A
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Proof. Consider the new sequence of functions {h;}, defined by hy = fr — g and apply

the Monotone Convergence Theorem (Theorem 6.103). o
For monotone decreasing sequences of functions, we have the following

Corollary 6.105. Let A < R" be a Riemann measurable set, and fi., f : A — R be Riemann
measurable functions such that klim fr(x) = f(x) for all x € A. Suppose that fi is integrable
—00

on A and {fi}}2, is a monotone decreasing sequence of functions; that is, fi, = fry1 for all
ke N. Then

f f(x)dr = lim | fi(x)dx.
A k=20 J A

Proof. Consider the new sequence of functions {hy};2, defined by hy = fi; — fx and apply

the Monotone Convergence Theorem (Theorem 6.103). o

6.6.2 The Fubini theorem and the Tonelli theorem

In this section we present the Fubini theorem for improper integrals. The Fubini theorem

for improper integrals takes the form

LxB flo o y) = L <JB (=, y)dy) da

JAXB flw,y)d(e,y) = JB <L f(l'yy)dx> dy.

as long as f satisfies certain conditions. However, the iterated integrals on the right-hand
side will be meaningless if the functions F(z) = j f(,y)dy and G(y) = J f(z,-)dz are
B A

or

not Riemann measurable; thus in general we need to impose the condition that ' and G
are Riemann measurable. In fact, even if f : A x B — R is continuous, F' might still be
discontinuous at some points. For example, let A = [-1,1], B = [1,0) and f(z,y) =
|z|y~'~1*l. Then
0 ifz=0,
Fle) = { 1 otherwise,

which is discontinuous at z = 0. In other words, the collection of discontinuities of F' might
not be empty even if f is continuous on A x B since “partial integration” might produce
extra discontinuities; thus in general we do not know if /' is Riemann measurable even if f
is continuous.

Before proceeding to the Fubini theorem, we first establish the following
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Theorem 6.106 (Tonelli). Let A < R" and B < R™ be Riemann measurable sets such that
A x B is Riemann measurable, and f : A x B — R be a non-negative Riemann measurable

function.

L. If for all z € A, f(z,-) is integrable on B and the function f fGy)dy : A — R is
B

Riemann measurable, then
f f(z,y)d(z,y) :f (J f(x,y)dy>dx~
AxB A B

2. If for ally € B, f(-,y) is integrable on A and the function f f(z,)dz : B - R is
A
Riemann measurable, then

LXB f(z,y)d(z,y) = L (L f(%f@dm)dy.

Proof. Tt suffices to show the first case since the proof of the other case is similar.
We show that for each k € N, the function g : A — R defined by

w@) = | AR

is Riemann measurable. We note that the fact that f(z,-) is integrable on B for each x € A

implies that g, is well-defined for all z € A.

For each ¢ € N, the Fubini theorem for Riemann integrals provides that

() dz = f gr(z) dz.
An[—t0n

(f A R) (@, y)d(e,y) = f

J(Am[e,e]n)x(Bm[k,k]m) An[—£,0n

Therefore, gy is Riemann integrable on A n [—¢,¢]" for all ¢ € N, and the Lebesgue theo-

rem (Theorem 6.32) implies that the collection of discontinuities of g in A N [—£,¢]" has
measure zero. By Theorem 6.26 and the fact that A = Cj (A n [—£,£]"), the collection of
discontinuities of g in A has measure zero; thus gy is Rié?nlann measurable.

For each k € N, define fi(z,y) = Lj_g gntm (2, y)(f AR) (2, y) and hi(z) = 1 () ge ().
Then {fr}7; and {hx};2; are non-negative monotone increasing sequences. Moreover, it is

clear that {f};°, converges pointwise to f (on A) and {hs}{_, converges pointwise to the
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function j f(-,y) dy. By the Fubini theorem for Riemann integrals again,
B

f fulary)d(z,y) = f (f A R) (@, y)d(x, )
AxB

(An[—k,k]")x (Bn[—k,k]™)

= J gr(x)de = J hi(z) dz;
An[—k,k] A

thus the Monotone Convergence Theorem (Theorem 6.103) implies that

JA Bf(x,y)d(x,y) = lim fr(x,y)d(z,y) = lim | hy(x)dz

k= JaxB k= Ja

_ L (L Fla,y)dy ) dz. :

Now we can present the Fubini theorem.

Theorem 6.107 (Fubini). Let A < R" and B < R™ be Riemann measurable sets such that

A x B is Riemann measurable, and f : A x B — R be an integrable function.

1. If for allx € A, f(x,-) is integrable on B, and the functions f fG y)dy : A— R and
B
f £, y)‘dy : A — R are Riemann measurable, then
B

LXB f(@,g)d(z,y) = L (JB f(%y)dy) dx.

2. If for ally € B, f(-,y) is integrable on A, and the functions J f(z,)dx: B —> R and
A

J |f(z,")|dz : B— R are Riemann measurable, then
A

foB f(w,g)d(z,y) = JB (L f(%?/)dx)dy.

Proof. Tt suffices to prove the first case.
Since f* = %(|f| + f), by assumption the functions f ff(,y)dy : A — R and
B

f f~(,y)dy : A — R are Riemann measurable functions. Therefore, the Tonelli theo-
B

rem implies that

LxB Py = L <L fH(@,y) dy>d:£;
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thus

T T = t(r T _ ~(r .
| tewden =] fremden -] f@ade

AxB

| (] rrema)ac= | (| 5@
| (| rewa-| [ repa)a-| (| o)

Corollary 6.108. Let A € R" and B < R™ be Riemann measurable sets such that A x B
is Riemann measurable, and f : A — R and g : B — R be integrable functions. Then the

function h : A x B — R given by h(z,y) = f(x)g(y) is integrable, and

LXB h(z,y)d(z,y) = (L f(ydr) JB 9(y) dy).

Proof. By Theorem 6.28, |h| is Riemann measurable. Moreover, by the integrability of g we
find that for each z € A the function |A(z,-)| : B — R is Riemann measurable. Since |f] is

integrable on A and

[ Inelay = 1) [ Jotw s

the function f |h(-,y)|dy : A — R is Riemann measurable. In other words, h satisfies
B

conditions in the Tonelli theorem (Theorem 6.106); thus we have

|l = | ([ iala)ae= ([ [r@]as)( [ low]dy) <.

Therefore, h is integrable on A x B. Since h(z, -) is integrable on B for all z € A and h(-,y)
is integrable on A for all y € B, the Fubini theorem (Theorem 6.107) further implies that

LxB iz y)d(z,y) = L (L h(x7y)dy>dx = (L f(z) dl’) (L 9(y) dy). o

6.7 Exercises

§ 6.1 Integrable Functions

Problem 6.1. Let f : [a,b] — R be a bounded function, and P,, denote the division of [a, b]

into 2" equal sub-intervals. Show that f is Riemann integrable on [a, 8] if and only if

lim U(f,P,) = lim L(f,P,).

n—0o0 n—0o0



252 CHAPTER 6. Integration of Functions

Problem 6.2. Let f,g : [a,b] — R be functions, where ¢ is continuous, and f be non-

negative, bounded, Riemann integrable on [a, b]. Show that fg is Riemann integrable.
Problem 6.3. Let f : [a,b] — R be differentiable and assume that f’ is Riemann integrable.
Prove that fb f'(x)dz = f(b) — f(a).

Hint: Use tl(lle Mean Value Theorem.

Problem 6.4. Suppose that f : [a,b] — R is Riemann integrable, m < f(x) < M for all

x € [a,b], and ¢ : [m, M] — R is continuous. Show that o f is Riemann integrable on [a, b].

Problem 6.5. Let A € R" be a bounded set, and f,g: A — R be functions. Show that

J f(z)dr < f g(x)dx and J f(z)dr < J g(z)dx.
JA JA A A
Problem 6.6. Let A < R" be a bounded set, and f : [a,b] — R be a function.

1. Show that if f is Riemann integrable on A, then f is bounded.

2. Show that if f is Darboux integrable on A, then f is bounded.

Note that we in some sense use these properties in the proof of the equivalence between the
Riemann integrability and the Darboux integrability, so you’d better no use this equivalence

in the proof.
Hint:
1. Let I = (R)J f(z)dx. There exists § > 0 such that if P is a partition of A, then
A

any Riemann sum of f for P locates in (I—1,1+1). Let P = {A,Aq,--- ,Ax} be a
partition of A satisfying |P|| < 0, and for each 1 < k < N, let ¢, be the center of A.
Show that for each 1 </ < N,
1 —A —A
I—1- A
ol Y Flevan)] < 7@

1<U<N, k£l

<®{1+1— N Fleman]  veea,

1<0<N, k£l

2. Note that if P be a partition of A and A € P, then

—w<supf (z)<o  and —w < inf f(z) < 0.
A LISTAN

What happened to U(f,P) and L(f,P) if f is not bounded?
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N
Problem 6.7. Prove that lim (n) = e~ by considering the upper and lower sums of
n—o0 n

1
o 1 2
L log x dz for partition {ﬁ’ =y 1}

Problem 6.8. Let f :[0,1] x [0,1] — R be a bounded function such that f(z,y) < f(x, 2)
if y < zand f(x,y) < f(t,2) if z < t. In other words, f(z,-) and f(-,y) are both non-
decreasing functions for fixed x,y € [0, 1]. Show that f is Riemann integrable on [0, 1] x [0, 1].

Problem 6.9. For a function f : [a,b] — R, define the total variation of f on [a,b] by
VP(f) = sup { Z | f(z) = flzi))| ‘{a =1z < -+ < x, = b} is a partition of [a,b]} :
k=1

Sometimes V(f) is written as | f| v ((ap)-
A function f : [a,b] is said to have bounded variation on [c,d| or be of bounded

variation on [c,d], where [c,d] < [a,b], if V(f) < c0. Complete the following.

1. Let BV([a, b)) {f a,b) - R ‘ VE(f) < oo}, called the space of functions of bounded
variation (on [a, b]). Show that BV([a,b]) is a vector space.

2. Is V! a norm on BV([a,b]); that is, does || - ltv(ap) © BV(la,b]) — R defined by
|f] = V2(f) satisfy Definition 2.157?

3. Recall that €*([a,b];R) = {f : [a,b] > R|f’is continuous on [a,b]}. Show that if
f €€ ([a,b];R), then f is of bounded variation.

b
4. Show that if f € € ([a,b];R), then V2(f) = f ()] da.
5. Show that if V?(f) < oo (f is not necessarily differentiable everywhere), then

b
— sup {f F(@)'(@) dz |6 € € ([o, B; R), |6(x)] < 1 for all z € [a, B,

§ 6.2 Lebesgue’s Theorem
Problem 6.10. Complete the following.

1. Show that if A is a set of volume zero, then A has measure zero. Is it true that if A

has measure zero, then A also has volume zero?
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2. Let a,b € R and a < b. Show that the interval [a,b] does not have measure zero (in
R).

3. Let A < [a,b] be a set of measure zero (in R). Show that [a,b]\A does not have

measure zero (in R).

4. Show that the Cantor set (defined in Exercise Problem 3.19) has volume zero.

+ L

ik Qk) be a subset of R. Does A

Problem 6.11. Let A = U B(k 2k) kfjl(

??‘\l—l

have volume?

Problem 6.12. Let f : [a,b] — R be bounded and Riemann integrable. Show that the

graph of f has volume zero by considering the difference of the upper and lower sums of f.

Problem 6.13. Let A < R™ be an open bounded set with volume, and f : A — R be
continuous. Show that if f f(z)dx =0 for all subsets B < A with volume, then f = 0.
B

Problem 6.14. Prove the following statements.
1. The function f(z) = sin 1 is Riemann integrable on (0, 1).
X

2. Let f:(0,1] — R be given by

ifx:%GQ, (pg) =1,

if x is irrational.

1
fley=q P
0

Then f is Riemann integrable on (0,1]. Find f(z)dz as well.
(0,1]

3. Let A < R" be a bounded set, and f : A — R is Riemann integrable. Then f* (f ¢
=X * ) is integrable for all k € N.
Problem 6.15. Suppose that f : [a,b] — R is Riemann integrable, and the set {a: €
b
[a,b]| f(z) # 0} has measure zero. Show that f f(z)dz =0.
Problem 6.16. Let f : [0,1] — R be a function satisfying the property that for all a,b €
(0,1) with a < b, there exists ¢ € (a,b) such that f(c) =1 or f(c) = 0. Show that if f is
1
Riemann integrable on [0, 1] and f f(z)dz # 1, then the set Z = {z € [0,1]| f(z) = 0}
0

cannot have measure zero.
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§ 6.3 Properties of the Integrals

Problem 6.17. Find an example that

L f(x)dx + JAQ(JC) dr < _L(f +g)(z)dr < L(f +g)(z)dr < L F(z)dz + Lg(x) dr .

Problem 6.18. Let A < R" be a bounded set, and f : A — R be a bounded function.

Show that if f is Riemann integrable on A, then |f| is also Riemann integrable on A.

§ 6.4 Fubini’s Theorem

1 T
Problem 6.19. 1. Evaluate the iterated integral J (J (2y — yz)%dy> dzx.
0o \Jo

1 e”
2. Draw the region corresponding to the integral J <j (x +v) dy> dx and evaluate.
0o \J1

3. Change the order of integration of the integral in 2 and check if the answer is unaltered.

Problem 6.20. Let A = [a,b] x [c,d] be a rectangle in R? and f : A — R be Riemann
integrable. Show that the sets

[ taie # [ rte.pc)

a

{x € [a, b] ‘ Ldf(x,y)dy # Ldf(x,y)dy} and {y € [c,d] ‘
have measure zero (in R*).

Problem 6.21. Define a set S < [0, 1] x [0, 1] by

s ={(

Show that

Y

) €0,1] x [0,1])m,p,keN,gcd(m,p)=1and1<k’<m—1}-

Ll (Ll 1s(z,y) dy)da: = Ll (Ll 1s(z,y) da:)dy —0

but 1g is not Riemann integrable on [0, 1] x [0, 1].

p k
m’ m

Problem 6.22. Let f:[0,1] x [0,1] — R be given by

22 if (z,y) e 27,27 x [27, 27 ne N,
Flog) = § —20 it (1) € 21, 27) x 271,277, me N,

0 otherwise .
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1

1. Show that f f(z,y)dx =0 for all y € [0, %)
0
1

2. Show that f f(z,y)dy =0 for all z € [0,1).
0

11 11
3. Justify if the iterated (improper) integrals f f f(z,y) dxdy and f J f(z,y) dydx
0 Jo 0 Jo

are identical.
§ 6.5 The Monotone and Bounded Convergence Theorems

Problem 6.23. Let A = [a, b] be a closed interval in R, and f;, : A — R be a non-decreasing

sequence (that is, fx < fx41 for all k € N) of continuous functions such that

lim fiy(z) = f(x) VeeA

k—0o0

for some continuous function f: A — R. Show that

hm sup | fr(z) — f(z)] = 0.

k=0 zcA

If we do not assume that f is continuous or if A is replaced by other kind of intervals, is
the conclusion still true?

Hint: Mimic the proof of Lemma 6.64 in the lecture note.

Problem 6.24. Let f : [a, b] x[c,d] — R be a continuous function, and F'(x f fz,y)d
a,bl.

Use the bounded convergence theorem to show that F' is continuous on |

Problem 6.25 (The multiple integral version of Theorem 6.65). Let A be a closed rectangle
in R" and f; : A — R be a decreasing sequence of bounded functions. Show (without
applying Theorem 6.69 and 6.70) that if klim fr(z) =0 for all z € A, then

—00

pn, ] e =

Conclude the Monotone Convergence Theorem (Theorem 6.69) and the Bounded Conver-

gence Theorem (Theorem 6.70) using the this conclusion of convergence.
§ 6.6 Improper Integrals

Problem 6.26. Let f : [2,00) — R be given by f(z) = 2 '(logz)™P. Show that f is
integrable on [2,00) if and only if p > 1.
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1

Problem 6.27. Define the Beta function B(x,y) = J t*=1(1—t)¥~1dt whenever the integral
0
makes sense.

1. Show that B is well-defined for =,y > 0.
2. Show that B(z,y) = B(y,x).
3. Find B(2,2) and B(4, 3).
Problem 6.28. Suppose that f : (0,b] — R is continuous, positive, integrable on (0, b],

and that f(z) increases monotonically to co as z approaches 0 from the right. Show that
lim zf(xz)=0.

z—0t

Problem 6.29. Let A € R", B < R™ be Riemann measurable sets, and f: A x B — R be

non-negative, uniformly continuous and integrable on A x B. Define F'(z) = f f(z,y) dy.
B

1. Show that if B is bounded, then F' : A — R is continuous. How about if B is not
bounded?

2. Let f have the additional property that for each € > 0, there exists N > 0 such that
‘J (f/\k)(x,y)dy—ff($,y)dy‘<e Vk>=Nandzre A.
BAB(0,k) B

Show that F' is continuous on A. In particular, show that if f(x,y) < g(y) for all

(r,y) € A x B, and g is integrable on B, then F' is continuous.

Problem 6.30. Let f : R — R be a Riemann measurable function, and F' : R — R be
defined by
Fa) = | f(g)costa ) dy
R
whenever the integral exists. Show that if the function f is integrable, then F'is defined on

R and is differentiable on R with derivative
0 )
F(a) = | 1)1 costa =)y == | f)sinte — ) dy.
R R

Problem 6.31. Let f : R — R be an integrable Riemann measurable function, and F :
R — R be defined by

Fz) = f £(4) cos(zy) dy
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(which exists for all = € R since f is integrable). Show that if the function g(z) = = f(x) is
integrable, then F is differentiable on R and

F'(y) = J f(x)i cos(xy) dx = —J xf(z)sin(zy) dx .
R oy R
Problem 6.32. In each of the following problems, compute F’(x).

1. Flz) = L Silnfz)dy.

2. F(x) = f2 ¢’ dy.

1 14+ zy

1

1
3.F:E:fxyd, here |x| < 1.
LA y#0,1,
1 logy
4. F(x) = L f(x,y) dy, where f(x,y) = 0 ify =0,
x ify=1
5. F(x) = f log(1 — 2z cosy + z*)dy.
0
142 e~ Y J
6‘ F(x) - J;OS.’E 1 + ‘/‘Ey y.
_ - 1Y
7. F(z) = fo tan 2 dy.
Problem 6.33. Show that if m,n € N, then
1 |
m!
t"(logt)™dt = (—1)" ————.
|| ttomeyar = (i

1
Hint: Differentiate j 2™ dx with respect to n and use induction.
0

1

Problem 6.34. Use the fact that J yrdy = for x > —1 to deduce that

0 ZE—|—].
1 |
m:
“(—logy)"dy = —————  Va>-—1.
Ly( ogy)"dy @ T

n 0
Problem 6.35. Verify that %F(t) = J ' (logz)"e *dx.
0
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Problem 6.36. In each of the following problems, find an explicit expression for F.

1. F(z) = fo 1 y;g‘yl dy.

2 o [P,
3. Fla) = J:D e‘y(l-‘?gos<xy>> dy.
4 Flz) = JO - mczy.

Problem 6.37. In each of the following problems, find the range of x so that F(z) is
well-defined, and compute F'(z).

1. F(x) = fl Mdy. 2. F(x) = f 1sin(:vy)(logy)dy.

o 1+xy 0y
© eV *© sin(zy)
3. F :f € dy. 4. F :j SIrY)
(@) 0o 14y Y (@) o y(1+y?)

Problem 6.38. Given the Legendre polynomial P,(x) defined by

(—1)”]00 212 d" 2,2
P.(x) = y (1=a%) 2 (o=77y7\g
W=z e ey,

show that
d d

r—P,(z) — %Pn_l(x) =nP,(x).

Problem 6.39. Let f : R? - R be defined by

e "siny

fz,y) = y
1 ify=0.

ity #0,

Complete the following.

1. Show that f,(x,y) is continuous everywhere, and show that f(x,-) is integrable on

[0, c0) for all x > 0.

Q0
2. Define F(x) = j f(x,y)dy for x > 0. Show that F'(x) = T
0
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3. Show that F(x) = g —tan"!x if z > 0, and conclude that

“sinz T
de ="
f T3

0
Q0
Problem 6.40. Let {a,}r_; < R ba asequence. A series Y, b, is said to be a rearrangement
n=1
Q0
of the series ). a, if there exists a rearrangement m of N; that is, 7 : N — N is bijective,
n=1
Q0
such that b, = ar@,). Show that if )} a, converges absolutely, then any rearrangement of
[ee} n=1 0
the series ), a, converges and has the value ), a,.
n=1 n=1

Problem 6.41. A function f : N x N — R (or C) is called a double sequence. Write
f(m,n) = @mn. A double sequence {apn};, ,—; is said to converge to a, denoted by

lim a,,, = a, if for every € > 0, there exists N > 0 such that
m,n— 00

|@mn — a] <& whenever m,n = N.

p q
A double series is the sum of a double sequence given by Spy = >, >, @ms. The double

m=1n=1
series is said to converge to the sum S if lim S,, = S, and in this case S is usually written
P.g—0
w . p q . . . p q
as Y, Gmp. The double series D) > am,, is said to converge absolutely if > >} |amn|
m,n=1 m=1n=1 m=1n=1

converges.

Complete the following.

1. Assume that lim a,,, = a. For each fixed m, assume that the limit lim a,,, exists.
m,n—0o n—ow

Show that lim ( lim amn) also exists and has the value a.

m—0o0 " n—00

P4
2. If the double series > > a,,, converges absolutely, then

m=1n=1

0 0 0 0 0

S = 3 (Do) = 3 (5 o)
m,n=1 m=1 n=1 n=1 m=1

§ 6.7 Chapter Review

Problem 6.42 (True or False). Determine whether the following statements are true or

false. If it is true, prove it. Otherwise, give a counter-example.
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1. Let I; and I; be open intervals in R. Then f : I} — I is a diffeomorphism if and only
if f is differentiable and f'(x) # 0 for all x € I;.

2. Let f : [a,b] — R be a function. If f? is Riemann integrable, then f is Riemann

integrable.

3. Let f : [a,b] — R be a function. If f is Riemann integrable, then </f is Riemann

integrable.

4. Let f(z) = sin% be defined on (0, 1]. Then no matter how we define f(0), f is always

Riemann integrable on [0, 1].

5. Let A € R™ be bounded, and f : A — R be Riemann integrable. If P be a partition
of A, and m < f(z) < M for all x € A. Then mv(A) < L(f,P) < U(f,P) < Mv(A).

6. Let A < R™ be a set of measure zero. If A\A is countable, then A has volume zero.

7. Let A < R™ be a closed rectangle and f,g : B — R be Riemann integrable functions.
If there exists a set Z < A such that Z has measure zero and g(z) = f(x) for all

xr € A\Z, then L f(z)dx = Lg(x) dx.

8. Let A < R" be a closed rectangle. Suppose that f and g are two bounded real-valued
functions defined on A such that f is continuous and g = f except on a set of measure

zero, then f and g are both Riemann integrable on A.

9. Let A, B < R be bounded, and f: A — R and g: f(A) — R be Riemann integrable.
Then g o f is Riemann integrable on A.
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7.1 Pointwise Convergence and Uniform Convergence
(iZ BRieac 8353 Jeag)

Definition 7.1. Let (M, d) and (N, p) be two metric spaces, A € M be a set, and fj, : A —
N be a function for each k € N. The sequence of functions {f;}; is said to converge
pointwise if { fk(a)}zozl converges for all a € A. In other words, {f;}2, converges pointwise
if there exists a function f : A — N such that

mp(fk(a),f(a)) =0 VaeA.

In this case, {fx}r; is said to converge pointwise to f and is denoted by fr — f p.w. or
S ™
Let B < A be a subset. The sequence of functions {f;};~; is said to converge uni-
formly on B if there exists f : B — N such that
lim sup p(fi(z), f(x)) = 0.

k—w zep
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In this case, {fx}, is said to converge uniformly to f on B (or converge to f uniformly on
B) and is denoted by fr — f unif. or fj unif f. In other words, {fx}, converges uniformly

to f on B if for every ¢ > 0, there exists N > 0 such that
p(fr(z), f(z)) <e Vk> N and z € B.

The sequence of functions {f;}5~; is said to converge uniformly (to f) if {fi}{_, converges

uniformly (to f) on A.

Example 7.2. Let fi, f : [0,1] — R be given by

)

o1
0 1f%<x< 0 ifxe(0,1],

fil@) = 1 ifz=0.

and  f(z) = {

—kr+1 if0<z<

= =

Then {fi}y, converges pointwise to f. To see this, fix z € [0, 1].

1. Case x # 0: Let € > 0 be given, take N > é Ifk>N,z> % so that fi(x) = 0; thus
|[fu(@) = f(2)| = |fu(z) = 0] = [0~ 0] <e.
2. Case v =0: Foranye >0, k=1,2,3,..., |f(0) = f(0)|=1-1]=0<e.
However, {fi}72, does not converge uniformly to f on [0, 1] because

lim sup |fi(z) — f(z)| = lim sup} | fe(z)| =1#0.

k=0 ze(0,1] k=0 ze(0,1

Nevertheless, if 0 < a < 1, then by the fact that f; is decreasing for each k € N and {fi}7,

converges pointwise to f,

lim sup |fi(z) — f(z)| = ]}1_{{)10 Sl[lpu | fu(@)| = ]}LTQO |fu(a)| =|f(a)] =0

k—co z€la,1]

which implies that {fx}72, converges uniformly to f on [a, 1] for all a € (0,1).

Example 7.3. Let f; : [0,1] — R be given by

0 ﬁ%<x<L

1 2

fr(z) = —k*x+2k if-<z< =,
k k

kEx 1f0<a:<%.

Then similar to the previous example, we have
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1. {fr};2, converges pointwise to the zero function.
2. {fi}72, does not converge uniformly to the zero function on [0, 1].

3. {fx}i=, converges uniformly to the zero function on [a, 1] for all a € (0,1).

Example 7.4. Let f;, : [0,1] — R be given by fi(x) = 2*. Then for each a € [0,1), fr(a) — 0
0 ifzel01),

) then
1 ifx=1,

as k — oo, while if a = 1, fy(a) = 1 for all k. Therefore, if f(x) = {

fx — f p.w.. However, since

sup ‘fk(x) - f(x)‘ = sup) ‘fk(a:)‘ =1,

z€(0,1] z€(0,1

we must have
lim sup |fi(z) — f(z)] =1+0.

k—a0 z€(0,1]

Therefore, {f}72, does not converge uniformly to f on [0, 1].

On the other hand, if 0 < a < 1, then the fact that f; is increasing for all k£ € N implies
that

sup }fk(x) — f(x)‘ < a*;

z€[0,a]
thus by the Sandwich lemma,
lim sup |fk(a:) — f(a:)| =0.

k—o0 z€(0,a]

Therefore, {fi}72, converges to uniformly f on [0,a] if 0 < a < 1.

sin x

Example 7.5. Let f; : R — R be given by fi(x) = t Then for each z € R, |fi(x)] <

which converges to 0 as k — o0. By the Sandwich lemma,

El e

lim |fy(z)| =0 VzeR.

k—00

1
Therefore, fi — 0 p.w.. Moreover, since sup ‘fk(:v)‘ < o klim sup }fk(a:)‘ = 0. Therefore,
zeR —0 zeR

{fr}72, converges uniformly to 0 on R.

Proposition 7.6. Let (M,d) and (N,p) be two metric spaces, A < M be a set, and
fr, [+ A— N be functions for k =1,2,---. If {fi}}2, converges uniformly to f on A, then

{fk}zozl converges pointwise to f.
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Proof. For each a € A, p(fk(a),f(a)) < SUPLeqy p(fk(x), f(x)); thus the Sandwich lemma
shows that

lim p(fi(a), f(a)) =0

since {fx}, converges uniformly to f on A. o

Proposition 7.7 (Cauchy criterion for uniform convergence). Let (M,d) and (N, p) be two
metric spaces, A < M be a set, and f,, : A — N be a sequence of functions. Suppose that
(N, p) is complete. Then {fi}r, converges uniformly on B < A if and only if for every
e > 0, there exists N > 0 such that

p(fe(@), fo(z)) <& Vk,{= N and z € B.

Proof. “=" Suppose that {fi}72, converges uniformly to f on B. Let € > 0 be given. Then
there exists N > 0 such that
p(fu(z), fz)) < Vk> N and x € B.

Then if £, > N and x € B,

DN ™

p(fr(@), fo(@)) < p(fulz), f(2)) + p(f(2), fe(z)) < %Jr % = .

“<7” Let b € B. By assumption, { fk(b)}zozl is a Cauchy sequence in (N, p); thus is conver-
gent by the completeness of (N, p). Therefore, we establish a map f : B — N defined
by f(b) = klim fr(b). We claim that {fx}, convergence uniformly to f on B.
—00

Let € > 0 be given. Then there exists N > 0 such that

P(fk(m)vfe(ﬂﬁ)) < g Vk, >N and z € B.

Moreover, for each z € B there exists N, > 0 such that

p(filx), f(z)) < % Vi> N,

Then for all Kk > N and z € B,

p(fe(@), f(@) < p(ful@), fo(x)) + p(fe(2), f(x)) <

in which we choose ¢ = max{N, N,} to conclude the inequality. o
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Theorem 7.8. Let (M,d) and (N, p) be two metric spaces, A < M be a set, and fr: A — N
be a sequence of continuous functions converging to f : A — N uniformly on A. Then f is

continuous on A; that is,

lim f(z) = lim lim fy(z) = lim lim fy(z) = f(a).

T—a r—a k—o0 k—o0 z—a

Proof. Let a € A and £ > 0 be given. Since {f;};~; converges uniformly to f on A, there
exists N > 0 such that

p(fulx), f(2)) < g Vk>Nandze A

By the continuity of f,, there exists § > 0 such that

p(fu(@). fu(a) <

Therefore, if z € By(a,d) n A, by the triangle inequality

whenever x € By(a,d) n A.

Wl M

p(f(2), f(a)) < p(f(2), fy (@) + p(f (@), [ () + p(fy (a), f(a))

< +€+€—8'
3 3 3 7

thus f is continuous at a. O

zk

T 5 Then
T

Example 7.9. Let f; : [0,2] — R be given by fi(z) =
1. For each a € [0,1), fx(a) — 0 as k — oo;

2. For each a € (1,2], fx(a) > 1 as k — oo;

3. If a =1, then fi(a) = L for all k.

2
if xe[0,1),
Let f(x) = ifx=1, Then {fi}7_, converges pointwise to f. However, {fi}r,
if x € (1,2].
does not converge uniformly to f on [0, 2] since f; are continuous functions for all k € N but
f is not.

N = O

Remark 7.10. The uniform limit of sequence of continuous function might not be uniformly

continuous. For example, let A = (0,1) and fi(x) = L forall k e N. Then {fr}i2, converges
x

1
uniformly to f(x) = = but the limit function is not uniformly continuous on A.
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Theorem 7.11. Let I < R be a finite interval, fr, : I — R be a sequence of differentiable
functions, and g : I — R be a function. Suppose that {fk(a)}zo:l converges for some a € 1,

and {f/}72, converges uniformly to g on I. Then
L. {fx}, converges uniformly to some function f on I.

2. The limit function f is differentiable on I, and f'(x) = g(z) for all x € I; that is,

d d

Jim fi(x) = lim - fio) = o lim fi(2) = f'(2).

Proof. 1. Let € > 0 be given. Since {fk(a)}zo:l converges to f(a), {fk(a)}zo:l is a Cauchy

sequence. Therefore, there exists N; > 0 such that

| fi(a) — fola)| < g Yk (> Ny

By the uniform convergence of {f/}7; on I and Proposition 7.7, there exists Ny > 0
such that
\ﬂ@y—ﬁ@ﬂ<ﬁ% Wk (> Nyandael,

where || is the length of the interval.

Let N = max{Nj, N2}. By the mean value theorem, for all k,¢ > N and z € I,

there exists £ in between z and a such that

elx — al
2|1]

|fi(@) = fo(@) = fila) + fola)] = 1£i(€) — F{(©)llz —a] <

Y

DO ™

thus for all £,/ > N and x € I,

LM@—ﬁ@ﬂ<Mmy¢mm+g<g+gza

Therefore, Proposition 7.7 implies that {fi}{_, converges uniformly on /.

2. Suppose that the uniform limit of {f}}{2, is f. For any given point ¢ € I, define

A@ 8O g EE
o(x) = r=c and ¢(z) = r—c
fi(e) if x=c, g(c) if = c.

Then ¢y, is continuous on I for all k € N, and {¢,}72; converges pointwise to ¢.
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Claim: {¢x}{_, converges uniformly to ¢ on I.

Proof of claim: Let € > 0 be given. Since {f}}{_; converges uniformly on I, there
exists N > 0 such that

sup|fi(s) = f/(s)] <e  Vk{=N.

sel
Since
[fi(@) = fil€) = fol@) + fulo) ifx#c,ozel
61(2) — ul)| = r— Jwel,
’fk/(c) _fz,<0)‘ if v =c,

by the mean value theorem we obtain that
|0k (2) — do(x)| < sup|fi(s) — f/(s)| <e Vk{>=Nandzel.
sel

Therefore, the Cauchy criterion shows that {¢x}2, converges uniformly to ¢ on I,
and Theorem 7.8 further shows that ¢ is continuous on I; thus

f'(c) =lim ¢(z) = ¢(c) = g(c). =

Tr—C

Example 7.12. Assume that f; : I — Ris differentiable for all £ € N, and { f/}2_, converges
uniformly to g on I. Then {f;}2; might NOT converge. For example, consider fi(x) = k.
Then f] =0 but {f}{, does not converge.

sin(k%x)

Example 7.13. For each k € N, let f; : [0,1] — R be defined by fi(x) = A Then

{fr}72, converges uniformly to the zero function on [0, 1] since

sup |fi(z) — 0] = sup }M

| <
2e[0,1] 2e[0,1] k

1
— = lim sup |fk(:t) — 0‘ =0.
k k=0 1e(0,1]

However, note that f/(z) = kcos(k*r) so that {f/(0) = k which diverges to o (so that
{f/}7, does not even converge pointwise). Therefore, even if a differentiable sequence

{fr}72, converges uniformly, it does not implies that {f/}>, converges (pointwise).

Example 7.14. Assume that f; : I — R is differentiable for all £ € N, and {fx}72,
converges uniformly to f on I. Then f might NOT be differentiable. In fact, there are
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differentiable functions fj : [a,b] — R such that f; converges uniformly to f on [a,b] but f
is not differentiable. For example, consider

—q? if ‘x| < %,
fulz) = 1,1
|x‘—ﬂ 1fE<|x‘<1

Observe that fi(—z) = fi(x), so it suffices to consider x > 0.
1. Let f(x) = |z|. Then f; — f uniformly:

sup ‘fk<17> - f(x)]

ze[—1,1]

= sup |fr(z) — 7| :max{ sup |fi(z) — z|, sup ‘fk(x)—x’}

z€[0,1] xe[O,%] HCG[%J]

ka2
:max{ sup }——x

1
csup fo— |

z€[0,] 2 ze[+,1] 2k
ka? k. 1 1 3
< sup |7‘+‘x{<§(E)2+E:%—>Oask—>oo.

1’6[0,%}

1
2. To see if fj are differentiable, it suffices to show f,;(%) exists.

1 1 1 .
1 RGan -y 1 G g g R0
fi(3) = lim h = Hmey 1
—> —> = 2_ .
2(k:+h) o if h <0
1 h ifh>0
= jim o h+§m ifh<0 —

Example 7.15. Assume that f; : [-1,1] — R be given by

( 0 itee[-1,0,
2
. %ﬁ ifZL‘E(O,%},
HT) =9 K, 20 12
1—?(30—%) 1fxe(k,E],
\ 1 ifwe (2]
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( 0 if z € [—1,0],
Koo ifze (0, %] ,
Then f/(z) = < 9 1 2. and {f/}}2, converges pointwise to 0 but not
—k*(z—2) ifze (-, 5],
k k' k
. 2
| 0 if v e (%, 1} ,
uniformly on [—1, 1]. We note that {f;}{_, converges to a discontinuous function
0 if xe[-1,0],
f(:”)_{ 1 ifze(0,1],

so the convergence of {fi}72, cannot be uniform on [—1,1].

Example 7.16. There are differentiable functions f; : [a,b] — R such that f; converges
X

. . / : / —_
uniformly to f on [a,b] but kh_}rrolo fi # (kll_{lolo fr). For example, take fr(x) = T on
B gy LR
[—1,1]. Then f/(z) = 1+ k222)?

1. Since lim sup — 0‘ = lim L 0, fx converges uniformly to 0 on [—1,1].

‘ T
k—o0 ze[—1,1] 1 + ]{725132
2. (Jim fu(x))" =0"=0.

1 — k242 _{ 1 ifx=0,

3. li '(x) = li
im f/(z) = lim 0 ife0,

k—o0 k—o0 (1 + ki2$2)2 o
uniformly.

Note that f; does not converge

a:']<1

Theorem 7.17. Let f, : A — R be a sequence of Riemann integrable functions which
converges uniformly to f on A. Then f is Riemann integrable on A, and

lim L Fuolz) do = L lim fi(x) do = L f(x)dz. (7.1.1)

k—00
Proof. Let R be a rectangle such that A € R and v(R) > 0, and £ > 0 be given. Since
{fr}72, converges uniformly to f on A, there exists N > 0 such that

|[fr(z) = f(2)] <

£
4v(R)

Vk>=Nandze A. (7.1.2)

Since f, is Riemann integrable on A, by Riemann’s condition there exists a partition P of
A such that

U(fy,P) = L(fy, P) <

DN ™
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By Proposition 6.8, we find that

U(f,P)—=L(f,P)=U(f = fy + [v.P) = L(f = [y + /v, P)
< U(f_fN’P) +U(fN?7D) _L<f_fN7P) _L(fN7P)

£ €
< 4V<R)V(R) + WV(R) + U(fNJP) - L(fN77D)
e €,¢€
<Z+Z+§_57

thus by Riemann’s condition f is Riemann integrable on A.
Now, if £ > N, (7.1.2) implies that

U fulz dx—f flo d:z: _” ful@) — f() )d:v‘ <L\fk(x)—f(x)\dx

which shows (7.1.1). o

Example 7.18. In this example we provide a sequence of integrable functions converges
pointwise to a limit function which is not integrable. Let {qx}72; be the rational numbers
in [0, 1], and

0 ifre{q,q -, u,

1 otherwise.

o) = {
Then f; converges pointwise to the Dirichlet function

0 ifzeQnl0,1],

Jx) = { 1 if z e [0,1\Q.

It is well-known that the Dirichlet function is not integrable. However, {f;}7; does not

converge uniformly to f since fj, are Riemann integrable on [0, 1] for all k € N but f is not.

7.2 Series of Functions and The Weierstrass M-Test

Definition 7.19. Let (M,d) be a metric space, (V,| - |) be a normed space, A < M be a

subset, and gx, g : A — V be functions. We say that the series Z gr converges pointwise if

the sequence of partial sum {s,}>°_; given by

Sp = Z gk
k=1
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0 Q0
converges pointwise. We use Y, gx = ¢ p.w. to denote that the series > g converges
k=1 k=1
o0
pointwise to g. The series ), gy is said to converge uniformly on B < A if {s,}>_, converges
k=1

uniformly on B.

e 6}
Example 7.20. Consider the geometric series >, 2*. The partial sum s, is given by
k=0

_ en+1
1-z ifx#1,
Sp(x) = 1—x

n+1 ifz=1.

Then

e}
1. > 2* converges pointwise to g(z) = :
k=0

in (—1,1).

0
2. > 2* does not converge pointwise in (—oo, —1] U [1,00).

k=0
o0
3. > 2% converges uniformly on (—a,a) if 0 < a < 1 since
k=0
o] _ Ja]!
sup |sp(z) —g(x)| = sup < — 0 asn— .
ze(—a,a) ’ ( ) ( )‘ z€(—a,a) -z I—a

Q0
4. > 2% does not converge uniformly on (—1,1) since sup |[s,(x) — g(z)| = .
k=0 ve(—1,1)

The following two corollaries are direct consequences of Proposition 7.7 and Theorem 7.8.

Corollary 7.21. Let (M,d) be a metric space, (V,| - |) be a complete normed vector space,
0
A< M be a subset, and g : A — V be functions. Then Y g converges uniformly on A if

k=1
and only if

Ve>0,3N>09H Z gk(x)H<e Vn>mz=N andz € A.
k=m+1

Corollary 7.22. Let (M,d) be a metric space, (V,| -||) be a normed vector space, A < M
be a subset, and gi,g : A — V be functions. If g, : A — V is continuous for all k € N and

a0
> gr(x) converges to g uniformly on A, then g is continuous.
k=1
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Theorem 7.23. Let f : (a,b) — R be an infinitely differentiable functions; that is, % (x)
exists for all k € N and x € (a,b). Let c € (a,b) and suppose that for some 0 < h < o0,
|f®)(x)| < M for all x € (c—h,c+h) < (a,b) and k € N. Then

0

f® (e

fla)y=>" kf )(:L'—c)k Vze(c—h,c+h)
k=0

and the convergence is uniform.

Proof. First, we claim that

nor(k) (¢ x — )"
f(z) = Z fk—‘()(x —o)f + (—1)”J uf("“)(y)aly Vze(ab). (7.2.1)
k=0

. n!

By the fundamental theorem of Calculus it is clear that (7.2.1) holds for n = 0. Suppose
that (7.2.1) holds for n = m. Then

(k) (e — p)ymtl y=z T () — )Ml
0= 2 e ot o [ - [ wa)
m—+1 (k) c z ) 1
= % Do o [T B pn
k=0 ' c :

which implies that (7.2.1) also holds for n = m + 1. By induction (7.2.1) holds for all n € N.

n £(k)
Define s,(z) = >; fkl(c)(:v —¢)*. Our goal is to show that {s,}*_, converges uniformly

k=0
to f on (¢ — h,c+ h). Nevertheless, note that if x € (¢ — h,c+ h),
T hn hn+1
|sn(z) — fz)] < ‘L m]\/[dy‘ < oy M.
hn-l—l
By the fact that lim —M =0, we conclude that
n—oo M.
lim  sup |s,(z)— f(z)|=0. o

=P pe(c—h,c+h)

Remark 7.24. Assume the conditions in Theorem 7.23. Then applying Theorem 7.23 to
the function g = f’ shows that

d < fP(e) o d 1% (e)
el ‘ (x_c)k:,;)%[ X (x—c)k] Vze(c—h,c+h).

This is a special case of Corollary 7.38.
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l‘2k+1

o (2k + 1)!

0
Example 7.25. The series > (— converges to sin x uniformly on any bounded
k=0

subset of R.

Theorem 7.26 (Weierstrass M-test). Let (M,d) be a metric space, (V, | -|) be a complete

normed vector space, A = M be a subset, and g, : A — V be a sequence Offunctions Suppose

that there exists My > 0 such that sup lge(2)| < My for all k € N and Z M. converges.
k=1

Then Z g converges uniformly and absolutely (that is, Z lgk|l converges uniformly) on A.
k=1 k=1

Proof. We show that the partial sum s, = ). g satisfies the Cauchy criterion. Let ¢ > 0

o0 k=1 n

be given. Since >, Mj converges (which means > M converges as n — o0), the Cauchy
k=1 k=1

criterion for the convergence of series of vectors (Theorem 2.65) implies that there exists
N > 0 such that
n n
Z Mk:’ Z Mk‘<€ Vn>m=>=N.
k=m-+1 k=m+1
Therefore,

H i gk(x)H< i Hgk(x)H< i M,<e Yn>m>=Nandzxe A

k=m+1 k=m+1 k=m-+1

and the desired result follows from the Cauchy criterion for the uniform convergence of series

of functions (Corollary 7.21). o
Theorem 7.8 and 7.26 together imply the following

Corollary 7.27. Let (M,d) be a metric space, (V,| - |) be a complete normed vector space,

A < M be a subset, and gr. : A — V be a sequence of continuous functions. Suppose that
0

there exists My > 0 such that sup |gx(z)| < My for all k € N and >, My converges. Then
€A k=1

0

> gx is continuous on A.
k=1
& kN2 kN2 Rk
Example 7.28. Consider the series f(x) = )] <ﬁ> . For all z € [-R, R], <k'> < W
k=0 \ R !
Moreover,
lim su hm = —0;
e i i~ o

0 kN 2
thus the ratio test and the Welerstrass M-test anly that the series Z <z') converges
=0
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uniformly on [-R, R]. Theorem 7.8 then shows that f is continuous on [—R, R]. Since R is

arbitrary, we find that f is continuous on R.
0
Example 7.29. Let {a;};>, be a bounded sequence. Then )| kl'ﬂ x* converges to a contin-
k=0
uous function.
& (2k+ 1)z
Example 7.30. Consider the function f(x) = = Z u
mizo (2k+1)?
(later) that f(z) = |z| for all z € [—7, 7], and by the Weierstrass M-test it is easy to see

that the convergence is uniform on R.

We can in fact show

B

ShShSh
EEE

8

<)
&

||
e

N

S
&

T 12 0 /2

Figure 7.1: The graph of some partial sums

7.3 Integration and Differentiation of Series

The following two theorems are direct consequences of Theorem 7.11 and 7.17.
ee}

Theorem 7.31. Let g, : [a,b] — R be a sequence of Riemann integrable functions. If >, g
k=1
converges uniformly on |a,b], then

[ Synets =3 [ oo

Theorem 7.32. Let gi : (a,b) — R be a sequence of differentiable functions. Suppose that
0 0

> gr converges for some c € (a,b), and Y] g,g converges uniformly on (a,b). Then
k=1 k=1

ng ng

Definition 7.33. A series is called a power series about c or centered at c if it is of

o0
the form Y ag(x — ¢)* for some sequence {a;}?*, R (or C) and c€ R (or C).
k=0
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Proposition 7.34. If a power series centered at c is convergent at some point b # ¢, then

the power series converges pointwise on B(c, |b—c|), and converges uniformly on any compact
subsets of B(c,|b—c|).

Q0

Proof. Since the series Y. a(b— c)* converges, |ax||b— c|¥ — 0 as k — oo; thus there exists
k=0

M > 0 such that |az||b— c| < M for all k.

0
1. z € B(c, |b— c|), the series Y ap(x — ¢)* converges absolutely since

k=0
0

(e — M < S Jaulle — e = 3 faulp— o2 < 0 3 (lel)
ECka—C <Z ag||lr — ¢ :2 ag||b —c < Z( )
k=0 B k=0 k=0 b—c* b=

k=0

which converges (because of the geometric series test or ratio test).
2. Let K < B(c,|b— ¢|) be a compact set. Then
dist(K,0B(c,|b—c|)) = inf{|lz — y| |z e K,|y — ¢| = [b— [} > 0.

|b — ¢| — dist(K, 0B(c,|b—¢|))
[b— ¢l
z € K. Therefore, |ay(z — ¢)¥| < Mr* if x € K; thus the Weierstrass M-test implies

Define r» =

. Then 0 < r < 1, and |z —c| < r|b— ] for all

o0
that the series > ax(z — ¢)* converges uniformly on K. o
k=0

By the proposition above, we immediately conclude that the collection of all x at which
the power series converges must be connected and symmetric; thus is a disc or a point. This

observation induce the following

Definition 7.35. A non-negative number R is called the radius of convergence of the
0

power series Y. a(z—c)" if the series converges for all x € B(c, R) but diverges if x ¢ B, R].
k=0
In other words,
o0
R = sup {r > O‘ Z ax(x — ¢)* converges in Ble, R] }
k=0
The interval of convergence or convergence interval of a power series is the collection
of all x at which the power series converges.
Remark 7.36. A power series converges pointwise on its interval of convergence.
Q0
Theorem 7.37. Let {ay};°y S C, c € C, Y ap(x — ¢)* be a power series with radius of
k=0

convergence R > 0, and K < B(c, R) be a compact set. Then
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0
1. The power series Y. ap(x — c)* converges uniformly on K.
k=0

[oe}
2. The power series . (k+1)agy1(z —c)* converges pointwise on B(c, R), and converges
k=0
uniformly on K.

Proof. 1. It is simply a restatement of Proposition 7.34.

Q0
2. By 1, it suffices to show that the power series > (k+1)ag1(z—c)* converges pointwise
k=0

on B(c, R). Clearly the series converges at z=c Letze B(e,R) and x # c¢. Since
|z — ¢| < R, there exists b € B(c, R) such that

R —
|b_c|:M_
2
Thenifr—’g_ aq 0<r<1and
e} o0 |ZL'—C| k o0
D2k + Dlagllz — cff < Z k+1)|agq|[b— |k<|b—c|) <MY (k+1)r*
k=0 k=0 k=0

o0
for some M > 0. Note that the ratio test implies that the series >} (k+1)r* converges
0 k=0
if 0 <7 < 1; thus Y (k+ 1)|ags1||z — c|* converges by the comparison test. o
k=0

o0
Corollary 7.38. Let {a;}, < R and c € R, and Y, ar(x — ¢)* be a power series with

o k=0

radius of convergence R > 0. Then Y. an(x — c)* is differentiable in (c — R,c+ R) and is
k=0

Riemann integrable over any closed intervals o, ] € (¢ — R,c+ R). Moreover,
d < =
—Z (z — )" Zkakx—c Vrxe(c—R,c+ R)

and
0 B8
J Z ap(x — o)fde = Z akf (z — c)*dx
@ k=0 k=0 Yo

Example 7.39. Let {a;};>, be a bounded sequence. Then

d ag - ag _ N At
%(Z Kl k):;(k—1)!$k 1:;) o
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0 k

t
Example 7.40. We show J e*dr = e' — 1 as follows. By Theorem 7.23, e* = Z % and
0 =0

the convergence is uniform on any bounded sets of R; thus Corollary 7.38 imphes that

f 4 Z d ZJ 00 tk-l—l © tk .
Tdx = —dr = R~ —=e —1.
0 k= 0 k=0 (k + 1) k=1 k!
d a0 T 09] o0
Example 7.41. ( > —) = Y 2Pt = 3 aF for all z € (—1,1); thus
da =1k k=1 k=0
d /& zk 1
- — )= Y —-1,1).
dx(ék) 1—x ve(=1,1)
As a consequence,
Z J o dx = —log(l—1) Vte (—1,1). (7.3.1)

Using the alternatlng series test, it is clear that the left-hand side of (7.3.1) converges at
t = —1. What is the value of

o0
(—1)F 11 1 1 1
_ S e R R R
g - 5+ +r-gt

3 4 5

Consider the partial sum i( i $k> = il ak = 1z 1 @ Integrating both
p de\= k) = 1-2z 1-2 1-2a & &

sides over [—1,0],

‘§<4ﬁ+¢ 4<f0’wd f( )"d L 0asn—w
O < Tr < —T T = as n 3
k & a2 1l—x 1 n+1

k=1

thus 1 1 1 1 1
T T S S Ty
53 175 67 8

In other words,

o 1F
EIE:: log(1—t)  Vte[-1,1).

Q0 0¢]
Example 7.42. It is clear that L _ S(—z?)* = > (=1)kz% for all z € (—1,1). So if
1+a2 = k=0
e (—1,1),
T o T
tm11x-—J‘ f —1)FRdr =Y | (—1)FRdt
k=0 k=00
:i< )t2k+1 ’”_x_l'_3+55_5_17_7+
2k +1 t=0 3 ) 7
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The right-hand side of the identity above converges at x = 1. What is the value of

% k
(—1) 1 1 1
T e T
2 or Tpoa T
Mimic the previous example, we consider

Tt T —t2 n+1 T —t2 n+1
= [ 12 [ [ S

o 1+1¢2 0 1+ o 1+t

x N T (42 ntl

f (-1 t%dt—l—J %dt

0 k=0 o 1+t

STl et o (D ")
Yok dt J (—dt A J ~—————dt;
];)L +0 1+t Z2k+1$ +0 1+t

thus plugging = = 1,

L (=1)k 1 42(n+1) 1 1
‘tan_ll—Z ‘éj dt<f 2 g = — 0 asn — .
2k +1 o 1+1t2 0 2n + 3
Therefore,
TR
_ — —_— = e — an = —_—
3 5 7 4

7.4 The Space of Continuous Functions

Definition 7.43. Let (M,d) be a metric space, (V.| - |) be a normed vector space, and
A < M be a subset. We define €'(A; V) as the collection of all continuous functions on A

with value in V; that is,
¢ (A;V)={f:A— V]| is continuous on A}.

Let 6,(A; V) be the subspace of €’ (A; V) which consists of all bounded continuous functions
on A; that is,
Gh(A; V) ={f e € (A4 V)| f is bounded}.

Every f € %,(A; V) is associated with a non-negative real number | f|, given by
[flleo = sup {[f(2)] |2 € A} = sup | f ()]
e

The number | f| is called the sup-norm of f.
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Proposition 7.44. Let (M,d) be a metric space, (V,|-|) be a normed vector space, A < M

be a subset.

1. €(A;V) and 6,(A; V) are vector spaces.
2. (€(A;V), | - ) is a normed vector space.
3. If K < M is compact, then € (K;V) = €,(K; V).
Proof. 1 and 2 are trivial, and 3 is concluded by Theorem 4.25. =

Remark 7.45. In general | - | is not a “norm” on €(A;V). For example, the function
flz) = = belongs to €'((0,1); R) and ||f|, = 0. Note that to be a norm | f|, has to take
x

values in R, and o ¢ R.

Proposition 7.46. Let (M,d) be a metric space, (V,||-|) be a normed vector space, A < M
be a subset, and fi € €,(A;V) for all k € N. Then {fi,}{_, converges uniformly on A if and
only if {fr}i, converges in (€,(A; V), | - ).

Proof. (<) Suppose that {fi};2, converges in (%,(4;V),| - |x). Then there exists f €
(€,(A; V), | - o) such that klim |fx — floo = 0, and by the definition of the sup-norm,
—00

lim sup | fx(z) — f(2)] = 0.

k=0 zcA

Therefore, {fr};2, converges to f uniformly on A.

(=) Suppose that {fi}72, converges uniformly on A. Then there exists a function f: A —

VY such that
lim sup || fx(z) — f(z)]| = 0.

k—0 zeA

By the definition of the sup-norm, it suffices to show that f € %,(A;V) in order to
conclude the proposition. By Theorem 7.8, we obtain that f € %' (A;V). Moreover,

the uniform convergence implies that there exists N > 0 such that
| fu(x) — f(z)| <1 Vk>NandzeA.

In particular, the boundedness of f, provides M > 0 such that ||f, (z)| < M for all
x € A; thus

If@ <A@+ 1f(z) - f@)]<M+1 VreA

This implies that f is bounded; thus f € €,(A; V). D
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Theorem 7.47. Let (M, d) be a metric space, (V,||-|) be a normed vector space, and A < M
be a subset. If (V,|-|) is complete, so is (€4(A; V), ]| - [)-

Proof. Let {f,}7, be a Cauchy sequence in (¢,(A;V),| - |-). Then
Ve>0,3N >0 3 |fx — fillo <& whenever k,{=> N.
By the definition of the sup-norm, the statement above implies that
Ve>0,3N >0 3| fi(x) — fo(z)| <e whenever k ¢> N andze A

which shows that {fi}{, converges uniformly on A because of the Cauchy criterion. Propo-
sition 7.46 then implies that {f}72, converges in (6,(4; V), ] [|x0)- o

Example 7.48. In this example we try to visualize a ball in %,(A,V). Note that if f €
%»(A,V) and € > 0. Then

B(f.2) = {g e G(AV) |If — gl <<}

In particular, if A = [a,b] and V = R, then g € B(f,¢) if and only if |f(z) — g(z)| < ¢ for
all x € [a,b] which means that the graph of ¢ lies between the graph of y = f(x) 4+ ¢ and
y=flz)—e

O x

Figure 7.2: g € B(f,¢) if the graph of g lies in between the two red dash lines

Example 7.49. The set B = {f € ¢([0,1];R)|f(z) > 0 for all z € [0,1]} is open in

Reason: Let f € B be given. Since [0, 1] is compact and f is continuous, by the extreme

f (o)
2

value theorem there exists zo € [0, 1] so that i[nf ] f(z) = f(zo) > 0. Take e = . Now
z€(0,1
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if g is such that ||g — f|. = sup ’g(m) — f(a:)} <e= @, we have for any y € [0, 1],
z€[0,1]
o) — F)] < sup Jgfa) — flo)] < T2,
z€[0,1]
thus
f (o) f(xo)  flwo)

> 0.

> f(wo) —

9(y) = fly) -
Therefore, g € B; thus B(f,e) < B.

2 2 2

Example 7.50. Find the closure of B given in the previous example.

Proof. Claim: cl(B) = {f € €([0,1],R)| f(z) = 0}.
Proof of claim: We show that for every f € {f € ¢(]0,1],R) ‘ f(z) = 0}, there exists f, € B

such that || fx — f|c — 0 as k — oo0. Take fi(x) = f(x)%—%, then fr € B (" fr(x) > 0), and

1 1
I fe = floo = sup ‘fk(ff)—f(ff)‘< sup E=—->Oask‘—>oo. o
z€[0,1] z€[0,1]

7.5 The Stone-Weierstrass Theorem

Theorem 7.51 (Weierstrass). Let f : [0,1] — R be continuous. Then for every e > 0, there
exists a polynomial p : [0,1] — R such that |f — p|w < €. In other words, the collection of

all polynomials is dense in the space (€([0,1;R), | - [x)-

Proof. For a fixed n € N, let ri,(z) = CPa®(1 — z)"*. By looking at the partial derivatives
with respect to x of the identity (z 4+ y)" = >, Cra*y"*, we find that

k=0
1. é}ork(x) =1, 2. é}o kry(z) = nx; 3. éjok‘(k: — Dre(z) = n(n — 1)z
As a consequence,
Z(k —nx)*r(z) = Z [k(k —1) + (1 = 2n2)k + n*2®|ry(z) = na(l — z).
k=0 k=0

Let € > 0 be given. Since f : [0,1] — R is continuous on a compact [0, 1], f is uniformly
continuous on [0, 1] (by Theorem 4.49); thus there exists § > 0 such that

‘f(x)—f(y)|<g whenever |z —y| <4, z,y €[0,1].
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[l
no nd?
> f(ﬁ)rk(w). Then p is a polynomial. Moreover, for x € [0, 1] we have
k=0

10) =50 = | 3 (10) — ()t < @) = 1 E)eto
Mo+ 2 )@ - (G

|k—nz|<dn  |k—nz|=dn

Choose n € N such that < ¢, and define the Bernstein polynomial p(x) =

£ (k — nx)?
<sH2fle Y, k@)
2 |k—nz|=6n (k N nx)2
e, 2Wle § e 2flw
n242 Z ><§+ nd? (1 —w).
Since sup z(l —x) = 1, we find that
2e[0,1] 4
_ £l _
If = vl = sup @)= p)| < S +50 5 < :

Remark 7.52. A polynomial of the form p,(z) = Z Brri(z) is called a Bernstein poly-

nomial of degree n, and the coefficients [ are called Bernstein coefficients.

Figure 7.3: Using a Bernstein polynomial of degree 350 (the red curve) to approximate a
“saw-tooth” function (the blue curve)

Corollary 7.53. The collection of polynomials on [a,b] is dense in (€ (la,b;R), | - [«)-

Proof. Let g € €([a,b];R). Define f(x) = g(x(b—a)+a). Then f e €([0,1];R); thus there
exists a sequence p,, € €([0, 1]; R) such that

lim sup ‘f pn(y)| =0.

=90 4el0,1]
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—a (or x =y(b—a)+a),

Therefore, with the change of variable y = 9;

ZC—CL)

b—a

= lim sup |f(y) — pa(y)| = 0;

% yef0,1)

lim sup |g(x) ~ pu

=0 yela,b]

thus by the fact Pn(?) is a polynomial in x for all n € N we conclude that there exists
—a

a sequence of polynomials converging to ¢ uniformly on [a, b]. o

Definition 7.54. Let (M, d) be a metric space, and E < M be a subset. A family A of

real-valued functions defined on F is called an algebra if
1. f+ge Aforall f ge A,
2. f-ge Aforall f,ge A;
3. af e Aforall fe Aand aeR.

In other words, A is an algebra if A is closed under addition, multiplication, and scalar

multiplication.

Example 7.55. A function g : [a,b] — R is called simple if we can divide up [a, ] into
sub-intervals on which ¢ is constant except perhaps at the end-points. In other words, g is

called simple if there is a partition P = {z¢, x1,--- ,xn} of [a,b] such that

g(x) = g(%%M) if ze (xi1,m).

Then the collection of all simple functions is an algebra.

Proposition 7.56. Let (M,d) be a metric space, and A =< M be a subset. If A< 6,(A;R)

is an algebra, so is A.

Proof. Let f,g € A. Then there exists {f}?*,,{gr}7, < A such that {f.}?, converges
uniformly to f on A, and {gx},~, converges uniformly to g on A. Since A is an algebra,
fx + 9k, fr - 9x and afy belong to A for all £k € N. By Theorem 2.48 and Proposition 7.46,
the limit of {fy + gx}?, and {afy.}?2, belong to A which implies that f + ¢ and o f belong

to A. Moreover,

1 fe gk = [ - gleo <k = Flloollgrlloo + 1f g6 = gl

which converges to 0 as k — o0; thus f - g is the limit of {f} - gx};>, so that f-g € A.

Therefore, A is an algebra. =
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Corollary 7.57. Let (M,d) be a metric space, K < M be a compact set, and A < € (K;R)
be an algebra.

1. If fe A, sois|f|.

2. If fi,--- , fn€ A, then max{fi, -, fu} € A and min{fy,--- , f,} € A, where
maX{fl)"' 7fn}($) = maX{fl<x>7"' 7fn($)}7
mln{fh 7fn}($) = mln{fl(x)v afn(x)}

Proof. 1. Let f € A. Then f is bounded so that M = sup |f(x)| € R. By Corollary 7.53,
zeK

there exists a sequence of polynomial {p,}>_, such that lim su |pn(y) — ]yH =0.
n—w ye[fM’M}

Since A is an algebra, A is also an algebra; thus g, = p,(f) € A. Moreover,

ilelzg{gn(x)—lf(x)\\Zilelfg\pn(f(x))—lf(w)\\< sup ]\pn(y)—lyl\

ye[_MvM

which shows that {g,}>_, converges uniformly to |f| on K; thus |f| € A=A

2. It suffices to show that max{f, g} and min{f, g} both belong to A since

max{fi, -, fn} = max{max{fi,---, fu-1}, fn},
min{fla"' >fn} = min{min{fla'” 7fn—1}>fn}-

Nevertheless, note that max{f, g} = f—2|—g + !f;g| and min{f, g} = f;—g — |f;9"

we find that if f,g e A then max{f, g} € A and min{f, g} € A. o

Definition 7.58. Let (M,d) be a metric space, and E € M be a subset. A family .% of
real-valued functions defined on F is said to

1. separate points on E if for all x,y € E and = # y, there exists f € .%# such that
fz) # f(y).

2. vanish at no point of E if for each x € E there is f € .% such that f(z) # 0.

Example 7.59. Let Z([a,b]) denote the collection of polynomials defined on [a,b] is an

algebra. Moreover, Z([a,b]) separates points on [a,b] since p(z) = x does the separation,
and Z([a,b]) vanishes at no point of [a, b].
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Example 7.60. Let Poen([a,b]) denote the collection of all polynomials p(z) of the form
p(r) = Z apz? = a,22" + ay 1222 + -+ ag.
k=0

Then Peven([a, b]) is an algebra. Moreover, Peven([a, b]) vanishes at no point of [a, b] since the
constant functions are polynomials (since constant functions belongs to &([a, b]). However,
if ab < 0, Peven([a, b]) does not separate points on [a, b]. On the other hand, if ab > 0, then

Peven(|a, b)) separates points on [a, b] since p(z) = z? does the job.

Lemma 7.61. Let (M,d) be a metric space, and E < M be a subset. Suppose that
A < 6,(E;R) is an algebra, A separates points on E, and A vanishes at no point of E.
Then for all x1,x9 € E, 11 # x2, and ¢1,c3 € R (¢1, ¢y could be the same), there exists f € A
such that f(x1) = c¢1 and f(z2) = co.

Proof. Since A separates points on E, there exists g € A such that g(z1) # g(x2), and since
A vanishes at no point of E, there exists h, k € A such that h(x;) # 0 and k(z2) # 0. Then

[9(x) — g(w2)] h(x) 2 [9(x) — g(a1)] k(x)
g(x1) 9(%)]}1(551) [9(5’72)_g<$1)]k($2)

has the desired property. O

f(x):cl[ : +c

Theorem 7.62 (Stone). Let (M,d) be a metric space, K < M be a compact set, and
A < € (K;R) satisfying

1. A is an algebra. 2. A separates points on K. 3. A vanishes at no point of K.

Then A is dense in € (K;R); that is, for every f € €(K;R) and € > 0, there exists g € A
such that | f — glo < €.

Proof. We first show that for any given f € € (K;R), a € K and ¢ > 0, there exists a
function g, € A such that

ga(a) = f(a)  and  gu(z) > f(x) —¢ VreK. (7.5.1)

Let f € €(K;R), a e K and € > 0 be given. Since A is an algebra, so is A; thus Lemma 7.61
implies that there exists h, € A such that hy(a) = f(a) and hy(b) = f(b). Note that every
function in A is continuous (by Theorem 7.8); thus the continuity of h; provides § = &, > 0
such that

ho(x) > f(x) — e Vae [B(b,&) uB(a,d)] nK.
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Let Uy, = B(b, 51)) U B(a, 5b). Then U, is open. Since K < | J U, and K is compact, there ex-
be K
b#a

ists a finite set {b1, -+ ,b,} < K\{a} such that K < CJ Uy,. Define g, = max {hy,, - hs,, }.
Then g,(a) = f(a), and Corollary 7.57 implies that gja_; A. Moreover, if z € K, z € Uy, for
some 7; thus
ga(@) = oy, (x) > f(x) — ¢
which implies that g satisfies (7.5.1).
Let f € €(K;R) and ¢ > 0 be given. For any a € K, let g, € A be a function satisfying

3

ga(a) = f(a) and g.(x) > f(z) — 3 Vze K. (7.5.2)
By the continuity of g,, there exists 6 = J, > 0 such that
%@g<f@y+g Vze Bla,d,) nK. (7.5.3)
By the compactness of K, there exists {a, - ,a,} © K such that

K < | ) B(aj,,)-
=1
Define h = min {ga,, - , ga, }. Corollary 7.57 implies that h € A, and (7.5.2) shows that
9

hx) > fla) ~

Moreover, if x € K, there exists j such that z e B(aj, 5%,) and (7.5.3) further shows that

Vre K.

() < go, () < f(2) +

thus
h(x)<f(x)+% Vee K.

Therefore, we establish the existence of h € A such that
h(z) — f(x)| < % VeekK.
On the other hand, since h € A, there exists p € A such that

Ip(z) — h(z)| < VeeK;

thus
p(x) = f(2)| < |p(x) = h(z)| + |h(z) - f(z)| <e  VzeK

which concludes the theorem. o
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Example 7.63. Let K =[—1,1] x [-1,1] € R% Consider the set 2 (K) of all polynomials
p(z,y) in two variables (z,y) € K. Then & (K) is dense in € (K;R).

Reason: Since K is compact, and &?(K) is definitely an algebra and the constant function
p(z,y) = 1 € P(K) vanishes at no point of K, it suffices to show that Z(K) separates
points. Let (aq,b1) and (ag, bs) be two different points in K. Then the polynomial

p(z,y) = (z —a1)” + (y — br)?
has the property that p(a,by) # p(ag, by). Therefore, 2 (K) separates points in K,

Example 7.64. Consider Peyen([0,1]) = {p(x) = Y apr® ‘ ap € R} (see Example 7.60).
k=0
Then A = Peen([0, 1)) satisfies all the conditions in the Stone theorem, s0 Peven([0, 1]) is

dense in ([0, 1]; R).

On the other hand, if K = [—1,1], then Peyen([—1,1]) does not separate points on K
since if p € Poven(|—1,1]), p(x) = p(—x); thus the Stone theorem cannot be applied to
conclude the denseness of Peyen([—1,1]) in €([—, 1];R). In fact, Peyen([—1, 1]) is not dense
in €(|—1,1];R) since polynomials in Peyen([—1,1]) are all even functions and f(z) = x

cannot be approximated by even functions.

Corollary 7.65. Let €' (T) be the collection of all 2w-periodic continuous real-valued func-
tions, and 2, (T) be the collection of all real-valued trigonometric polynomials of degree n;
that 1is,

2, (T) = {%0 + Z cp coskx + s sin kx ‘ {ck}rco {sktie) S R}.
k=1

a0

Then Z(T) = | Z.(T) is dense in €(T). In other words, if f € €(T) and € > 0 is given,
n=0

there exists p e P(T) such that

‘f(l")—p(l")‘<€ VzeR.

Proof. We note that € (T) can be viewed as the collection of all continuous functions defined
on the unit circle S! in the sense that every f € €(T) corresponds to a unique F' € € (S*; R)
such that f(z) = F(cosx,sinz), and vice versa. Since S' € [—1,1] x [~1,1] is compact,
Example 7.63 provides that Z(S!), the collection of all polynomials defined on S!, is an
algebra that separates points of S' and vanishes at no point on S!. The Stone-Weierstrass
Theorem then implies that there exists P € Z(S') such that

|F(5Cay) - P(ZC,ZJ)‘ <eg Y (x,y) e S' (that is, 2* + 5> = 1).
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Let p(z) = P(cosx,sinz). Note that

61$ + —ix
n _ n zk’x —1 n—k)x n z (2k—n)z
cos" x = ( ) E 2n E an

= 5 Ok (cos(2k —n)z +isin(2k —n)z) = > 5 Cit cos(2k — n)x € 2, (T),
k=0 k=0
and similarly, sin™ x € &,,(T). Therefore, if P(z,y) = Z arex*yt, then P(cosx,sinz) €
k,6=0

P9n(T) because of the product-to-sum formulas

cosfcosp = % :COS(@ — ) + cos(0 + gp) :
sin 6 cos p = % :sin(Q + ) +sin(@ — )|,
sinfsin p = % :COS(Q — ) — cos(0 + 90) :
As a consequence, we conclude that
|f(z) = p(z)| = |F(cos z,sinz) — P(cosz,sinz)| < e VzeR. o

7.6 Universal Approximation Theorem

The Stone—Weierstrass Theorem shows that continuous functions can be uniformly approx-
imated by algebraically simple functions, such as polynomials. It is natural to ask whether
other families of simple functions can also approximate continuous functions effectively. In
this section we study approximation of continuous functions by linear combinations of ridge
functions generated by a fixed nonlinearity. This viewpoint leads naturally to one-hidden-
layer neural networks and to the Universal Approximation Theorem.

Ridge functions are functions that are constant on affine hyperplanes. More precisely, a

ridge function on R is a function of the form
F(z) = f(a-z+D),

where f: R — R, a e R"\{0}, b e R, and

n
a-r—= Z a; ;.
i=1



§7.6 Universal Approximation Theorem 291

~ ~

Since f(a-z+0b) = f(a-x) with f(t) := f(t 4+ b), this is equivalent to the simpler form
fla-x).

Recall that € (A;R™) denotes the space of continuous functions from a set A to R™.

Let 2 < R™. We consider the linear space generated by ridge functions with directions
in €2:
M(Q) :=span{f(a-xz)|acQ, feC(R;R)}.

For k e N, let H}! denote the space of homogeneous polynomials of degree k in n variables:

H,:‘:{ Z cmwm‘meZﬁ, cmeR}.

|m|=k

Here we use multi-index notation: Z, := N u {0} denotes the set of non-negative integers,

m= (m,...,my) € Z}, |m|=my +---+m,, and

" =a"

mn
n -

It is well known that H} is finite dimensional, with

1
dim H} = (" k““).

We also define
o0
H" = | ] Hy,
k=0

the collection of all homogeneous polynomials in n variables.

Definition 7.66. Let X be a collection of real-valued functions on R". We say that X is
dense in € (R™;R) in the sense of uniform convergence on compact subsets, or simply X
is dense in € (R™;R), if X < ¥(R™;R) and for every ¢ > 0, f € ¥(R";R) and compact
K < R", there exists g € X such that

sup | f(z) — g(x)] <e.
zeK

Proposition 7.67. The space M(S2) is dense in € (R"™;R) (in the sense of uniform conver-
gence on compact subsets) if and only if the only polynomial in H™ that vanishes identically

on §2 is the zero polynomial.
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Proof. The direction “=" will not be used in this chapter. Its proof involves Fourier trans-

form techniques and will be given as a guided exercise in Chapter 9 (see Problem 9.46).
We prove the direction “<”. For m = (my,...,m,) € Z" with |m| = k, write

ak

p— —m1 .
oz - o

Dm

Step 1: Representation of H}.
We claim that
H}! =span{(a-z)"|ac Q}.

The inclusion “2” is clear. Suppose, by contradiction, that the span is strictly smaller
than Hj'. Since H}} is finite-dimensional, there exists a nonzero linear functional ¢ : H' — R
such that

{(p)=0 forall pespan{(a-z)*|acQ}.

Define .

Cm = — (™), q(x) = Z cmx™ € HY.

m!
|m|=k

Then ¢ # 0 by the nontriviality of £. Using the identity
D™ x™ = §p, m, M,

we obtain
l(p)=q(D)p  Vpe Hy. (7.6.1)
Now observe that for any d € R,
D™(d - x)" = k! d™
Therefore,
0=/{((a-x)*) =q(D)(a z)" =klq(a) Vace
Hence ¢ vanishes identically on 2. By assumption, this implies ¢ = 0, a contradiction. Thus

H}! =span{(a-z)*||ac Q}.

Step 2: Density.
Since (a-z)F € M(Q), we conclude that H = M(Q) for every k. Hence M () contains
all polynomials. By the Stone—Weierstrass Theorem, polynomials are dense in & (R";R)

under uniform convergence on compact sets. Therefore M((2) is dense. o
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Corollary 7.68. The space
V =span{f(a- ) ’ acR", fe€(R;R)}
is dense in €(R™;R).

Proof. Apply Proposition 7.67 with €2 = R"™. In this case no nonzero polynomial can vanish

on §). o

For 0 : R - R and n € N, define
Su(0) =span{o(w-z+0)|weR", 0eR}. (7.6.2)

Corollary 7.69. Let 0 € €(R;R). If ¥1(0) is dense in €(R;R), then ¥, (o) is dense in
¢ (R™;R).

Proof. Let ¢ > 0, f € €(R";R) and compact K < R" be given.
By Corollary 7.68, there exist g; € €(R;R) and a; € R™ such that

'f(w>_igi(ai'm) <g Vee K.

i=1

For each i, a; -  ranges in a compact interval [a;, §;] when € K. Since ¥1(0) is dense,

there exist coefficients c¢;;, w;j, 05, 1 < j < m,, such that

gi(y) = D cijo(wizy + 0;)| < T [, Bil.
j=1
Setting w;; = w;;a;, we obtain
k m;
|f(:n)—ZZc,-ja(wij-m+9U) <e¢ Vee K.
i=1j=1
The double sum belongs to ¥,,(0), so ¥, (o) is dense in € (R"; R). o

The results obtained above show that linear combinations of ridge functions are suffi-
ciently rich to approximate arbitrary continuous functions on R", provided that the set of
directions is large enough. In particular, Corollary 7.68 tells us that finite linear combina-
tions of functions of the form f(a- x) are dense in € (R"; R) under uniform convergence on

compact sets.
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This observation is closely related to neural networks. Indeed, a one-hidden-layer neural

network with activation function o produces functions of the form
k
x— cha(aj ~x+bj),
j=1

which are precisely finite linear combinations of ridge functions. Thus the density of such

networks is intimately connected with the approximation properties of ridge functions.

The general density theorem for ridge functions (Proposition 7.67) reduces the problem

to a one-dimensional approximation question. More precisely, if we know that
¥1(0) = span {o(wz + 0) |w, 0 € R}

is dense in €' (R;R), then Corollary 7.69 implies that 3, (o) is dense in € (R";R) for every
n e N.

We are therefore led to the following central question:
For which activation functions o is the space ¥ (o) dense in €(R;R)?

The Universal Approximation Theorem provides a complete answer.
In the following, for a function 0 : R — R and © = (z1,...,x,) € R", we define
(o om); = o(x;), i=1,...,n.

Thus ooz denotes the vector obtained by applying o to each component of . For notational
simplicity, we shall also write

o(x)
instead of o o @ whenever & € R", with the understanding that ¢ acts componentwise.

Definition 7.70 (One-hidden-layer neural networks). Let ¢ : R — R be a function. For
n,m € N, we define the class of one-hidden-layer neural networks with input dimension

n and output dimension m by
N,y (n,m) == {a; > Co(Az+ b) | ke N, Ac R peRF, (e Rmx’“}.

Remark 7.71.



§7.6 Universal Approximation Theorem 295

1. In machine learning terminology, o is called the activation function. In the repre-
sentation Co(Ax + b), the matrices A and C' are called the weight matrices, and b
the bias wvector. The activation function provides the only source of nonlinearity in
the network.

2. If 0 € €(R;R), then
Ny(n,m) € €(R";R™).

3. In the scalar-output case m = 1, every element of N, (n,1) has the form

k
g(@) = cjo(a; - m+1b),
j=1
where a; € R" and b;,c; € R. Thus
N,(n,1) =%,(0),
where ¥, (o) was introduced in (7.6.2).

Theorem 7.72 (Universal Approximation Theorem). Let o0 € €(R;R). Then o is not a
polynomial if and only if Ny(n,m) is dense in € (R™;R™) (in the sense of uniform conver-

gence on compact subsets).

Proof. 1t suffices to prove the case m = 1, since uniform convergence of vector-valued

functions is equivalent to uniform convergence of each component.

“<" Assume that o is a polynomial of degree d, and let K < R" be compact. Each function
o(a- x4+ b) is then a polynomial in & of degree at most d. Hence every element of
N,(n,1) is a polynomial of degree at most d.

Define

Pa(K) = {plx |pe Za(R") } < €(K;R).
Then N, (n,1) € Z4(K). Since Z;(K) is finite dimensional, it is closed in € (K;R).
Thus

If MV, (n,1) were dense in (K ;R), we would have &,(K) = ¢ (K;R), which is im-
possible since the former is finite dimensional while the latter is infinite dimensional.

Hence density fails.
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13 7
=

Assume that o is not a polynomial. Recall that N, (n,1) = %, (o), by Corollary 7.69

it suffices to prove density in dimension n = 1.

To remain within the scope of this chapter, we give a complete proof only for the
ReLU activation
o(t) = max{0,t}.

The general case will be discussed in Remark 7.73.

Let € > 0, f € €(R;R), and compact K < R be given. Since K is compact, we can
choose L > 0 such that K < [—L, L]. By the fact that f is uniformly continuous on
[—L, L], there exists § > 0 such that

|f(z1) = f(z2)| < whenever |r; — 29| < ¢ and x, 25 € [—L, L].

Let {—L =ty <ty <--- <ty = L} be a uniform partition of [—L, L] with mesh size

2L . . . . L .
|P| = < d. Let p be the continuous piecewise linear function interpolating f at

the partition points:

p(tr) = f(te).

Let
f(tr) — f(tr1)

by — th—1

S —

be the slope on (tx_1,tx). A direct computation shows

p(x) = p(to) + s1(z —to) + Z(Sk — Sp_1) 0(x —t_1).

Indeed, defining

M

g(x) = p(to) + s1(z — to) + Y (sx — sx—1) o(x — ta),

one verifies that ¢ and p have the same slope on each interval (¢;_1,%x) and agree at

to, hence g = p.

Since any affine function satisfies
ar +b=o(ax +b) — o(—ax —b),

we conclude that p € N,(1,1).
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Finally, for = € [t;_1, tg],

x—tk,1 tk—l’

p(r) = fte) + f(tk-1),

N tk — tkfl tk - tk*l

and a convex combination argument yields

|f($)—p(l’)|<g Vze[tk_l,tk],lgkgj\/[-

Thus
sup [ f(z) — p(z)| <e.
reK
Since p € N,(1,1), density follows. o

Remark 7.73. A complete proof of the Universal Approximation Theorem for general
non-polynomial activations typically relies on tools from functional analysis and measure

theory, such as:
o the Hahn-Banach separation theorem,
o the Riesz representation theorem for € (K;R)*,
« measure-theoretic arguments and convergence theorems (e.g. dominated convergence),
e in some approaches, Fourier or harmonic analysis techniques.

These topics go beyond the scope of this chapter on uniform convergence. For complete
treatments, see [1, 2, 3, 4]. The sigmoidal case illustrates why functional analytic tools such
as Hahn-Banach and the Riesz representation theorem naturally arise in this problem. See

guided exercise problem 7.25.

The Universal Approximation Theorem shows that a single hidden layer suffices to ap-
proximate arbitrary continuous functions on compact sets. In this sense, no additional
depth is required for universality.

However, the theorem is purely existential. It does not address how large the number of
neurons must be in order to achieve a prescribed accuracy, nor does it reflect any intrinsic
structure of the function being approximated.

For example, consider the function

(1, .., xp) — max{Ty, ..., Ty}
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This is a convex piecewise affine function. Using the identity
max(a,b) =a+o(b—a),

one can construct this function recursively by composing binary maxima. Such a construc-
tion naturally leads to a deep network with linear depth and small width.

On the other hand, representing the same function using only a single hidden layer
requires expressing it as a linear combination of many hinge functions of the form o(a-x+0).
Although this is theoretically possible, the resulting representation is considerably less direct.

This simple example illustrates an important principle: although shallow networks are
universal, deeper networks may represent certain structured functions more naturally and
efficiently. In many applications, functions of interest possess a compositional structure. It
is therefore natural to consider networks obtained by composing several affine maps and

nonlinearities. This leads to the notion of deep (multi-layer) neural networks.

Definition 7.74 ({-layer neural network). Let o0 : R — R. An /-layer neural network with

input dimension n and output dimension m is a function of the form
x> Weio(Woo(Wimio(---o(Wiz+ by) - ) + be1) + by),
where
W;eRY*G-1 j=1... (+]1, bjeRY j=1,....¢
for suitable intermediate dimensions satisfying
dy =n, dypr1 =m.

Remark 7.75. Although a single hidden layer already yields universality, depth may dra-
matically improve efficiency. There exist functions that can be represented efficiently by
deep networks but would require exponentially many neurons if restricted to a single hidden
layer. (Precise statements of this phenomenon can be found in the approximation-theoretic

literature on depth separation.)

7.7 Kolmogorov—Arnold Representation Theorem

In the previous section we studied the Universal Approximation Theorem, which shows
that continuous functions can be approximated by finite linear combinations of ridge func-
tions. Together with the Stone—Weierstrass Theorem, this gives two important examples of

approximation results in analysis: one algebraic and one inspired by neural networks.
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There is, however, another remarkable way to build multivariable functions from simpler
ones. Instead of approximating a function by polynomials or by neural networks, one may
ask whether it is possible to represent a multivariable function exactly in terms of continuous
functions of a single variable. The Kolmogorov—Arnold representation theorem gives a

striking affirmative answer.

Theorem 7.76 (Kolmogorov-Arnold Representation Theorem). Let n = 2 be an integer.

Then there exist positive real numbers
Qq, -0, 0
and continuous functions
@1, Pt ¢ [0,1] = [0,1]
such that for every continuous function f:[0,1]" — R there ezists a continuous function
h:[0,R] - R, R:=oa1+ -+ ap,
for which
2n+1 n
flzy, ) = Z h(Z amgpk(zm)> V(xy,---,x,)€[0,1]" (7.7.1)
k=1

=1

Remark 7.77. The original formulation of the Kolmogorov—Arnold representation theorem

is often written in the form
2n+1 n
f(z) = Z q)q( 7qu,p(xp)) ’
q=1 p=1

with 2n+1 outer functions ®, and n(2n+1) inner functions 1, ,. The version presented here
is a commonly used modern formulation, in which one works with a single outer function h,

together with fixed coefficients oy, - - - , a,, and inner functions 1, ..., Yo,i1.

Remark 7.78. At first sight, Theorem 7.76 may seem rather surprising. However, some

familiar multivariable functions already have this form. For example, if
f(xla cee ,Zlfn) = (alxl +--+ anxn)Qa

then f can be written as

2n+1 n
flz) = Z h( amSOk(xm))
k=1 m=1
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by taking
pit) =t,  pa=- =2 =0, A(t) =t

The content of the theorem is that, after choosing suitable functions

P15+ P2t
every continuous function on [0, 1] admits such a representation.

We now turn to the proof of the Kolmogorov—Arnold Representation Theorem. Before
giving the proof itself, we introduce some notation and auxiliary definitions. In the following
discussion, we fix

o = (0517"’ 70%)7
where aq, - -+ , ay, are chosen to be the square roots of n distinct prime numbers. In particular,
each «, is positive.

Given

@ = (g1, p2011) € C([0,1]; [0, 1)
and a function h : [0, R] — R, we define

2n—+1 n
(Sph)(z) = > h(Z amgok(xm)> . m=(x,--,3,) € [0, 1]

m=1

This is well-defined, because for every k =1,...,2n + 1 and every x € [0, 1]",
0< ). ampr(rm) <ar+ -+ +ay =R
m=1

Thus Theorem 7.76 asserts that one can choose a map ¢ such that every f € €([0, 1]"; R)
is of the form
f=8Sxh
for some continuous function A : [0, R] — R.
Definition 7.79. Let 0 < A < 1, and let f : [0, 1] — R be bounded. We say that
@ e ¢([0,1];[0, 1)

is a A\-prekolmogorov map for f if either f = 0, or else f % 0 and there exists a continuous
function

h:[0,R] - R
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such that
If = Sehlew < Al flec  and Ao < [ oo

We denote by ZK,(f) the set of all A-prekolmogorov maps for f. In particular,
PK5(0) = €([0,1]; [0, 1]*1).
Remark 7.80. If f € €([0,1]";R) and ¢ € ZPK,\(f), then there exists
h e €([0, R];R)

such that
If = Sehlew < A flec and Ao < [ f]eo-

Indeed, if f £ 0, this follows immediately from the definition; if f = 0, we may simply take
h=0.

Remark 7.81. The point of this definition is that a A-prekolmogorov map does not represent
f exactly, but it provides a uniform approximation whose error is at most a fixed proportion

A of | fllee. Since A < 1, such an approximation can be iterated.

The proof below combines a density argument in a suitable function space with an
iteration based on uniform convergence. To carry out the density argument, we shall use
one general result about complete metric spaces, namely the Baire Category Theorem. A

guided proof was given earlier in Problem 3.20, so we only recall the statement here.

Theorem 7.82 (Baire Category Theorem). Let (X,d) be a complete metric space. If
Uy, Us, ... are dense open subsets of X, then
a0

Un

n=1
is dense in X.
The next lemma is the main technical step in the proof. Since its proof is somewhat

lengthy, we first explain how it leads to the representation theorem and return to the proof

afterward.
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Lemma 7.83. For every f € €([0,1]™;R), the set @Kﬁnﬂ) (f) is open and dense in the
metric space

(€0, 1]; [0, 1]*"*), d),
where for @ = (¢1,..., dony1), Y = (Y1, ..., Y2np1) € E([0,1]; [0, 1]>"H1),
do(p, %) = |lp — [ = max |dp — |-

1<k<2n+1

Lemma 7.84. There exists ¢ € €([0,1]; [0, 1]*"*1) such that
an1(9)

4n+1
4(n+1)

pe XK
for every polynomial g : [0,1]" — R with rational coefficients.

Proof. Let G be the set of all polynomials on [0, 1]” with rational coefficients. Since G is

countable, we may write

G={91,92,93,---}
By Lemma 7.83, each set @K%(gk) is open and dense in (4'([0,1]; [0, 1]**™), d). Since
(‘5([0, 1]; [0, 1]27F1), doo) is a complete metric space, the Baire Category Theorem implies
that

0

c@lc 4n+1 (gk)

4(n+1)
k=1

is dense, and in particular nonempty. Hence there exists ¢ € € ([0, 1]; [0, 1]***!) such that

pe PK ol (g) for every polynomial g : [0, 1]" — R with rational coefficients. o

Theorem 7.85. There exists
@ € %([0,1];[0,1]***)
such that
p € PK 20t1 (f) for every f € €([0,1]";R).

2(n+1)

Equivalently, there exists
¢ € %([0,1]; [0, 1)

such that for every continuous function f :[0,1]" — R there ezists

h e €([0, R;;R)
satisfying
2n+1
|/ = Sehllee < m\\f\lw and |kl < [ f]e

whenever f # 0.
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Proof. Let ¢ be given by Lemma 7.84, and let
fe€([0,1]%R)

be arbitrary. We may assume that f = 0.
By the Stone-Weierstrass Theorem, there exists a polynomial ¢g : [0,1]" — R with

rational coefficients such that

8n+7 1
' "8’ |, “ 8wyl
Consequently, g # 0,
8n+7 8n + 7
— < — )
lo =1l <o~ gt !|+laperns! — 1) < g
and 8 7 8 7
n+ n+
<lg— —— - )
ol < Jo - grrs!) + || <1l
Since ¢ € 2K i1 (g (9), there exists h € € ([0, R];R) such that
dn +1
lg = Sehle < m”ﬂ\\w and [l < gl
Hence
dn +1
|f = Sehleo < |If = gl + g = Sphfw < ITE )”fHoo Ty )”fHoo
2n+1
— g5l
Therefore ¢ € ZK Zntl (f)- o

Proof of Theorem 7.76. Let ¢ be given by Theorem 7.85. We shall construct a sequence of

continuous functions

h07 h17 h27 € Cg([o? R]7R)
such that

f = Z Scphé
=0

uniformly on [0, 1]™.
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Set hg := 0, f1 := f. Assume that for some k& > 1 we have already constructed
h(), hl, ceey hk—l € ‘5([0, R], R),

and define -
fo=f = Sph.
/=0

Since fr € €([0,1]";R), Theorem 7.85 yields a function

hi € €([0, R|; R)
such that 5 )
n+
| fr = Sphi]o < 2t )kaHoo and  [|hgfo < | fifoo-
2n+1 . .
Let A\ := h Since frr1 = fi — Sphy for all £ > 1, we obtain

| frsloo < Allfr]loo Vi > 1.

By induction,
| feriloo S X filloo = No[ flow VE =1

Equivalently,
k
'f — > 8ohe| =l ferloo < N flw  VE=1 (7.7.2)
=0 .
Moreover,
[l < [ fillo S N fllo  VE=1.

e}
Since 0 < A < 1, the Weierstrass M-test shows that the series Y h, converges uniformly
=0
on [0, R] to a continuous function

h:[0,R] — R.
Now fix « € [0, 1]". Then

(Sph) () — Z(S he) ()
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The right-hand side tends to 0 as N — oo, independently of x. Therefore,

N
lim [ S,h D Sphe =0 (7.7.3)
=0 o
Finally, (7.7.2) and (7.7.3) together imply that
f=5,h.
This completes the proof. =

Finally, we turn to the proof of Lemma 7.83.

Proof of “openness” in Lemma 7.83. Let
dn +1
4n+1)
If f =0, then ZK,(f) = €([0,1];]0,1]*"*!), so there is nothing to prove. Thus we may

assume that f s 0.
Let ¥ € ZKC,(f). Then there exists h : [0, R] — R such that

=

If = Syhleo < plfle and Al <[ f]le.

Set
Sl = LS = Syhle
2n+1

By uniform continuity of h on [0, R], there exists § > 0 such that

> 0.

|h(s) — h(t)] <n whenever |s —t| <4, s,t€ 0, R].
We claim that
B(%,0/R) = PKu(])-

Indeed, let ¢ € B(¢,d/R). Then for every x = (z1,...,2,) € [0,1]" and every k =
1,.... 2041,

Z amwk(xm Z am@k mm

m=1

n

< D ol gl < Y =0

m=1 m=1

Hence
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Summing over k =1,...,2n + 1, we get
ISyh — Sphllo < (2 -+ 1)1,
Therefore,
If = Sehlleo < [f = Syhlleo + [Syh = Sehlow < p] flleo-
Since also ||h]e < || f] o, it follows that ¢ € ZKC,(f). This proves that 2K, (f) is open. o

The proof of “denseness” in Lemma 7.83 requires some preparations. For each k£ =
1,...,2n+ 1, each N € N (typically with N » 1), and each j € Z, define

Cn+1j+k 2n+1)j+k+2n
N ’ N

Lip(N) == A [0,1].
Let Zy(N) denote the set of all integers j such that I, (/N) is nonempty; that is,
Zi(N)={j e Z|I;(N) = &}.

From the definition of I;;(N), one easily checks that

2, (N) — [_ Nk

N 7.
2n—{—1]

For iy,...,i, € Zi(N), we further define
Siy e ine(N) == Iy x(N) X Liy g(N) x -+ x I; (N).
The next proposition records the basic covering property of these cubes.
Proposition 7.86. For cach fixed positive integer N, the family of cubes
Sy imik (V) kE=1,....2n+1, dy,...,i, € Z(N),

covers [0,1]" in such a way that every point of [0,1]" belongs to cubes corresponding to at

least n + 1 distinct values of k.
Proof. Fix @ = (x1,...,2,) € [0,1]". For each r =1,...,n, let
B, = {k; € {1,...,2n + 1} | there exists j € Zy(N) such that z, € Ij,k(N)}.

We first show that

|E,| = 2n for every r =1,...,n.
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Fix r € {1,...,n}. For each k € {1,...,2n + 1}, the condition
X, € []’k(N)

is equivalent to

2n+1)j+k << Cn+1)j+k+2n
N N

and x, € [0,1]

or equivalently,
Nz, —2n< (2n+1)j +k < Nz, z, € [0,1]

Thus, for a fixed k and x, € [0, 1], such an integer j exists if and only if the interval
[Nz, —2n—k, Nz, — k|

contains a multiple of 2n + 1.

Now this interval has length exactly 2n, whereas consecutive multiples of 2n + 1 are
spaced by 2n + 1. Therefore the interval can fail to contain a multiple of 2n + 1 for at most
one value of k € {1,...,2n + 1}. Hence

|E,.| = 2n

Since E, < {1,...,2n+1} and each complement E¢ has cardinality at most 1, we obtain

Therefore
ﬂ E,
So there exist at least n + 1 distinct values of k£ such that
ke ﬂ E..
r=1

Fix such a k. For each 7 = 1,...,n, since k € E,., there exists i, € Zy(N) such that

(2n+1) — >2n+1)—n=n+1.

r=1

T, € ]zr,k(N)

Hence
r = (1’1, Ce ,.I‘n) € Izl,k(N> X -+ X Izn,k<N) = Si1,---,in;k<N>~

Since this happens for at least n 4+ 1 distinct values of k, the proof is complete. =
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Definition 7.87. A function ¢ € €([0,1];[0,1]) is said to rationally separate a number
of pairwise disjoint closed intervals on the line if ¢ has constant rational pairwise different

values on the intervals.

The next proposition shows that a given map can be perturbed slightly so that its values

on the relevant intervals become rational and mutually distinct.
Proposition 7.88. Let € be a positive number.

(a) Let ¢ € €([0,1];[0,1]), and k € {1,--- ,2n + 1}. Then there is an integer Ny =
No(¥,e) > 0 such that for any integer N > Ny and for any finite set G of rational
numbers there is a function ¢ € €([0,1];[0,1]) such that

* HSD - wHOO <g;
e  rationally separates the family of intervals I;,(N) parameterized by j € Zx(N);

o o(Lx(N)) ¢ G for any j € Zy(N).

(b) Let 1p € €([0,1];]0,1]*"*1). Then there is an integer Ng = No(1p,€) > 0 such that for
any integer N > Ny there is @ = (o1, , ant1) € €([0,1]; [0, 1]*"*1) such that

o lo—tlo <&

o for every k = 1,---,2n + 1 the function ¢, rationally separates the family of
intervals 1, (N) parameterized by j € Zy(N);

o numbers i (1;x(N)) are pairwise different for different k € {1,--- ,2n+ 1} and

Proof. Let € be a positive number.

(a) Let ¢ € €([0,1];[0,1]) and k € {1,---,2n + 1} be given. Since 1) is uniformly contin-

uous on [0, 1], there exists 6 > 0 such that

whenever |z —y| < d and z,y € [0, 1].

[(z) —¥(y)| <

Define Ny =
%(]0,1]; [0, 1]) such that

2 1 . . . .
[ nt w, and let N > Ny. Take a piecewise linear function ¢ €
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e for each [, := I;,(N), ¢ is a rational constant on I;; and

£
lo(Ljk) — v(ln)| < 2
where £, is the left end-point of [} .
e all values ¢(/;},) are distinct and {(P(Ij7k)}jeZk(N) c Gt

e ¢ is linear on the gaps between intervals [ ;’s.

Now ¢ rationally separates the family of intervals /;; and its values on the intervals

are not from G. It remains to show that
lp(z) —Y(z)| < e Vael0,1]. (7.7.4)

1) Suppose that xz € I, ;. Then p(x) = ¢(¢;) and |z — ;1 <2—n<(5sowehave
Js Js s N

() = ()] < leltsw) = ()| + [0(ia) = (@) < 5 +5 ==

(2) Suppose that z € [0,1]\ |J I,; that is, z lies in the gaps between intervals
JELK(N) )
I;’s. Suppose that x lies between I, and [;1 5. Then £ — N <z <ljp1,
so there exists a € (0,1) such that

o
T = 5j+1,k - N'
Therefore, by the construction of ¢ we have
1
() = ap(livrr = 35) + (1 =)o) = ap(lix) + (1 = )@(L1);

thus
|80(x) - w(fﬂ)‘ < a’@(gj,k) - W@’ +(1 - @)}@(gjﬂ,k) - w(fb’)‘
< aflettin) = ()| + [0t — ()]
+ (1= a) [[e(G1p) = ¥ n)] + [E(Gan) — o]
<O./<§+§> +(1—&)<§+§> = €.

Therefore, (7.7.4) is established.
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(b) Let ¥ = (1, ,¥ons1) € €([0,1]; [0, 1]>"™1) be given. For each k € {1,---,2n + 1},
part (a) provides No(iy,€), and we define Ny = ,Jnax No(¢r,e). Let N > Ny,
and as in (a) we write [, instead of I;;(NN). Applying part (a) to the case ¢ = 9,
k=1and G = &, we obtain ¢ € ([0, 1];[0,1]). Then we apply part (a) to the case
¥ =1y, k=2and G = {p1(L;1)]j € Z(N)} and we obtain ¢, € €([0,1]; [0,1]). We

continue this process: at the m-th step we apply part (a) to the case ¥ = ¥,,, k =m
m—1

and G = | {¢e(L;0) |j € Zy(N)} to obtain ¢, € €([0,1]; [0, 1]) satisfying
=1

o [lom — Vmllw <€

® ., rationally separates the family of intervals I;,,(N) parameterized by j €
Zan(N);

¢ 0n(L;jm(N)) ¢ G for any j € Z,,(N).
Then ¢ = (1, -, pani1) satisfies the requirement in part (b). o

Proof of “denseness” in Lemma 7.83. If f =0, then

P ansr (f) = C([0,1]; [0, 1],

4(n+1)

so there is nothing to prove. Thus we may assume that f € €([0,1]";R) is not the zero
function.

We establish the denseness result by showing that
B(y,e) n @/Cﬁnﬁ) (f)# Vap e €([0,1];[0,1]**") and & > 0.

Let ¥ € €([0,1];[0,1]***1) and € > 0 be given. By the uniform continuity of f, there
exists 0 > 0 such that

(@) = f)| < gy Ml whenever |z =y <5 @y 00"

Moreover, Proposition 7.88 (b) provides an Ny = Ny(1p,e) > 0. Choosing N > Ny so large
that
2n4/n

N
and applying Proposition 7.88 (b) to this N, we obtain a map

<0,

e = (p1,-- -, Pant1) € €([0,1]; [0, 1]2n+1)
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such that
do(, ) < e, (7.7.5)

and, for each k = 1,...,2n + 1, the function ¢, is constant on every interval I;;(N) with

Jj € Zg(N), takes rational values there, and satisfies the separation properties listed in
Proposition 7.88 (b).

For notational convenience, for the rest of the proof we write
[j,k = [j,k(N>7 Sil,...,in;k = Sil,...,in;k(N)-

Define

n

Or(x) == Z Uk (), x=(x1,...,2,) €[0,1]", 1<k <2n+1,
m=1

where we recall that the numbers aq, ..., a,, are the square roots of n distinct prime numbers.
Then ¢ € €([0,1]™; [0, R]), and we have

2n+1

(Sph)(x) = >, h(Fi(e)). (7.7.6)

Moreover, we have the following two consequences.

1. For each fixed k € {1,...,2n + 1}, the function @} is constant on every cube

Sil,...,in;k-

Moreover, these constant values are pairwise distinct for different cubes with the same
k.

Indeed, suppose that

ka(m) = @k(y)a HAS Sil,...,in;k'7 Yye Sjl,...,jn;k'

Then

> mr(Tm) = Z U Pr (Ym)-

m=1

Since each @i (z,,) and ¢k (y,,) is rational, and since the numbers

Ap,y...,0n,
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are the square roots of n distinct prime numbers and are linearly independent over Q,
it follows that

ka(xm) = SOk(ym) Vm = 1,...,n

Because ¢, separates the intervals [;, we conclude that

m = Jm Vm=1,...,n

2. The numbers
@k (Sil,...,in;k)

are pairwise distinct for different (n + 1)-tuples (iq,...,0,, k).
Indeed, if

Or(Siy,insk) = Pe(Shy,.jnse)
then

n n
Z amgpk(lim, Z amwg Jm:
m=1 m=1

Again using the linear independence of oy, ..., «, over QQ, we obtain
e Lin i) = we(Lj,.0) Vm=1,...,n
By Proposition 7.88, this implies

k=0 and i, =7Jn Vm=1,...,n

Because these values are pairwise distinct, the set
E = {@k(sih,,,w) 1<k<2n+1, d,... in€ Zk}
is a finite subset of [0, R]. We now construct a continuous piecewise linear function
h:[0,R] - R

such that .
h(Zk(Sivinik)) = n—Hf(&l,ka oo i ko)

forall 1 < k < 2n+1 and all 44,...,17, € Z;, where £, denotes the left endpoint of the

interval ;. Moreover, we shall arrange that

1
hilew € —— .
Il < ——=1/l
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Indeed, for each
t = Gk(Siy,..inik) € E,

define
1

g(t) = n——+—1f<€il’k7 e 7£in,k)-

Since the points in E are pairwise distinct, this defines a function
g: E—R.
Now list the elements of F in increasing order:
0ty <<ty <R.

We define h : [0, R] — R by requiring that

that h be linear on each interval [¢,,?,11], and that h be constant on [0,t;] and on [ty R].

Then .
h(@k(sll ,,,,, Zn,k)) = n + 1f(€i1,k7 cee 7€in,k)

for every k =1,...,2n + 1 and every iy, ...,%, € Z;. Moreover, since

1
90 < —Ifl>  VteE,

the piecewise linear construction gives

1 dn +1
hllew < —— < —— . .
Iilho < g 1e < g 11 (77.7)
Next, we show that
dn +1 n
|f(2) = Seh(2)] < m\\f\’w Vzel0,1]" (7.7.8)

Let z=(z1,...,2,) € [0,1]". By Proposition 7.86, there exist at least n + 1 distinct indices
ki,... ko1 e{l,...,2n+ 1}
such that, for each s =1,...,n + 1, one can find

i Y e 2y, (N)
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with z € S, (5) o - Hence
0 e iy ks
ZmEIi(S)k YVm=1,...,n.
Therefore dn/i
ny/n
Hz — (figs),ks’ ce. ’Eiﬁf),ks) H < N <0,
and so .
LT | e A
1) = (oL )| < gy Ve
Since ,
W@ (2) = =7 (G g b 1,)
we obtain
L f2) - b (@) < o fl ¥s=1,...n+1 (7.7.9)
n+1 Pk 4(n+1) 0 — Ly : s
For ke {1,...,2n+ 1}\{k1,..., kny1}, using (7.7.7) we have
1
h(p < — . 7.7.10
&2 < 7] ( )

Then (7.7.6), (7.7.9), and (7.7.10) yield

n+1

f(2) = Sph(2)] < |f(2) = ), h(Br.(2))] + > 1 (Zr(2))]

ke{1,....2n+1}\{k1,..., kn+1}

n+1

1 ~ ~
D N RICNE)| FED YR )]
s=1 k:e{l ..... 2n+1}\{k21 ..... kn+1}
S+1) | flo e ] f]
S AR ntl a1yl T e
dn +1
CA(n+1) 7l
Then ¢ € B(¢,e) n @Kﬁnﬁ) (f) because of (7.7.5), (7.7.7), and (7.7.8). o

Remark 7.89. The Stone—Weierstrass Theorem, the Universal Approximation Theorem,
and the Kolmogorov—Arnold Representation Theorem all describe ways of building compli-
cated functions from simpler ones. Their conclusions, however, are of different types: the
first two are approximation theorems, whereas the third gives an exact representation. In
addition, the Kolmogorov—Arnold theorem shows that the inner functions can be chosen

independently of the target function f.
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We conclude this section with a comparison of the Stone-Weierstrass Theorem, the Univer-

sal Approximation Theorem, and the Kolmogorov—Arnold Representation Theorem.

Stone—Weierstrass

Universal Approximation

Kolmogorov—Arnold

Type of result

Density theorem

Density theorem

Exact representation

Setting

Algebra of functions

Neural networks

Superposition of

univariate functions

Basic building block

Polynomials (or algebra
generators)

Ridge functions
ola-x+0b)

h(Z?nzl APk (Tm))

Mechanism

Algebraic generation

Linear superposition

Compositional structure

Approximation
v.s. identity

Approximation

Approximation

Exact identity

Dependence on
target function

Coeflicients depend on f

Parameters depend on f

Only outer functions
depend on f

Structural insight

Closed subalgebra
dense in ¢(K)

Ridge functions
dense in ¢ (K)

Multivariate functions
reduce to univariate

compositions

Conceptual Summary.

o Stone-Weierstrass shows that sufficiently rich algebras generate all continuous func-

tions by uniform approximation.

o The Universal Approximation Theorem shows that finite linear combinations of ridge

functions are uniformly dense in ¢'(K).

o The Kolmogorov—Arnold theorem shows that every multivariate continuous function

can be written exactly as a finite sum of superpositions of univariate functions.

7.8 Exercises

§ 7.1 Pointwise and Uniform Convergence

Problem 7.1. Let (M,d) and (N, p) be metric spaces, A < M, and f, : A — N be a

sequence of functions such that for some function f : A — N, we have that for all x € A, if
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{zr}2, € A and z — x as k — o0, then
lim fi(zg) = f(x).
k—00
Show that
1. {fr}y>, converges pointwise to f.

2. If { fi, }j.ozl is a subsequence of {fi};2,, and {z;}}2, S A is a convergent sequence

satisfying that lim x; = z, then
j—00

lim fi, (;) = ().

Jj—©

3. Show that if in addition A is compact and f is continuous on A, then { fi}{, converges

uniformly f on A.

Remark. Using the inequality

p(fr(ze), f(@)) < p(f(xx), f(x)) + sup p(fe(2), f(2)),

€A

we find that if {fy}72, converges uniformly to a continuous function f, then klim frlxg) =
-0

f(z) as long as klim xr = x. Together with the conclusion in 3, we conclude that
—00

Let (M,d), (N, p) be metric spaces, K € M be a compact set, fr: K — N be

a function for each k € N, and f : K — N be continuous. The sequence {fx}r=1

converges uniformly to f if and only if klim fr(xr) = f(x) whenever sequence
—00

{z}72, € K converges to x.

Problem 7.2. Let (M,d) be a metric space, A < M, (N, p) be a complete metric space,
and fr : A — N be a sequence of functions (not necessary continuous) which converges
uniformly on A. Suppose that a € cl(A) and

lim fi(z) = Ly

r—a

exists for all k € N. Show that {L;};”, converges, and

lim lim fi(z) = lim lim fi(x).

r—a k—o0 k—o0 z—a
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Problem 7.3. Prove the Dini theorem:

Let K be a compact set, and f; : K — R be continuous for all £ € N such that
{fx}x=1 converges pointwise to a continuous function f : K — R. Suppose that

fr < fry1 for all k€ N. Then {fi}72, converges uniformly to f on K.

Hint: Mimic the proof of showing that {c;}{_,; converges to 0 in Lemma 6.64.

Problem 7.4. Let (M,d) and (N, p) be metric spaces, A < M, and f, : A — N be
uniformly continuous functions, and {fi};2; converges uniformly to f : A — N on A. Show

that f is uniformly continuous on A.

Problem 7.5. Let (M,d) be a metric space, (V,| -|) be a norm space, B <€ A < M,

fr : A—V be bounded for each k € N, and {g,};~_; be the Cesaro mean of {f;};2,; that is,

n = 1 > fx. Show that if {fi}, converges uniformly to f on B, then {g,}>; converges
k=1

uniformly to f on B.
Problem 7.6. Complete the following.
1. Suppose that fy, f,g:[0,00) — R are functions such that
(a) VR >0, fr and g are Riemann integrable on [0, RJ;

(b) |fe(x)] < g(x) for all k € N and x € [0, 0);
(¢c) YR >0, {fi}r, converges to f uniformly on [0, R];

(d) Jwg(x)dx = lim Rg(x)dx < .

0 R—c0 Jo

Q0 a0
Show that lim | fi(z)dx = f f(x)dz; that is,
k= Jo 0

R R
fim Jim, | ool = it | ol
1 iftk—-1<zx<k,

' Find the (pointwise) limit f of
0 otherwise.

2. Let fx(z) be given by fip(z) = {

0¢] o0
the sequence {fi};2;, and check whether klim fr(z)de = f f(z)dx or not. Briefly
—® Jo 0

explain why one can or cannot apply 1.
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3. Let fr :[0,20) — R be given by fi(x) = w Find lim J fr(z

k$4 k—o0

§ 7.2 Series of Functions and The Weierstrass M-Test

Problem 7.7. Show that the series

© 2
Ttk
Z (=1) k2
k=1
converges uniformly on every bounded interval.

Problem 7.8. Consider the function

_i 1
k:11+k295

On what intervals does it converge uniformly? On what intervals does it fail to converge
uniformly? Is f continuous wherever the series converges? If f bounded?

0

Problem 7.9. Determine which of the following real series Y] gp converge (pointwise or
k=1

uniformly). Check the continuity of the limit in each case.

1 (z) = 0 ife <k,
CIREIT (R i >k
1 .
= if |z] <k
2. gr(x) = ]
— if |z > k.
T

(=D*
3. gr(x) = Tk cos(kx) on R.

§ 7.3 Integration and Differentiation of Series

Problem 7.10. In the following series of functions defined on R, find its domain of con-
vergence (classify it into domain of absolute and conditional convergence). If the series is
a power series, find its radius of convergence. Also discuss whether the series is uniformly
convergent in every compact subsets of its domain of convergence. Determine which series
can be differentiated or integrated term by term in its domain of convergence.

0
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(2) 3 VI

k=1

© 1-3---(2k—1) 1 1\ op
) kgl 2-4--(2k) (L5 4k )™
(4) i (_1)k_1 xk!.

= klog(k+1)" 7

Q0
(5) > apx®, where {ap}?_, is defined by the recursive relation a, = 3az_; — 2ay_o for
k=1
k=2 and ap =1, a1 = 2.
Also find the sum of the series in (5).

Problem 7.11. In this problem we investigate the differentiability of a complex power
0 0
series. This requires a new proof of . M oagz® = Y kapa® ! instead of making use of
L k=0 k=1
Theorem 7.11.

o0
Let {ax}", < R be a real sequence, and f(z) = Y. axz” be a (real) power series with
k=0

radius of convergence R > 0. Let s,(z) = arr® be the n-th partial sum, R,(z) =
k=0
[ee}
f(x) = s,(x), and g(x) = 3 kapa* 1. For 2,20 € (—p, p) € (—R, R), where x # x4, write
k=1
f(x) = fxo) _ sa(®) = su(z0) : Ry () = Ru(o)
E— g(z) = v — 10 $3,(0) + (5,,(20) —g(w0)) + e - (7.8.1)
1. Show that

Bn(@) = Bn(2o)| i klag|p"!

r— X
0 k=n+1

and use the inequality above to show that lim W
T—To — X

= g(x0).
2. Generalize the conclusion to complex power series; that is, show that if {a;}7, < C

e}
and the power series Y| ax2* has radius of convergence R > 0, then
k=0

d 0 0
7 Z apz® = Z kapz*~! V|z| <R.
“ k=0 k=1

Assume that you have known di S apz® = Y kagzF! for all n e N U {0} (this can
Z k=0 k=1

be proved using the definition of differentiability of functions with values in normed

vector spaces provided in Chapter 5).
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0 0

Problem 7.12. Suppose that the series ) a, = 0, and f(x) = >} a,z" for -1 <z < 1.
n=0 n=0

Show that f is continuous at = 1 by complete the following.

1. Write s, = ag+ a1 + -+ a, and S, (x) = ap + a1z + - - - + a,x™. Show that

Sp(z) =1 —z)(so+ 512+ + 812" ") + 5,2"

0

and f(x) = (1 —x) D] spz™.

n=0

2. Using the representation of f from above to conclude that lim f(z) = 0.

r—1—

o0
3. What if }] a, is convergent but not zero?
n=0

Problem 7.13. Construct the function g(x) by letting g(x) = |z| if = € [—%,%} and
extending ¢ so that it becomes periodic (with period 1). Define

1. Use the Weierstrass M-test to show that f is continuous on R.
2. Prove that f is differentiable at no point.

(So there exists a continuous which is nowhere differentiable!)

Hint: Google Blancmange function!

§ 7.4 The Space of Continuous Functions

Problem 7.14. Let 6 : (¢(|—1,1];R),|| - |») — R be defined by 6(f) = f(0). Show that §

is linear and uniformly continuous.
Problem 7.15. Let (M, d) be a metric space, and K < M be a compact subset.

1. Show that the set U = {f € €(K;R)|a < f(z) < bforallze K} is open in
(€¢(K;R),| - |o) for all a,b e R.

2. Show that the set F' = {f € €(K;R)|a < f(z) < bforallze K} is closed in
(€¢(K;R),| - |o) for all a,beR.
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§

3. Let A € M be a subset, not necessarily compact. Prove or disprove that the set
B={fe%(AR)|f(z)>0forall ze A} is open in (G(A;R),] - o).

§ 7.5 The Stone-Weierstrass Theorem

Problem 7.16. Define B to be the set of all even functions in the space ¢’ (|—1, 1]; R); that
is, f € B if and only if f is continuous on [—1,1] and f(x) = f(—z) for all z € [-1,1].
Prove that B is closed but not dense in € ([—1,1]; R). Hence show that even polynomials
are dense in B, but not in € ([—1, 1];R).

Problem 7.17. Let f :[0,1] — R be a continuous function.

1. Suppose that
1
f f(z)z"dx =0 VneNu{0}.
0

Show that f =0 on [0, 1].
2. Suppose that for some m € N,
1
f f(z)z"dx =0 Vne{0,1,---,m}.
0

Show that f(z) = 0 has at least (m + 1) distinct real roots around which f(x) change

signs.

Problem 7.18. Let f :[0,1] — R be continuous. Show that
1 1

lim | f(x)cos(nx)dz =0 and lim | f(x)sin(nz)dx =0.
0 0

n—0o0 n—0o0

Problem 7.19. Put py = 0 and define
z* — pi(x)

Pi+1(2) = pr(x) + VkeNu{0}.

Show that {py};~; converges uniformly to |z| on [—1,1].
Hint: Use the identity

. |z| + pr(z) (782)

2] — pr1(x) = [|$| —pk(a:)} [1 5

to prove that 0 < pg(z) < pry1(x) < |z| if |x| < 1, and that

o] = pele) < ol (1 - 12)" < 2

kE+1

if |z| < 1.
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Problem 7.20. Let f : [0,1] — R be continuous and ¢ > 0. Prove that there is a simple
function g (defined in Example 7.55) such that ||f — g[ < e.

Problem 7.21. Suppose that p,, is a sequence of polynomials converging uniformly to f on
[0,1] and f is not a polynomial. Prove that the degrees of p,, are not bounded.
Hint: An Nth-degree polynomial p is uniquely determined by its values at N + 1 points

Zo, - , oy via Lagrange’s interpolation formula
o) = 3 ma(o) 2
k=0 ’ ()
where m(z) = (x —xo)(x — 1) -+ (. —2n) /(. —zx) = ] (v —xj).

I<j<N
J#k

Problem 7.22. Consider the set of all functions on [0, 1] of the form
h(z) = Z a;e’"
=1

where a;, b; € R. Is this set dense in € ([0, 1]; R)?
§ 7.6 Universal Approximation Theorem

Problem 7.23 (Density for generalized ridge functions). This problem asks you to gener-
alize Proposition 7.67. Fix an integer d with 1 < d < n — 1, and consider functions of the
form

G(z) = g(Ax),

where A € R”" and ¢g : R? — R is continuous. (When d = 1, this reduces to the usual ridge
functions f(a - x).)
Let Q be a subset of R¥" and define

M(Q) :=span{ g(Az) | Ac Q, ge €(R",R)}.

For each A € Q, let L(A) denote the row space of A (equivalently, the column space of AT),
and set
L(Q) == | ] L(A) = R™
AeQ

Prove the “<” direction of the following statement.
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Proposition 7.90. The linear space M(2) is dense in € (R"™;R) in the topology of uniform
convergence on compact subsets if and only if the only polynomial in H™ that vanishes

identically on L(QY) is the zero polynomial.

The proof of the opposite direction will be given later (see Problem 9.46 in Chapter 9).
Hint. Show that (d - z)* € M(Q) for every d € L(Q) and every k € N. Then mimic the

argument in Proposition 7.67.

Problem 7.24 (A smooth-activation version of UAT). In this problem you are asked to

prove the following weaker version of the Universal Approximation Theorem.

Theorem 7.91. Let 0 € €*(R;R). Then o is not a polynomial if and only if N,(n,m) is

dense in € (R™;R™) in the sense of uniform convergence on compact subsets.
)

The direction “<"” is proved in Theorem 7.72. Your task is to prove “=".

Hint. It suffices to show that (o) is dense in €' (R;R). Use difference quotients to show
that for each k € N,

d* =
e o(wx +0) € X1(0)

where the closure is taken with respect to uniform convergence on compact sets. By the

Il

(w,0 € R),

chain rule, this implies
oW (wz +0)eTh(e) ' (keN, w,0eR).

In particular,
Fo®(@) e @) *  (keN, geR).

=7l

Use this to show that 3;(¢)  contains all polynomials. Finally, apply the Stone—Weierstrass

Theorem.

Problem 7.25 (UAT for a sigmoidal activation). Let 0 : R — R be a continuous sigmoidal
function; that is,
lim o(t) =0, lim o(t) = 1.

t——00 t——+00

Show that the set N,(n, 1) is dense in € (R";R).

Background. A classical result of Cybenko shows that such o yields uniform density of
N,(n,1) in €(K;R).

Hints:
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1. Tt suffices to prove the result for K = [0, 1]".
2. Set
S:=span{o(a-z+b)|acR", beR} < £([0,1]").
Assume that S is not dense. By the Hahn—Banach theorem, there exists a nonzero

continuous linear functional L on % ([0, 1]™) such that L(S) = {0}.

3. By the Riesz representation theorem, there exists a finite signed Borel measure g on
[0,1]™ such that

L(h) = f[o . h(x)du(x) for all h e €([0,1]";R).

Hence
f ola-x+0b)du(x) =0 forall aeR", beR.
[0,1]»

4. Use the sigmoidal property: for fixed @ # 0, the functions o(t(a - & + b)) converge
pointwise to the indicator function of the half-space {a-x+b > 0} as t — +o0. Apply

dominated convergence (note that ¢ is bounded) to conclude that

p({a-z+b>0})=0 forallacR" beR.

5. Deduce that g must vanish identically. This contradicts the assumption that L # 0.
Hence S is dense in %'([0, 1]"), and the desired density follows.

§ 7.7 Kolmogorov-Arnold Representation Theorem

Problem 7.26 (The remainder of the original Kolmogorov—Arnold construction). In the
original Kolmogorov—Arnold approach, the most delicate part is the construction of certain

numbers
ML (I<p<n, 1<g<2n+1, 1<i<mp=(n)+1, k>0)

together with a sequence {e;};2, of positive numbers. In this problem, we assume that this
part has already been carried out, and we show that the remainder of the proof may then
be completed by standard arguments involving uniform convergence and continuity.

Assume that for each £ >0, 1 < p <n, and 1 < ¢ < 2n + 1, there are numbers

pq pq pq
)\M < /\k,2 << )\k’mk

and positive numbers ¢;, satisfying the following properties:
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(1) For each fixed k, p, q,

N1 <)\i?i+2_k (i =1,...,mp—1).

(2) If AL, n A} |, # &, then

[)\g?i’ )‘i?i +ex] S P‘qul,j? Aiqfl,j + e1]-

(3) For each fixed k and g, the intervals

=1 p=1
are pairwise disjoint as (iq,...,14,) ranges over {1,... mg}".
o0
(4) The series ) e converges.
k=0

For1<q¢<2n+1, keN, and 1 <17 < my, let

and for each multi-index (iy,...,4,) € {1,...,my}", define
= Ay, < < AL

Thus the index set {1,...,my} plays the same role as the sets Z;(N) used in the main text:
it simply enumerates those intervals Aj ; that meet [0, 1].

For each fixed k, p, g, define a function
vt [0,1] = R

as follows: on each interval Af ., let 2¢ be equal to the constant X7’ and on each connected

component of
my,
0, 1\ AL
i=1

define ¢ by linear interpolation. Then ¢1? € €([0, 1];R) for every k,p, q.
Complete the following.



326 CuHAPTER 7. Uniform Convergence and the Space of Continuous Functions
1. Show that for each fixed k, the family of cubes
(St 1S a <2041, (i) € {1 i)
covers the unit cube [0, 1]", and in fact every point of [0, 1]™ belongs to at least n + 1
such cubes.
2. Show that
[oe" = ilillo €61 VEZ=1L
Hint: Use property (2), and consider separately the points lying in some interval
AZJ and the points lying in the gaps, where both functions are defined by linear
interpolation.
3. Deduce that for each fixed p,q, the sequence {¢}?}7, is uniformly Cauchy on [0, 1],
and hence converges uniformly to a continuous function
PP e € ([0, 1) R).
4. For each fixed ¢, define
U(z) = Y "(x,),  x=(x1,....2) € [0,1]".
p=1
Show that for every k > 0, every multi-index (iy,...,4,), and every x € S’iilm-,in’ one
has
Vi(z) e Ai,il,...,in-
Hint: Fix z, € AZ,%- Show that for every j > k,
Uyt (wp) € [N, X, + exl,
using property (2), and then pass to the limit j — oo.
5. Deduce from property (3) that, for each fixed k and ¢, distinct cubes

q
kyit,...sin

are mapped by W7 into pairwise disjoint intervals. More precisely, if

(ila---ain) # (jl?"'ajn)a
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then

(S ) < A%m,...,inv qjq(sq c Al

kyit,...yin k7.j17"'7j’n) - kyjtyeesdn?

and these two intervals are disjoint.

6. Let
Jo=

For each r > 1, suppose that continuous functions
Xt R—>R, I1<g<2n+1,

have already been constructed, and define the residual function

2n+1

fra(m) = f( ZXH\W ze[0,1]"

Explain why, by the uniform continuity of f,_;, one can choose an integer k, so large

that the oscillation of f,_; on each cube S} , is bounded by

321545 tn

sup ’fT,1($> - fr71<y)|

x,yeS?

kpyiq,e.., in
7. Fixr>1land ge {1,...,2n+ 1}. For each multi-index (i, ...,%,), choose a point

q q
Ehorsin,eonin € Dhritsosin

(for instance, the center of the cube). Define a function ¢ on the union of the intervals

q
k/"rﬂlv'”vln

by
1
ni(y) = ntl fr—1 (513“1'1,...,%)’ ye Aqr,il,...,in‘
Use property (3) to show that this definition is well-defined. Then extend n?¢ con-

tinuously to the whole real line by linear interpolation on the gaps between these

intervals.
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8. Define
X=X+l I1<qg<2n+1.
Show that
1
It < ?Hfr 1oo
and hence
1
4 — 1 < ——|Ifro1]o- 7.8.4
Iz = Xralle < 7 1fr-alle (7.8.4)
9. Show, using (7.8.3), that the new residual
2n+1
fr(@) = flz) = Y x{(V(x))
q=1
satisfies
2n+1
HfTHOO = ( )Hf?“ 1||00
Hint: Note that
fr(@r, o wp) = fraa(a, .. 2 Z [ (Z@/)pq xp)> —X§_1<Z¢pq(xp)>] .
q 2
Split the sum }, as ST+ 3" where Y. extends over n + 1 values of ¢ such that
T = (71,...,7,) belongs to one of the cubes 5]/ ; . whose existence is guaranteed
by Step 1, and 3" extends over the remaining n values of g. Then use (7.8.3) and
(7.8.4).
10. Show that for each fixed ¢, the series

o0

PCEED Y

r=1
converges uniformly on every bounded interval. Deduce that x¢ converges uniformly

on every bounded interval to a continuous function x4, and conclude that

2n+1

fl@)= ) x(¥z) Vael01]"

g=1

Hint: First show that W4([0, 1]") is bounded.
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11. Conclude that, once the numbers A, and the sequence {e;} with properties (1)-(4)
have been constructed, the rest of the original Kolmogorov—Arnold proof follows from
standard arguments involving uniform convergence, continuity, and geometric decay

of the residuals.
§ 7.8 Chapter Review

Problem 7.27 (True or False). Determine whether the following statements are true or

false. If it is true, prove it. Otherwise, give a counter-example.

1. Let f, : [a,b] — R be an uniformly convergent sequence of continuous functions. Then

the sequence of the indefinite integrals g, (z) defined by

€T
gn(z) = J falt)dt Ve |a,b
converges uniformly to a continuously differentiable function.

2. Let f,, : [0,1] — R be a equi-continuous sequence of functions such that the sequence

1 . . .
{ f”(i)}le is bounded in R. Then {f,}*_; contains a convergent subsequence.
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Fourier Series
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8.1 Basic Properties of the Fourier Series

Let f € €(T) be given. We first assume that the trigonometric polynomials used to approx-

imate f can be chosen in such a way that the coefficients does not depend on the degree of
approximation; that is, c,(c") = ¢ and s,(cn) = sg. In this case, if p, — f uniformy on [—7, 7],

by Theorem 7.17 we must have

™

lim pn(x) cos kx dx = f(x) cos kx dz Vke{0,1,-- ,n}

—
n—w J__

and
lim pn(z)sinkz de = f(z)sin kx dx Vke{l,--- ,n}.
n—00 —x —x
Since
J cos kx coslx dr = f sin kx sin {x dz = Ty Vk (eN
and
f sin kz cos bz dx = 0 VkeN, /e Nu {0},
we find that
1 (" 1 (" _
ce=—| f(z)coskxdz and S = —J f(z)sinkx dx. (8.1.1)
TJ)_, TJ)_,

This induces the following

Definition 8.1. For a Riemann integrable function f : [-m, 7] — R, the Fourier series
of f, denoted by s(f,-), is given by

s(f,x) = —+Z (¢ coskx + s sin kx)
k=1
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whenever the sum makes sense, where sequences {c¢}7, and {s;};>, given by (8.1.1) are
called the Fourier coefficients associated with f. The n-th partial sum of the Fourier

series to f, denoted by s,(f,-), is given by

Sp —50 g (cx cos kx + si sinkx).

We note that for the Fourier series s(f,z) to be defined, f is not necessary continuous.

Our goal is to establish the convergence of Fourier series in various senses.

Remark 8.2. Because of the Euler identity e = cosf + isin 6, we can write

1 , . 1 .
cr = o | f( )(e* 4 em™)dy and s, = o | f( ) (e — eV dy
thus
n 'ka —ikx ikx —ikx
Co +e et —e
Sn( ’$>:§+Z(C’f 5 + Sk 5; )
k=1
1r " 4 .
=5 + Z ((cr —isk)e™ + (cp + isk)e_’k‘”)}
B k=1
1r n . —1 '
=3[+ Z(ck —isp,)e T 4 Z (c_p + is_k)em}
B k=1 k=—n
- 1 n us —1 T ) )
= Zl¢o 4+ = f( ) zkydyezkx 4+ = 2 y)e—zkydyezkx
B 7'(' k=1vY—T k*—n -

Define fk = 217rf f(y)e=™*¥ dy. Then fk = M

—T

(here we treat sop = 0), and

k=—n

The sequence { ﬁ}f:_w is also called the Fourier coefficients associated with f, and one can

o oA
write the Foruier series of f as Y. fre®.
k=—

Remark 8.3. Given a continuous function g with period 2L (or a function g which is

Riemann integrable on [—L, L]), let f(x) = g(g) Then f is a continuous function with
T
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period 27 (or f is a Riemann integrable function on [—m, 7]), and the Fourier series of f is

given by
s(f,x) = % + Z(ckcosk:v + sp sin k),

where ¢ and sy, are given by (8.1.1). Now, define the Fourier series of g by s(g,2) = s(f, %)

Then the Fourier series of g is given by

o0
__0 krx
g,x) = 5 Z:: ckcos —i—sksm—L ),

where {ci}72, and {s;};2, is also called the Fourier coefficients associated with ¢ and are
given by

T L kmx

1
g(%) cos kx dx = 17 J g(x) cos — dx

g 1
Ck B f(z)cos kx dx WJ . 7

7T —T
L . kmx o . .
and similarly, s = LJ g(x)sin A dz. Similar to Remark 8.2, the Fourier series of g can
~L
o0
~ imkx
Z gre L,

L k=—0o0
717rky
dy.

also be written as

~ 1
where g, = 5T Lg(y)

Example 8.4. Consider the periodic function f : R — R defined by

r if0<z<m,

)=

—x it —mT<2x<0,

and f(z + 27) = f(z) for all z € R. To find the Fourier representation of f, we compute

the Fourier coefficients by

1 (" . L/ (™ . o
S = — f(:z)smk::vdx:—<f xsinkx dr — :vsmkxdx) =0
T™Jn ™ 0 —T
and
1 T 1 T 0 2 T
Cp = — f(x)cos/mcdx:—< xcos kx dr — xcoslmdw) =— | xzcoskxdx.
T™J—x ™ 0 -7 ™ Jo

Ifk:O,thencoz2J:cdx:7r,whileifkeN,
™ Jo

2 srxsinkx
o= (5

21—

0 wk?

™ J“ sink:xd> 2 cos kx
— m = —
o Jo k T k2
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Therefore, cop, = 0 and cop_1 = —(2];11)2 for all k € N. Therefore, the Fourier series of f
(2% —

is given by

cost—l
s(f: :___Z (2k — 1)

Example 8.5. Consider the periodic function f : R — R defined by

and f(x +27m) = f(z) for all z € R. We compute the Fourier coefficients of f and find that

sy =0 for all ke N and ¢y =1, as well as

1 (2 2 (2 2sin =X k”
Cp = — coskxrdr = — cos kx dr =
T o T Jo 7Tk
2(—1)k+1 . . L
Therefore, cop, = 0 and cop_1 = m for all k € N; thus the Fourier series of f is given
7T fe—

by

s( ,x):%—%z (_1_) cos(2k — 1)zx.

[\
o
—_

Example 8.6. Consider the periodic function f : R — R defined by
flz)==x if —r<zx<nw

and f(x + 2m) = f(z) for all x € R. Then the Fourier coefficients of f are computed as

follows: ¢, = 0 for all ke N u {0} since f is (more or less) an odd function, and

1 (" 2 (™ 2 kx|™ T k
sk——f xsinkxdm——J a:sinkxdxz—(—xcos a +J o xdm)
s 0 o Kk

) 0 s k
_ 2(_1)k+1
= ’ .

Therefore, the Fourier series of f is given by

s(f,a:):22 (=

k=1

1 k+1
sin kx.
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8.2 Uniform Convergence of the Fourier Series

Before proceeding, we note that Remark 8.2 implies that

n

sn(f,x) = 2 % _Tr F(y)et@v) dy:JW f(y)(% Z 6ik(m—y)> dy.

k=-n - k=—n

1 n

27 k=—n

Define D, () e*. Then D, is 2m-periodic, and

salfia) = [ F)Due—y)dy.

For 27-periodic Riemann integrable functions f and g, we define the convolution of f and

g on the circle by

™

(frg)x)= | fwglx—y)dy.

Then s,(f,z) = (D, * f)(z). _
_2n+1

Note that D,,(0) = 5 and if e # 1,
s
1 e-inafeilntl)z _ 1 eintl/2z _ o—i(n+1/2)z  gin(n + Y
D)= Ll | _ L/ o eniene_ sinin + )
m eir —1 27 eir/2 — e=in/2 27 sin &

so that we have the following

Definition 8.7. The function D,, : R — R defined by

- 1
W it x ¢ {2k |keZ),
D,(z) = Tty (8.2.1)

2n+1 .
5 if v e {2km |k e Z},
is called the Dirichlet kernel.
By the fact that D, (z) = gi > €% we immediately conclude the following
T k=—n

Lemma 8.8. For eachn e N and z € R, D,(x—y)dy =1.

—Tr

In the following, we first consider the uniform convergence of the Fourier series of 27-

periodic continuously differentiable functions.



336 CuAPTER 8. Fourier Series

Definition 8.9. The normed vector space (¢*(T), | - |¢1(r)) is a vector space over R con-
sisting of all 2m-periodic real-valued continuously differentiable functions and is equipped

with a norm
[Florm = 1o + 1/l = max |f(z)| + max[f'(z)] ¥ fe€HT).

Theorem 8.10. For any f € ¢*(T),the Fourier series of f converges uniformly to f on R;

that is, the sequence {s,(f, )}s, converges uniformly to f on R.

Proof. By Lemma 8.8, we find that for all = € R,

™

o) = £@) = (Dyx f = @) = [ Dale =) (1) — 7)) dy
— [ Duw)(F (e —y) — f(0))dy.

—T

We break the integral into two parts: one is the integral on |y| < § and the other is the
integral on ¢ < |y| < 7. Since f € €Y(T),

[f(@—y) = f@)] < [ ]wlyl;

thus by the fact that

z for 0 <z < T Wwe obtain that
sinx 2 2’

Day)(f( — ) = f(@))dy

< [l Sy, e [ Vo< s22)

_s 27| sin 4| 27 5 sin g

‘ ly|<d

Now we take care of the integral on § < |y| < 7 by first looking at the integral on 6 <y < .
Integrating by parts,

i L flz—y) - f(z)
| P (rte =9 - 1) fgnn+2y 2y
1 cos(n+ 3y flo — )— +i cos(n—k%)yif(:c—y)—f(x)d
— 27r n—|—% Sin% y:5 2 5 n+% dy sin% Y.

For the first term on the right-hand side,

1 _
Leos(ntg)yf@—y —f@pP o Afle o Ifle o, cp
2T n+ % sin & y=0 2mn sin g n sin g
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For the second term on the right-hand side,
L J cos (n+ 3)y d flw—y) - f(x)dy‘
27

n—l—% dy sin%
cos y f(x— COS y COS 5 (f(f’? -y) — f(»””))
27r UJ sin § ‘_'—’J n+2 2sin® ¥ dy)
[Hf ”OO( +%) sin HfHOO( +2) s1n25] = n51n25 '

Similarly,

-5
[ D v ) - s)m] < Lz o Mo !

n sin g T Sin

thus for all z € R,

a1 < | ([ 4 [+ [ )pawse - - )

il 2l 4l e
< s + 2L ZEIEE g4 SED,
ns S T S1n b}

11’12 TLIHQ

Let € > 0 be given. Choose a fixed § > 0 such that ||f'|0 < g For this fixed ¢, choose
N > 0 such that

A flerry e
—~ . 335 < —.
N sin® 2
Then if n > N and z € R, we have
4] fller () 4 fler(m
sn(f,x) — flx)| < = +7\ +7<5.
’ (f,2) = £( )‘ 2 nst‘s 2 Nsian :

Next we consider the convergence of the Fourier series of less regular functions. The
functions of which we prove the convergence of the Fourier series belong to the so-called

Holder class continuous functions.

Definition 8.11. A function f € ¢'(T) is said to be Holder continuous with exponent

€ (0,1], denoted by f e €%(T), if sup W < . Let | - [go.a(r) be defined by
Y€
TFY
| fwo.ccmy = sup | f(x)| + sup M
zeT z,yeR |J; — y|

TF#Y

Then | - |4o.e(r) is & norm on €**(T), and

¢O(T) = {f € €(T)| | flwoem < o}
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In particular, when o = 1, a function in €%!(T) is said to be Lipschitz continuous on T;

thus €%!(T) consists of Lipschitz continuous functions on T.

The uniform convergence of s,(f,-) to f for f € €%*(T) with a € (0,1) requires a lot

more work. The idea is to estimate || f — s,(/, )HOO in terms of the quantity inf | f —p|w.

pePn (T)
Since s,(f, ) € Za(T), it is obvious that
o =Pl < |f = su(f. )],
The goal is to show the inverse inequality

17 = snlf. )y < Cu_inl 1T = bl (8.2.3)

for some constant C,, and pick a suitable p € &,(T) which gives a good upper bound for

H f—sa(f, )Hoo The inverse inequality is established via the following

Proposition 8.12. The Dirichlet kernel D,, satisfies that for alln € N,

f | Dy (2)|dz < 2+ logn. (8.2.4)
Proof. The validity of (8.2.4) for the case n = 1 is left to the reader, and we provide the
sin(n + 1)

iz
27 sin 5

fﬂ 1D, ()| = 2 Lﬂ 1D, ()| dz = Jj 2| Do) der + fr

proof for the case n > 2 here. Recall that D, (z) = if x € (0, 7]. Therefore,

sin(n + %)x‘d
———=|dx

T sin 7
. 2n+1 1
Since | D, ()] < forall 0 <z < < the first integral can be estimated by
n 12 1
f 2| D, ()| dr < =~ (8.2.5)
0 T n
Since 2z <sinz for 0 < z < g the second integral can be estimated by
s
™ sin(n + 2 ™1
J w‘dxé J —dx = logm+logn. (8.2.6)
1l wsing 1
We then conclude (8.2.4) from (8.2.5) and (8.2.6) by noting that logm + 2nt 1 < 2 for all

nm
n = 2. o
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Remark 8.13. A more subtle estimate can be done to show that

J }Dn(:v)‘dx>cl+cglogn VneN
for some positive constants ¢; and cy. Therefore, the integral of | D,,| on [—m, 7] blows up as

n — 0.

With the help of Proposition 8.12, we are able to prove the inverse inequality (8.2.3).

The following theorem is a direct consequence of Proposition 8.12.

Theorem 8.14. Let f € €(T); that is, f is a continuous function with period 2r. Then
|f=su(f, )], < B+ logn) mf Hf Ploo- (8.2.7)

Proof. Forne Nand xz €T,

™

5a(fo2)]| < f D) — 9)|dy < 2+ logn) ..

—Tr

Given € > 0, let p e &,(T) such that
If =2l < __inf If =Pl te.
Then by the fact that s, (p,z) = p(z) if p e £,(T), we obtain that

I = sulf. ) < 1F =2l + 2 = sulf )], < |F =2l + |sulf =20,
<|[f=p|, + @ +logn)|f —pl
< (3+logn)[ mf Hf p||oo—|—5:|

and (8.2.7) is obtained by passing to the limit as & — 0. o

Having established Theorem 8.14, the study of the uniform convergence of s,(f,) to f
then amounts to the study of the quantity glf |f—p|ow- The estimate of 1nf Hf Pl
Ez

for f € €%*(T), where a € (0,1), is more difficult, and requires a clever ChOlce of p. We

begin with the following

Lemma 8.15. If f is a continuous function on [a,b], then for all 61,05 > 0,

swp [f(@)— )] < (1+2) s |f@) — ).

lz—y|<d1 02 |z—y|<d2
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The proof of Lemma 8.15 is not very difficult, and is left to the readers.

Now we are in position to prove the theorem due to D. Jackson.

Theorem 8.16 (Jackson). There exists a constant C' > 0 such that

inf ||f=ple<C sup [f(z)=fly)l Vfe?(T).

Proof. Let p(x) = 1+4c¢; cosx+ - -+ ¢, cosnz be a positive trigonometric function of degree
n with coefficients {c¢;}!_; determined later. Define an operator K on & (T) by

(Kf)(2) = — j " o) —y)dy.

2m J_,
Then Kf € #2,(T). Lemma 8.15 then implies

(K1)(e) -~ £@)] < 5 | plteo =) - Sy

2m
<o | s nl) s |f)~ )y

lz—yl<i
= [1 + % JW lylp(y) dy} |£;1‘12% |f(z) = f(y)]-

71_2

Since y? < 7(1 — cosy) for y € [—m, x|, by the Cauchy-Schwarz inequality (Corollary 2.27)
we find that

[N

1 e 1 T ) % 1 ™ %
o) lylp(y) dy < [% LT yp(y) dy} [% f Fp(y) dy]
= g\/ 2 — Cq.

< E rﬂ(l — cosy)p(y) dy]

Therefore,

IKF = flo < (1+5v2=c1) swp [f() = fw).

lz—y|<E
To conclude the theorem, we need to show that the number ny/2 — ¢; can be made bounded
by choosing p properly. Nevertheless, let

p(x):c‘zsmwem 3 S DT (D

k=0 n+2 k=0 (=0 n+2 n+2

- k+1 N k+1 (+1
:CESiIlQu-f-QC 2 sin( + Ur Sin( + Ur cos(k — 0)x

= n+ 2 o n+ 2 n+ 2
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and choose ¢ so that p(x) =1+ ¢ cosxz + - - + ¢, cosnx. Then

i Z Gin? (k+1m 1 [1 s 2k + 1)m

= n -+ 2 2 = n -+ 2
:n+1_sm(2’;§i§)”—sinn%2 n+2
2 4sin 75 2
and
= (k+1)m km < T (2k+ 1)m
c1 = 2¢ sin =c [ S — CoS
! kz:l n—+ 2 n -+ 2 kZ:l n n -+ 2
. (2n+2)7 . 2
sin — sin =&
— c[n cos —— — nt? "J“Q}
n-+ 2 ZSmn—+2
: 27
sin =%
= c[n cos —~ . n+2} = ¢(n + 2) cos = 2cos )
n—+2 sin "5 n + n -+ 2

n+2

As a consequence,

nv2 —ac :77J(2—2cosniz>5 = 2nsinm
T T
=2 2)sin ———— — 4sin ———
(0 2)sin g0y ~ 40 00
2(n+2) | T . ™
= sin —4sin ——
T 2(n+2) 2(n+2)

which is bounded by ; thus
2

inf |f = ple < Kf = flo < (14 %) sup |f(2) = £(y)]-

peZn(T) le—y|<L
n

Finally, since lim n™%logn = 0 for all a € (0, 1], we conclude the following
n—ao0

Theorem 8.17. For any f € €%%(T) with a € (0,1], the Fourier series of f converges

uniformly to f on R.

Remark 8.18. The converse of Theorem 8.16 is the Bernstein theorem which states that

if f is a 2m-periodic function with the property that there exist a constant C' (independent

of n) and « € (0, 1) such that

inf — <Cn™® VneN,
it I =ple< O ¥

(8.2.8)

then f € €%%(T). In other words, (8.2.8) is an equivalent condition to the Holder continuity

with exponent « of 27-periodic continuous functions.
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8.3 Cesaro Mean of Fourier Series

While Corollary 7.65 shows that the collection of trigonometric polynomials

{02—0 + Z (¢ coskx + spsinkx) | {cx} e, {Skrey S ]R}
k=1

is dense in %'(T), Theorem 8.17 only implies the uniform convergence of the Fourier se-
ries of Holder continuous functions. To approximate continuous functions uniformly, the
coefficients of the trigonometric polynomials should depend on the order of approximation.

The motivation of the discussion below is due to the following observation. Let {ax}{,

be a sequence. Define a new sequence {b,}_;, called the Cesdro mean of the sequence
{ak}kzlv by
a4 Fa, 1
n n Z g

If {ax};2, converges to a, then {b,}>_; converges to a as well. Even though the convergence
of a sequence cannot be guaranteed by the convergence of its Cesaro mean, it is worthwhile
investigating the convergence behavior of the Cesaro mean.

Let 0, (f,-) denote the Cesaro mean of the Fourier series of f given by

1 < 1 & 1 &
)= g Bl = g 0o = (5 B D)

We note that the coefficients of the Cesaro mean o, (f, ) depend on the order of approxima-

tion n since
n
G n+1-— n—}—l—k} .
f,x —5 Z( (kcoskx+7=sk81nkx).

n+1 n+1
= (12'1') = SECH')
Recall that Dy(x) = W By the product-to-sum formula, we find that if x €
T S1n b}
(0,7),
ka(a:)—Qﬂslmgisin(k—i——) e iZsm—bln k:—i—;)
k=0 2 k=0 Tsin® 5 (=
1 n
= — Z (cos ka — cos(k + 1)z)
dmsin® § =
1 sin? -l
= 1— 1 2 —.
4 sin® 2 ( cos(n + 1)z ) 27 sin® 2

This induces the following
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Definition 8.19. The Fejér kernel is the Cesaro mean of the Dirichlet kernel given by

1 = 1 sin? —("”;1)””

FTL — _D =
(z) n+1 kZ:O () 2m(n+1) sin®%

U

We note that o, (f, ) = F,* f, where F,, > 0 and has the property that F.(x)dr =1

(since the integral of the Dirichlet kernel is 1). Moreover, for any 6 > 0,

lim F.(z)dx =0 (8.3.1)

n—w o< |z|<

= 5 if 0 < |z[ < 7. Inequality (8.3.1) allows us to show that

)
2m(n + 1) sin” §

{Un(f ; ')}le converges uniformly to f.

since |F,(z)| <

Theorem 8.20. For any f € €(T), the Cesaro mean {o,(f, ‘)}:3:1 of the Fourier series of

f converges uniformly to f.

Proof. Let ¢ > 0 be given. Since f € €(T), f is uniformly continuous on R; thus there
exists ¢ > 0 such that

’f(@ - f(y)| < g whenever |z —y| <J.

Therefore, by the fact that F,(z)dx =1 and F,, > 0,

s

Fu(y)f(x) dy|

—Tr

rulfoa) = 1) =| [ Fuwste -y - |
< f Fa)| (@ — ) — f(2)|dy
- f Bl =) )]y + f Fu)|f(@ — ) — f(@)|dy

Iyl

<e| mwaran.] R

N
€

<
2

I
S<|yl<m
Using (8.3.1), there exists N > 0 such that

2||f|oof Fo(y)dy < S whenever n=N.
s<lyl<n 2

Therefore,

on(f,x) — f(x)| < € whenever n > N and z € R; thus we conclude that the

Cesaro mean {o,(f, -)}:):1 converges uniformly to f. o
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8.4 Convergence of Fourier Series for Functions with
Jump Discontinuity

In previous sections we discussed the convergence of the Fourier series of continuous func-
tions. However, since the Fourier series can be defined for bounded Riemann integrable
functions, it is natural to ask what happen if the function under consideration is not con-
tinuous. We note that in this case we cannot apply Corollary 7.65 at all so no uniform
convergence is expected.

In this section, we focus on the convergence behavior of Fourier series of functions with

only jump discontinuities.

Definition 8.21. A function f : [-m, 7] — R is said to have jump discontinuity at a €
(—m,m) if

L lim f(z) and lim f(z) both exist.

r—a Tr—a

2. lim f(z) # lim f(x).

Now suppose that f : [-m, 7| — R is piecewise Holder continuous with exponent o €
(0,1]; that is, there exists {a1, -+ ,an} S (—m,m) such that f € €°*((aj,a;41);R) for all
j€{0,---,m}, where ap = —7 and a,,,1 = 7, and f € €%*(I;R) if and only if

|f(z) — f(y)]

sup ———— < 0.
zyel ,x#y |l’ - y""

Then for all a € (—m,m), the limits lim f(z) and lim f(x) exist since if {zx};2, is a
sequence in (—m, ) which approaches to a from the right/left, then for some 0 < j < m we

must have zj, € (aj, a;41) for all large k so that the Holder continuity implies that
|f(xk) — f(:z:g)} < Mxg — x0® Yk, { large

which shows that {f(zx};2, is a Cauchy sequence (converging to mlirg f()). In other words,
if f:[—m ] —> R is piecewise Holder continuous and a € (—m, ) is a discontinuity of f,
then f has either removable discontinuity at a (which means xlirﬁ f(z) = xliglf f(z) # f(a))
or jump discontinuity at a. In the following, we always assume that f is piecewise Holder
continuous with exponent « € (0, 1] and has only jump discontinuities at {a, -, a,,} in

(—m, ).
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Let f(a)) = lim, f(x), fa;) = lim f(x), and define ¢ : R — R by

—a’ —a.
T—a; T—a,

b(x) = %(m _x) Vael2m) (8.4.1)

and ¢(x + 27) = ¢(x) for all x € R. Since f has jump discontinuities at {ai,- -, a.}, with

ay denoting a,, . the function g : [—m, 7] — R defined by

f@)+ D (faf) = flay)) oz — a;) if 2+ ay, for all k,

M + Z (f(aff) - f(aj_))qb(ak —a;) if x=aqy for some k,

is Holder continuous with exponent o and g(af) = g(ag) = g(—m). Let G be the 27-
periodic extension of g; that is, G = g on [—m, 7] and G(x + 27) = G(z) for all z € R. Then
G € €%*(T); thus Theorem 8.17 implies that s, (G,-) — G uniformly on R. In particular,
Sn(g,-) — g uniformly on [—m, 7].
Using the identity
" bz — a)e** dp = eike fr S(x)e do = Gre e

we obtain that

sa(0(-—a),z) = Y e = 5,(¢, 7 — a); (8.4.3)
thus (8.4.2) implies that the Fourier series of f is given by

sn(f, ) = sulg, @) = i ))sn((- = aj), )

[z
~
s
—~
S
+
S~—
|
=
S
<

<.
Il
o

NgE

= su(g.2) = 3 (f(ah) = £(a;))sa(d, 2 — ay). (8.4.4)

<.
Il
o

Therefore, to understand the convergence of the Fourier series of f, without loss of generality

it suffices to consider the convergence of s, (¢, -).

8.4.1 Uniform convergence on compact subsets

In this sub-section, we show that the Fourier series of a piecewise Holder continuous func-
tion whose discontinuities are all jump discontinuities converges uniformly on each compact

subset containing no jump discontinuities.
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Based on the discussion above, we first study the convergence of s,(¢, ). Since ¢ is an
odd function, for k € N,

1 (" 1 ("
sp=—| ¢(x)sinkrdr=— | (z—m)sinkzdr
TJ) . 2 ),
1 1—(z —7) cos kx |z=n ™ cos kx 1
-1 do| = ——.
w2[ k 2=0 +L kT Tk

Therefore, the n-th partial sum of the Fourier series of ¢ is given by

sin kx

Sn(0, ) = —% > - (8.4.5)
k=1

sin ki converges uniformly on [—m, —6] U [§, 7] for all0 < § <

o0
Lemma 8.22. The series ),
k=1

.

Proof. Let 0 < § < m be given, and S,(z) denote the sum »; sin kx. Using the identity
k=1

n + Ly — z
Z sin kx = cos(n + )z — cos 3 Vae|[-m,—0]ulomn],
k=1

: X
2 sin 3

we find that |S,| < M < o for some fixed constant M. For m > n,

m

1 . 1 1 1
k;ﬂ 7 o ko = E(Sm — Sm-1) + m(SmA — Sm—2) + -+ m(SryH_l —Sp)
Sm Sh 1 1 1 .
= arl w1 T e nm o T v
thus
1, 1 1 — 1 1 1

Since the right-hand side converges to 0 as n, m — o0, the Cauchy criterion (for the conver-

gence of series of functions) implies that the series

0

sin kx
2,

k=1

converges uniformly on [—7, —d] U [0, 7]. o

Lemma 8.22 provides the uniform convergence of s, (¢,-) in [—m, —0] U [0, 7]. To see the

limit is exactly ¢, we consider an anti-derivative ® of ¢ and establish that &’ = s(¢, -).
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2
Let ¥ : R — R be 27-periodic and ¥ (z) = i— for z € [, 7]. Then ¥ € €%(T) is an
s
even function and the Fourier coefficients of ¥ is

1 us 2

~ x T
Uy = — —dr = —
T o) w12
and for k£ # 0,
o 1 g —ikx o 1 " 2 R _ (_1)k
\Dk—% _Wﬂe dx—S? _WI (coskx + isinkx) dr = TEm

Therefore, using (8.4.3) we find that the Fourier series of ® = W(- — ) is

(©,2) = s(¥ J= b D) Bkt L > o
S ,ZE =S 7:1; — ) = — ke —_ — _ 3
12 keZ,k#0 12 2n keZ,k#0
oo N 1 cos kx
T 99 T 2
12 Ak

Since ® € €%(T), s,(®,-) converges uniformly to ® on R. Moreover, s,(®,-)" = s,(¢,")
which converges uniformly on [—m, —d] U [0, 7]. Therefore, Theorem 7.11 implies that s(¢,-),
the uniform limit of s, (¢, -), must equal ®’ on [—m, —d] U [J, 7|. Finally, we note that ¢ = ®’
on [—m,—0] U [0, 7], so we establish that s,(¢, ) — ¢ uniformly on [—m, —d] U [, 7].

Since a discontinuity of a piecewise Holder continuous function f is either removable
or a jump discontinuity, and the value of the function at removable discontinuities does
not change the value of the Fourier series of f, the uniform convergence of s,(¢,-) to ¢ on

[—7,—0] u [0, 7] for all 0 < § < 7 implies the following

Theorem 8.23. Let f : (—m,m) — R be piecewise Holder continuous with exponent o € (0, 1].
If f is continuous on (a,b), then the Fourier series of f converges uniformly to f on any

compact subsets of (a,b).
By Remark 8.3, we can also conclude the following

Corollary 8.24. Let f : (—L,L) — R be piecewise Hélder continuous with exponent a €
(0,1]. If f is continuous on (a,b), then the Fourier series of f converges uniformly to f
on any compact subsets of (a,b) (where the Fourier series of f is given in Remark 8.3). In
particular, 7}1_1)210 sn(f,x0) = f(xo) if f is continuous at xy. In other words, the Fourier series

of f converges pointwise to f except the discontinuities.
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8.4.2 Gibbs phenomenon

In this sub-section, we show that the Fourier series evaluated at the jump discontinuity
converges to the average of the limits from the left and the right. Moreover, the convergence
of the Fourier series is never uniform in the domain including these jump discontinuities due
to the famous Gibbs phenomenon: near the jump discontinuity the maximum difference
between the limit of the Fourier series and the function itself is at least 8% of the jump. To

be more precise, we have the following

Theorem 8.25. Let f : R — R be 2L-periodic piecewise Hélder continuous with exponent

a € (0,1]. Then

flxg) + flxg)
2

Moreover, if xqg is a jump discontinuity of f so that

flag) = flzg) =a#0,

1 (7 si 1
then there exists a constant ¢ > 0, independent of f, xo and L (in fact, c = = J MY e~ A

™ Jo x 2
0.089490), such that

lim s, (f,z0) = Vo eR. (8.4.6)
n—aoo

i L
gl_r)Ic}o sn(f, @0+ 5) = f(z) + ca, (8.4.7a)
. L _
nh_r)rolo Sn(fy o — 5) = f(zy) — ca. (8.4.7b)
Proof. By Remark 8.3, W.L.O.G. we can assume that L = 7. Let {a1, -+ ,a,,} S (—m,7) be
the collection of jump discontinuities of f in (—m, 7), ag = —7, a;e1 = 7 (S0 by periodicity

f(ag) = f(a,,,,) automatically), and define g by (8.4.2). Then g € €%*(T). Suppose that
xg is a jump discontinuity of f in [—m,7) (so ag could be a possible jump discontinuity of
f). Then x = ay, for some k € {0,1,--- ,m}. Therefore, by the fact that ¢ is continuous at
xo — a; if j # k and s,(¢,0) = 0 for all n € N, Corollary 8.24 implies that

S (Flaf) = F(a;)) T s,(6, 70— a;)

7=0
= Z (f(aj) - f(a;)) nlg{)lo sn(b, 10 — a;) = Z (f(a;r) - f(a;))ﬁb(l’o — aj).

On the other hand,

xy Ty
Ji (g, 0) = gfon) = LD 4 5 (700) — 10 )oton ).

o<jsm
Jj#k
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Identity (8.4.6) is then concluded using (8.4.4).
Now we focus on (8.4.7a). Since g € €%*(T), s,(g, ) — g uniformly on R; thus

lim sn(g,xg + %) = g(zo).

n—o0

Similarly, since s,(¢,-) — ¢ uniformly on [—7, —d] U [4, 7] for all § > 0, if j # k,

] 0
T}l_r)glosn(qﬁ, To + n aj) = ¢(370 - aj)'

On the other hand,

As a consequence,

nli_r}[}osn(f7x0 + %) = 731_1;1010 [Sn(gwxo + %) - Z (f(a;_> - f(aj_))sn(qs7x0 + % - aj)i|

j=0
—gleo) = X (Fa)) = F(a))olwo — aj) + (4 3) (flai) — flag))
= f(z) +e(f(25) — f(z0))-

Identity (8.4.7b) can be proved in the same fashion, and is left as an exercise. o

Remark 8.26. Let f be a function given in Theorem 8.25, xy be a jump discontinuity of
f,and I = (xg,zo+r) for some r > 0 so that f is continuous on /. By the definition of the
right limit, there exists 0 < § < r such that

|f(m)—f(xar)‘<% Ve (xg,z0+9).

Choose N > 0 such that % < 9. Then o + % € (zg, o + ) for all n > N; thusif n > N,

sup s, (£,2) = F(@)] = Jsa(f.0+ ) = Flao+ )

> [sa(foo + 1) = FG@)] = [ £+ ) = f(a)]
cla|
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which implies that

cla]  cla
liminfsup |s,(f, z) — f(z)| = cla| — clal = M
n—00 o1 2 2
Therefore, {sn( f ~)}ZO:1 does not converge uniformly (to f) on I, while Corollary 8.24 shows
that {sn( 1 ')}20:1 converges pointwise to f on I. Similarly, if xy is a jump discontinuity of
f and f is continuous on (zo — 7, o) for some r > 0, then {s,(f, -)}Z):l converge pointwise
but not uniformly on (zg — r, zo).

For a function f given in Theorem 8.25, let f be defined by

N f(x) if f is continuous at x,
@) =1 1)+ 1)

5 if x is a discontinuity of f.

Then sn(f, ) = su(f, ) for all n € N, and Corollary 8.24 and Theorem 8.25 together imply

that {sn( f, -)}:):1 converges pointwise to f However, the discussion above shows that

{sn( f, -)}le cannot converge uniformly on [ as long as I contains jump discontinuities of
f

8.5 The Inner-Product Point of View

FOER RN fear Bk v B - B R GRIERF A T ) RRT T kg
Fourier series o 24 * ¥ M §= € & & [—7, 7] 9975 square integrable e (T & T ) #F
N E g - BRI RE e LE- BP Rl - BY A Sdk (4
VAL L — B e £ ) 0 Fourier series ¥ 14 'ﬁ TP E - BIARD E MM EL o
Let L*(T) denote the collection of Riemann measurable, square integrable function on
[—7, 7] modulo the relation that f ~ g if f — ¢ = 0 except on a set of measure zero (or

f = g almost everywhere). In other words,

T

L*(T) = {f : [=m, 7] = C| f is Riemann measurable and |f(z)]? do < oo}/ ~ .

—T

Here we abuse the use of notation L?*(T) for that it indeed denotes a more general space.
We also note that the domain [—7, 7| can be replaced by any intervals with —m, 7 as end-
points for we can easily modify functions defined on those domains to functions defined on

[—7, m] without changing the square integrability.
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Define a bilinear function (-, ) on L*(T) x L?(T) by
1 us
o= [ algaras.

Then (-, -) is an inner product on L*(T). Indeed, if f, g belong to L*(T), then the product fg
is also Riemann measurable, and the Cauchy-Schwartz inequality as well as the monotone

convergence theorem imply that

|(f, o) = lim ;f_ (f A B)(@)||(g A k) ()| da
iy 2 ([ enbiofan) ([ fonsioor)

= (o [ W@l @) (= [ 1ol ) = 1flmlolic <

thus the definition of the inner product (-, -) given above is well-defined. The norm induced

N

by the inner product above is denoted by | - | z2(r).
For k € Z, define e : [—m, 7] — C by ex(z) = ¢*®. Then {e;};>
set in L*(T) since

LT ke it L (T ikt g, ) 1 RE=C,
<ek,ez>—2ﬂf_ﬂe e d:v—zﬂf_ﬂe dx = 0 ikl

_, i1s an orthonormal

n
Let V,, = span(e_,,e_, i1, - ,€0,€1," - ,€,) = { > akek‘{ak}zzw c (C}. For each
k=—n

vector f € L?(T), the orthogonal projection of f onto V), is, conceptually, given by

Y =3 (5| f@edr)e= ) e
k=—n n - k=—n

By the definition of e, we obtain that the orthogonal projection of f on V, is exactly s,(f, -).

We also note that V,, = Z,,(T).
Now we prove that s,(f,-) is exactly the orthogonal projection of f onto V,, = Z,(T).

Proposition 8.27. Let f € L*(T). Then
<f_3n(fa')7p>:0 Vpe,@n(’]l‘)
Proof. Let pe &,(T). Then p = s,(p, -); thus

<f_3n(f;')7p>:<f7p>_<3n(f;');p>:<f7 zn: ﬁkek>_< zn: .]?kekap>

k=—n k=—n
n

= Y Wt — Y Aew= > Bife— Y hbe=0. o

k=—n k=—n k=—n k=—n
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Theorem 8.28. Let f € L*(T). Then

1f = o2y = |f = sulfs )Ty + [sn(fs) = Pli2ry Yo e Zu(T). (8.5.1)

Proof. By Proposition 8.27, if pe Z,(T), s,(f,") —p = su(f —p,) € Z,(T); thus

Hf_p”%ﬂ(’l[‘) :<f_pvf_p>:<f_5n(f>') +3n(fv') _pvf_sn(fa') +Sn(f7) _p>
= Hf - Sn(fa )”12(11*) + 2Re(<f - 3n(f7 ')7 Sn(fa ) - p>) + Hsn(fa ) - pHiQ('ﬂ‘)
= £ = 5alF: My + [5a(F) = Bl 2y

which concludes the proposition. =
We note that (8.5.1) implies that
I£ = sulfMozem < 1 —plisny Vo 2u(T). (852

Since s,(f, ) € Zn(T), we conclude that

— Sn\J>y- = inf - .
If = sn(fs )Lz et If = pllz2em

Moreover, letting p = 0 in (8.5.1) we establish the famous Bessel’s inequality.

Corollary 8.29. Let f € L*(T). Then for allne N,

[sn(fs M2y < [fle2em - (8.5.3)
In particular,
e} - 1 T .
2 |ful? < o |f(2)|" dz. (Bessel’s inequality)
s
k=—00 -7
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Next, we prove that the Bessel inequality is in fact an equality, called the Parseval

identity. Using (8.5.1), it is equivalent to that {s,(f, )}OO

converges to f in the sense of
n=1

L?-norm; that is,
T [50(£.) = £y =0 ¥ F & LA(T).
Before proceeding, we first prove that every f € L?(T) can be approximated by a sequence

{gn}>_; < €(T) in the sense of L2-norm.

Proposition 8.31. Let f € L*(T). Then for all € > 0 there exists g € € (T) (here €(T)
denotes the collections of 2m-periodic complex-valued continuous functions on R) such that
| = gllzzm) <e.

In other words, €(T) is dense in (L*(T), || - ||z2(r))-

Proof. W.I..O.G., we can assume that f is real-valued and non-zero. Let ¢ > 0 be given.

Since f € L*(T), the monotone convergence theorem (Corollary 6.105) implies that

B [[f = (=k) v (f A k) 72ry = Lim f_,, L p)=k) (@) | f(2)]* dz = 0;
thus there exists N > 0 such that
If = (k) v (f ARz <5 VE=N.
Let h = (=N) v (f A N). Then h is bounded and Riemann measurable; thus A is Riemann

integrable on [—m, 7|. Therefore, there exists a partition P = {—m =2y <13 < -+ < x,, =
2

7} of [—m, 7] such that U(h,P) — L(h,P) < T Define

SN
n—1 n—1
S(z) = Z sup  h(§)1y a0, () and  s(x) = 2 inf A€y 2,01 (),
k=0 €[TR, TR 11] oo SElzR Tt

where 14 denotes the characteristic/indicator function of set A. Then

I. - N<s<h<S<Non |[—mn)\{z1,29, + ,Tp_1};

o " S@yde=UhP): 3. f s(x)de = L(h, P).

The properties above show that

™

fr |h(z) — s(z)| dz = fr h(z) — s(x) dx < J (S(z) — s(x)) d

—Tr —Tr —Tr

me?

=U(h,P) = L(h,P) < o5
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Now, similar to the construction of g and A in the proof of Lemma 6.63, for the step function
s defined on [—m, 71| we can always find a continuous function g € €'(T) such that

" me?
o < V. . — -
L |lgllzeeery < N. 2 4]3(35) g(z)| dx < N

Therefore,

f |h(x)_g(x)\dx<f

—T —Tr

us T 2

|h(z) — s(z)| dx +J |s(z) — g(z)| doz < —

which implies that
2

Ih(x) — g(x)|* da < gﬁ_m h(x) — g(x)| du < %;

1 s

),

thus |k — g|2(m) < g The proposition is then concluded by the triangle inequality. o

Theorem 8.32. Let f € L*(T). Then

JE{}O ”f = sn(/f, ')HLZ(T) =0 (8.5.4)
and ;
L[ 2, _ 2 , . )
o). f ()] dz = k;oo | fl” - (Parseval’s identity)

Proof. Let € > 0 be given. By Proposition 8.31 there exists g € € (T) such that

£
If = gllezem < 3-
By the denseness of the trigonometric polynomials in €(T), there exists h € Z(T) such
that sup |g(z) — h(z)| < % Suppose that h € Zy(T). Using (8.5.2),
zeR

2 2 . 1 T 2 1 T g2 . g2
Hg — sy (9, ')”LQ(T) < lg = hlze(r = o a ’9(37) - h(@‘ dr < o o dv =+
Since s, (g,-) € Z,(T) if n = N, using (8.5.2) again we must have

€

”9 — 5n(9, '>”L2(1r) S Hg — sy (9, ‘)HL2(T) < 3 Vn=N.

Therefore, for n > N, inequality (8.5.3) and the triangle inequality yield that

|f = sul/, ')HL2(T) < [|f=glzza) + g = sn(g, ) r2ery + [sulg = £, ) z2()
<2[f = gllzzmy + |9 = snlg, ) r2m) < &;



§8.6 The Discrete Fourier “Transform” and the Fast Fourier “Transform” 355

thus (8.5.4) is concluded. Finally, using (8.5.1) with p = 0 we obtain that

[ @Pae= [ lsrafdes [ I - s .

—T

Using the fact that ;J ‘sn(f, x)|2 de = > ‘fAk‘z and passing to the limit as n — o0, we
T J—n

conclude the Parseval identity. =
S | 71'2
Example 8.33. Example 8.6 provides that f 2?dr =7 Z kQ’ thus Y] i
- k=1
Remark 8.34. The Parseval identity implies that
w AN ——
G.mm= 3 hige  VfgeLXT) (8.5.5)
k=—00
since the polarization identity shows that
1 2 2 ; . , -2
S = [Hf t 0lage) — 17 — o) il + gl — i1F — iglae)]

S [ e+ 1k i — e~ ]
k__
oe}

= LS [0RE +2Re(FF0) + ) — (i = 2Re(FiFs + [5:F)
k=—00

(| Fol? + 2m(fie) + [917) = i (1l — 21m(fidi) + [36f?)]

— Z [Re(fkgk)+zlm fkgk Z il

k=—0o0 k=—0o0

8.6 The Discrete Fourier “Transform” and the Fast
Fourier “Transform?”

Let f: R — R be a periodic function with period L and f is bounded Riemann integrable
n [0, L). Similar to Remark 8.2, the Fourier series of f, defined in Remark 8.3, can be
written as

& ~ 2mikx
.ZU): Z fke L,

k=—00
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271"ka

dy; thus f;c can be approximated by the Riemann sum

~ 1 L
where fu = 7 | #(u)e

1S e —2mkzL 1S Loy —amae
PIEIS oA e IR L

In other words, the values of f at N evenly distributed points can be used to determine an
approximation of the Fourier coefficients of f.

Lf) . —2mike

N—1
There is another point of view of finding the sum % > f(ﬁ Even though
(=0

sp(f, ) will be a good approximation of s(f,x) for large n, the computation of the ex-
act Fourier coefficients will be expensive (and probably impossible). Therefore, instead of

compute the exact Fourier coefficients, we look for a Fourier-like series of the form

N-1
1 TIRKT
- 2 Xk@2 k
k=0
LiyN-1
so that it agrees with the value of f at points {Fj} . Therefore, we look for {Xk}ff:’ol
§=0
satisfying that
1 1 . 1 T r . - 7
2mi 4mi 2m(N—-1)i XO f<0)
1 e N e N e e N Xl f(£)
i 1 e% e% e . 64’”(1}[\]_1)1 X2 ot N
N .
‘ _ _— 2 ' N-1)L
I 1 eQﬂ(]}fV—l)z 6477(];]\[—1)1 o 6271'(]\]]\71)21 | _XN—I_ _f(( ~ ) )_
Let v, = [U,(ﬂl),v,(f),-~ v,g ] denote the k-th column of the N x N matrix F' on the

) 2m(k—1)(j=1)i

left-hand side of the equation above. Then v =e N so that

27 (j—1)(b—k)i
N

N
" —2n(j—1)(k=1)i 2nx(j—-1)(—1)i
’U@"Uk:’vk’l)g:Ze N e N =

=

e
7j=1 7j=1
N— N-1 . .
277 ( E 2rj(l—k) | . . 2mj(0— k)i
Z +1 Z Sin T
j=0 j=0

which shows that

{N ifk=1¢,
Uy - Vg

0 ifk#4.
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Therefore, F*F = Nlyyy; thus

B 7] 1 1 1 cee 1 B 7]
Xo omi ami _ 2m(N—1)i £(0)
X, 1 e~ N e~ N . eT T N f(£)
Xo | =| 1 eV e~ N e e_w]zvv_l)l N
_ _— - N-1)L
_XN—l_ i 1 eiQ‘rr(]}fV—l)z ei4ﬁ(%—1)z 67277(1\1]\71)21 | _f(( ¥ ) )_

The discussions above induce the following

Definition 8.35. The discrete Fourier transform, symbolized by DF'T, of a sequence

of N complex numbers {zg, x1, -+ ,xy_1} is a sequence { X} }xez defined by
Nl —2mikl
Xk = Tee N VkelZ.
=0

We note that the sequence {Xj}rez is N-periodic; that is, Xy ny = X for all k£ €
Z. Therefore, often time we only focus on one of the following N consecutive terms

{Xo,Xl, s ,XNfl} of the DFT.

Example 8.36. The DFT of the sequence {xq,x1} is {zo + z1, 20 — 1}.

8.6.1 The inversion formula

Let {X;}2 " be the discrete Fourier transform of the sequence {z,};'. Then {x,})" ' can

be recovered given { X}, by the inversion formula
1 G e
= D Xpe v (8.6.1)
k=0
. N-1 —2mikyj 2mwikl .
To see this, we compute Y| ( Z rje N )eT and obtain that
k=0
N-1 N-1 g ame N7 N-1 imi Nl N
- 7I"L 7rz e J uxd —J
Z( zje J) Z(x] e >:N$E+Z<$j26 N >
k=0  j=0 =0 k=0 i=0 k=0
j#e
N-1 627ri(27]) 1
=Nz, + (xj e} > = Nux,
e v —1

The map from {X;}n ' to {z,} ;" is called the discrete inverse Fourier transform.
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We note that the inversion formula (8.6.1) is an analogy of

0
Z ﬁ 67Lk:r:

k=—0o0

for all piecewise constant function f and x € R at which f is continuous.

Remark 8.37. Given a sample data [zg, x1, -+ ,xy_1] which is the values of a function f on
N evenly distributed points on [0, L) (for some unknown L > 0), the DFT [X¢, X1, , Xn_1]
also satisfies

(252

1 nl 2mikl 1 27'rzk€ 1 Nl 2mi(k—N)L
_N ZX’“QT:N Z X +N Z Xk—Ne#
k=0 k=[2=1]+1

[N 1] N—-1

2mikl 2mikl 1 2mikl
ZXk€N+—ZXk€N:— XkeN;

L
where ~ becomes = if x = N 0 < ¢ < N — 1. Therefore, comparing with

o 2miks
f@) ~ spy(fie) = ), fre T,
b= {5

N-1

we find that for 0 < k < [ } each X, is the coefficient associated with the wave

with frequency T To determine L, we introduce the sampling frequency F, which is
o N . .

the number of samples per unit time/length. Then F, = T 80 that X}, is the coefficient

associated with the wave with frequency Nsk

8.6.2 The fast Fourier transform

Let M = [my] be an N x N matrix with entry my, defined by

—27mikt

My =€ N 0<kl{<N-1,
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and write = [xg,z1,- - ,xn_1|T and X = [Xp, -, Xy_1]". Then X = Mz and it requires
N? multiplications to compute X. The fast Fourier transform, symbolized by FFT, is
a much faster way to compute X. In the following, we show that when N = 27 for some

v € N, then there is a way to compute the DFT with at most NV log, N multiplications.
With N = 27, suppose that (x, - ,2y_1) is a given sequence, and {X;}2 ;' is the DFT

of {zp ). Let w = e, and

Teven = [To T2 T4 -+ xy-a]  and  Toaa = [v1 3 T5 - TN
Then
N-1
X, = Z Tt = Z Tt + W Z zo w7
=0 0<l<N-—1 0<l<N-—1
£ is even ¢ is odd
0,25, 4j j(N—2 j 0,25, 4j j(N—2
:weven'[w w™ o Wj( )}+w3xodd-[a} w W OJ‘/< )}
. . N
In particular, for 0 < j < 5 1,
Ny N s N A (N_
Xngj = Teven [wo wZ( > +7) w4( >t ... w( 5+ (N 2)]
2
N s N | N | N . B
+ w2z gy [w0 W2 AGH) L (W 2)}
0,2 , 4j j(N—2 j 0,25, 4j J(N=2
:weven'[w w™ J"‘Wj( )}—wjzcodd-[w u)‘]u)J”-a,J( )}7

where we have used the fact that w? = —1 to conclude the equality. We note that
o . N/2
{meven : [wo (,()2] W4J e wJ(N_Q)]}
5=0
is exactly the DFT of the sequence {xg,zs, -+ ,zn_2} and
2, 45 (N N/2
{$odd' [w® W wh _1)}}.
7=0
is exactly the DET of the sequence {zy,z3, -+ ,xy_1}. In other words, to compute the
DFT of {zg, - ,zn_1}, where N = 27, it suffices to compute the DFTs of the sequence
{zg,x9, - ,xN_2} and {1, 23, -+ ,xy_1}. If the DFTs of the sequences {xg,z2, - ,Tn_2}
. . N e
and {zy,x3, -+ ,xy_1} are known, it requires another 5 multiplications to compute the

DFT of {(L’g,l‘l, s ,I'N_l}.

Now we compute the total multiplications it requires to compute the DF'T of the sequence
{zx}7," using the procedure above. Suppose that to compute the DFT of {x;};_,' requires

f(~) multiplications. Then
f()=2f(v-1)+277".
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It is easy to see that it requires no multiplication to compute the DFT of {z¢, x;} since it is
simply {xo+ 1,20 —x1}; thus f(1) = 0. Solving the iteration relation above, we obtain that

f(v) = 2771 (v — 1) which implies the total multiplications requires to compute the DFT of
N
{vp}i !, where N =27 is 5(log2 N —1).

Example 8.38. To compute the DFT of {xg,z1, -, 27}, we first compute the DFT of
{xo, X2, 24,6} and {x1,x3, 75,27}, and it requires another 4 multiplications (to compute
the multiplication of w’ and the j-th term of the DFT of {z,xs, x5, 27} for 0 < j < 3).
Nevertheless, instead of computing the DFT of {xg, z2, x4, 26} and {xy, z3, x5, 27} directly
using matrix multiplication X = Ma, we again divide the sequence of length 4 into further
shorter sequence {xg, x4}, {x2, x6}, {x1, 25} and {z3, z7}. Once the DFT of those sequence of
length 2 are computed, it requires another 2 x 2 = 4 multiplications to compute the DFT of
{xqo, T2, x4, 6} and {z1, x3, T5, x7}. By Example 8.36, it does not require any multiplications
to compute the DFT of sequences of length 2; thus the total multiplications required to
compute the DFT of {xg, 21, - , 27} is4+4=38.

8.7 Fourier Series for Functions of Two Variables

In this section we briefly introduce the Fourier series of complex-valued functions defined
on () = [—Ll, Ll] X [—LQ, LQ] Let

L*(Q) = {f Q- (C) JQ ‘f(xl,x2)|2 d(z2, 19) < oo}/ ~

equipped with the inner product

= L T1,T r1,T Tr1,T
$.9= s |t e m) do).

where v(2) denotes the area of € and ~ again denotes the equivalence relation defined by
f ~ gif and only if f — g = 0 except on a set of measure zero. Let ey (x) = em(%’%)'m,
here & = (1, 22). Then {ey}r ez is a complete orthonormal set in L*(Q); that is, for each
f € L?(Q), by defining the partial sum

n m

Sn,m(f, IIJ) = Z Z <f7 ek€> ekf(w>

k=—ntl=—m
we have
lim Hf - Sn,m(fa )HLz(Q) = 07

n,m—00
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where | - |[12(q) is the norm induced by the inner product (:,-). The limit of s, ,(f,-), as

n,m — o0, in the inner product space (L*(),{:,-)) is denoted by

Z Z (fere) exe

k=—00 {=—
and is called the Fourier series of f.
Given a collection of data {Z,n}o<n<rr—10<n<n—1, the discrete Fourier transform (or

simply DFT) of {Zn}o<n<rmr—1.0<n<n—1 is a double sequence { X} ez defined by

M-1N-1
Xie= 3, D, wmnwi
m=0 n=0
271 27rz
where w,, = e~ ™ andw, = e~ '~ . The double sequence { Xy} sez is doubly periodic satisfy-

ing Xy eqn for all k, £ € Z; thus we usually only focus on the terms { X }o<k<rr—1,0<o<n—1-
The discrete inverse Fourier transform of a double sequence { Xy }o<r<rr—1,0<e<n—1 is a dou-
ble sequence {Z, }m.nez defined by

M—-1N-1

Tmn Z Z ngw (,d

k=0 ¢=0

where w,, and w, are complex conjugate of w,, and w, defined above.

8.8 Exercises

§ 8.1 Basic Properties of the Fourier Series

Problem 8.1. 1. Let f : [-m, 7] be a Riemann integrable function. Show that
lim J f(z)coskxdr = lim f(z)sinkzdx =0.
k—o0 k—o0 .

2. Show the Riemann-Lebesgue Lemma

If f:[—m, n] — R is an integrable function, then

limf f(z)coskx dx = hm f(z)sinkzdr =0.

k—o0 . k—0o0 .

Hint: First show that for every ¢ > 0 there exists a Riemann integrable function

g : [—m,m — R such that f | f(z) — g(x)|dz < &, then apply the conclusion in 1.
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Problem 8.2. Suppose that f € €%*(T); that is, f is 2r-periodic Hélder continuous func-
tion with exponent « for some « € (0, 1]. Show that (without using the Berstein Theorem)

the Fourier series of f converges pointwise to f, by completing the following.

1. Explain why it is enough to show that s,(f,0) — f(0) as n — o0. Also explain why

we can assume that f(0) = 0.

2. Show that | ‘
1m1(&4ﬁo)—- f@ﬂﬁnnmdx>::0
n—0o0 T —x X
sinnx

Therefore, it suffices to show that lim f(z)

n—0o0

dz = 0 if £(0) = 0.

—Tr

3. Show that if f € €%*(R) and f(0) = 0, then the function y = @) is integrable.
T
Apply the Riemann-Lebesgue Lemma to conclude that s, (f,0) — 0 as n — .

sin x

dx = I exists. Establish its

00]
Problem 8.3. Assuming that the improper integral J
0 x

value by first using the Riemann-Lebesgue lemma to show that

7

I = lim dr = = lim D, (x)dx,

n—o0 0 X n—oo |

" sin

™

where D,, is the Dirchlet kernel.

§ 8.2 Uniform Convergence of the Fourier Series

Problem 8.4. Let f be the 2m-periodic function defined by f(x) = cosh(x) = ¢

|z| < 7. Express it as a Fourier series and compute

z1
§k2+1'

Problem 8.5. Let f be the 2m-periodic function defined by f(x) = cos(ax) for |z| < m,

where a is not an integer. Express it as a Fourier series and deduce the identity

1
a+mn

Ya#17.

N
meot(mwa) = Alfim Z
—00
n=—N

Problem 8.6. Let a > 1 and f: R — R be an even 27m-periodic function whose value on
i

[0, 7] is given by a—ca’r ifxel0,1/al,

J(@) = { 0 if v e (1/a, 7.
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1. Find the Fourier coefficients {ci}7”, {sx}ir, and the Fourier series of f.

2. Explain why the Fourier series of f converges uniformly to f on R.

coS k 1 i cosk

- e

3. Use the Fourier series of f to show that Z 1

k=1
4. For each «, denote the Fourier coefﬁ(:lents of f by {ex(a)} o, {sk(a)}i, (and note
that sg(a) = 0 for all k € N). Prove that lim ¢ () exists and the limit is independent
a—00
of k.

Problem 8.7. For each r € [0,1), define f, : R — R by
f(t) =In(1 +r* — 2rcost).

Clearly f, is a 2m-periodic even function. Show that the Fourier series of f, is given by

0 Tk
-2 — cos kt

by the following steps.

Q0
= > 2*. Let z = re in this sum and conclude
k=0

1. For z € C and |z| < 1, we have :
that
o0
— 2 (coskt +isinkt).
—re

Take the imaginary part of the formula above to conclude that

= rsint

k-

r¥sin kt = )
Z 14172 —2rcost

2. Since the sum on the left-hand side converges uniformly if € [0, 1), for a fixed r € [0, 1)

we can integrate in ¢ term-by-term to conclude that
0
r¥ 1 9
Z Ecoskt = —éln(l + 7% —2rcost) + C'.
Determine this constant C'.

)k;
3. Find Z k:2’f and ]El T
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0 (_1\k+1,.k
4. Show that 37 DT

=In(1+r) for r e (—1,1).
k=1 k

Problem 8.8. Prove Lemma 8.15.

Problem 8.9. Let f be a 2r-periodic Lipchitz function; that is, f € €%!(T). Show that

for n > 2,
1+ 2logn

If = Fuar Fle < =

7THfH%’0»1(’]I‘) (881)

and 141 )
_|_
17 = sulf, )], < ZZLHIBD gy (8.8.2)

Inequality (8.8.2) provides the rate of convergence of the Fourier series to Lipschitz functions.
What is the rate of convergence if f e €%*(T)?
Hint: For (8.8.1), apply the estimate

1
F,(z) <min{n+ T }

27 ' 2(n + 1)a?

in the following inequality:

F(@) = Fur» f(a j f f F(@) = F(@ = 9)| Fucr () dy

with 6 = —. For (8.8.2), use (8.2.7) and note that

n

mf Hf Ploo < ||f = Fux floo -

Problem 8.10. In this problem, we are concerned with the following

Theorem 8.39 (Bernstein). Suppose that f is a 2w-periodic function such that for some
constant C and « € (0, 1),

et Hf Pl <
for alln e N. Then f € %O’Q(T).
Complete the following to prove the theorem.

1. Show that
1Pl < nlple  ¥pe Pu(T). (8.8.3)
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2. Choose p, € Z,(T) such that ||f — pp|ew < 2Cn™® for n € N. Define ¢y = p;, and

0
(a) Show that > ¢, = f and the convergence is uniform.
n=0

(b) Show that
|gn(7) — gu(y)] < 6CN2" |z —y| and |ga(z) — gu(y)| < 12027,

(c) For any x,y € T with |z — y| < 1, choose m € N such that 27 < |z — y| < 217™.
Then use the inequality

!f(x)—f(y)KZ::!qn(%)—qn \+Z\qn )]

to show that |f(z) — f(y)| < Blz — y|* for some constant B > 0.

Hint of 1: Suppose the contrary that there exists p € &2, (T) such that |p’|, > n|p|w- By
rescaling p and relabeling points in T if necessary, without loss of generality we can assume
that

[Pl > 7, Pl <1, and p'(0) = [p|e -

%, %] such that sin(ny) = —p(0), and define r(z) = sinn(z — v) — p(x).

Show that 7 has at least 2n + 2 distinct zeros in [, ) = [—7 + 7 + 1 T+ v+ %}

Choose v € [—

by showing that r has at least one zero in (o, ags1), where a = v + — (k + ) for each

|k| < n, while r has at least 3 distinct zeros in (o, asy 1) if 0 € (ag, oz3+1) (in fact, s=—1).
On the other hand, the fact that r € &2,(T) implies that r has at most 2n distinct zeros in

T unless r is the zero function which leads to a contradiction.
§ 8.3 Cesaro Mean of Fourier Series

Problem 8.11. Let f € ¥(T) and {ﬁ}f:_w be the Fourier coefficients defined in Re-

o
mark 8.2. Show that if >} | fk‘ < o0, then the Fourier series of f converges uniformly to f

k=—0
on R.

Problem 8.12. A family of functions {gon e ¢ (T ’ neN } is called an approximation of
the identity if
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(1) en(z) = 0; (2) f on(x)dr =1 for every n € N;
T

(3) lim on(x) dz = 0 for every § > 0, here we identify T with the interval [—7, 7].

=0 Js<|a|<r

Show that if {¢,}°, is an approximation of the identity and f € €(T), then {p, * f}°,

converges uniformly to f as n — 0.

Problem 8.13. In this problem we show that the collection of trigonometric polynomials
P(T) (defined in Corollary 7.65) is dense in €'(T) in another way. Complete the following.

1. Let ¢,(x) = ¢,(1 + cos )", where ¢, is chosen so that J ¢on(x) dz = 1. Show that
T

271 (nl)?
Cp = .
T (2n)!
2. Show that for each 0 < § < ,
lim on(x)de =0.
=0 Js<|a|<n

In other words, {¢,}>_; is an approximation of the identity. Therefore, Problem 8.12

shows that {p, * f}2, converges uniformly to f as n — w0 if f € €(T).
3. Show that Z(T) is dense in €(T).
§ 8.4 Convergence of Fourier Series for Functions with Jump Discontinuity

Problem 8.14. Compute the Fourier series of the function f : (—m,7) — R defined by

0 —nm<x<0,
-]

T—r O0<zx<m,

and show that

1
1+ 2+—+ =

; (8.8.4)

M8
oo|>]

= 1 2k—1

Also use the Fourier series of the function y = 22

s(:pm:% i

cos kx

to conclude (8.8.4).
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Problem 8.15. The proof of Theorem 8.25 only establishes the validity of the theorem for
the case L = w. Use this fact to show that Theorem 8.25 also holds for general L > 0.

Problem 8.16. For a given function f : [0, L] — R, the even extension of f is a function

f:[-L, L] — R such that

flz)=f(x)ifxe[0,L) and f(z) = f(—x)if v € [~L,0).

1. Let f :[0,L] — R be an integrable function. The cosine series of f is the Fourier

series of the even extension of f. Find the cosine series of f.

2. Suppose in addition f : [0,L] — R is piecewise Holder continuous with exponent

Jr —
a € (0,1]. Show that the cosine series of f at x¢ € (0, L) converges to W.

Problem 8.17. For a given function f : [0, L] — R, the odd extension of f is a function

f:[-L, L] — R such that

flz)=f(x)ifxe[0,L) and f(z) = —f(-n)if v € [-L,0).

1. Let f:[0,L] — R be an integrable function. The sine series of f is the Fourier series

of the odd extension of f. Find the cosine series of f.

2. Suppose in addition f : [0,L] — R is piecewise Holder continuous with exponent

+ —
€ (0, 1]. Show that the sine series of f at xy € (0, L) converges to W.

Problem 8.18. Let f be the sinc function defined by

sinx
ifx#0,
flx) =
1 ifxz=0.
Show that
b
f(x):—+2bncos(nx), VzeR,
2 o
(TL+1)TI' : 0 2
where b,, = 1f ST g2 . Use this result to compute J Sy
T Jn-1)m X 0 x

§ 8.5 The Inner-Product Point of View
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4

Problem 8.19. Let f : R — R be the function given in Problem 8.6. Find Z
k=1

using

the Parseval identity corresponding to f.

Problem 8.20. Use the Fourier series of the function f : (—m,7) — R defined by

0 —rT<x<0,
f(w)z{

T—x O0<z<m,

and compute

1+1+1+1+ —il
24 3t 4 =l

Problem 8.21. Use the Fourier series of the function f : [-m, 7] — R given by f(x) =

SHNC NRCE!
x3 — w2z to find the values of kzz:l QF -1 and Z e
Problem 8.22. For each n € Z, define the Bessel functions J,,(z) through the Fourier series
by

zx sint _ Z J 1nt

n=—a

0

Compute Y, |J,(z)]? for z € R.

n=—oo

Problem 8.23. Let f : [-L, L] — R be square integrable; that is, f is Riemann measurable
L

and J f(x)*dz < co. Show that if {cx}7, and {s;};2, be the Fourier coefficient of f, then
~L

0

1 (r ) a1
oL Lf(x) dx:z §ZCk+Sk

Problem 8.24. Let f : [0, L] — R be a square integrable function.

k
1. Suppose that 5 + Z Ck COS% is the cosine series of f. Find Z ¢ in terms of
k=1 k=1

integrals of f and f2.

0 k, o0
2. Suppose that > s, sin %w is the sine series of f. Find Y] s? in terms of integral of

, k=1 k=1
fe.
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Problem 8.25. Expand the function cosz as a sine series on the interval (0,7). Use the

result to compute
% 2

2 w1

n=1

How about expanding cos z as a sine series on the interval (0,7/2)?

Problem 8.26. This problem contributes to another proof of showing that the Fourier
series of f converges uniformly to f on R if f € €%%(T) for % < a < 1. Complete the

following.

1. Let f : R — R be 2m-periodic such that f is Riemann integrable on [—m,7]. Show
that

A__i " ™\ —ikx
fr = QWJ_Wf(aH_k)e dx

and hence )

fr= e I [f(z) = f(z+ %)}e‘“‘” dz .

7| fllgo.a ()

Therefore, if f € €%*(T), the Fourier coefficients Ju satisfies \j?k| < Sa
2. Let f : R — R be 2r-periodic such that f is Riemann integrable on [—m,7]. Show

that
1 iy

),

‘f(a:%—h)—f(:c—h)ﬁdxz Z 4sin2(kzh)|fk|2.

k=—00
Therefore, if f € €%*(T), the Fourier coefficients fi satisfies

0

> s’ (kR fel” < [ o (ry 2”00 (8.8.5)

k=—00

3. Let f e €%(T), and p € N. Show that

S Hf”ggoya(nr)ﬂm
SRR et
22ap+1
2r—1g|k|<2p
. o
Hint: Let h = i1 0 (8.8.5).
(D ~
4. Show that if f € €%%(T) for some % <a <1, then > |fix| < oo;thus Problem 8.11
k=—0

implies that the Fourier series of f converges uniformly to f on R.
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§ 8.6 The Discrete Fourier “Transform” and the Fast Fourier “Transform”

Problem 8.27. Determine the discrete Fourier transform of the sequence (1,0,0,—1).

Check the inversion formula.

Problem 8.28. Determine the discrete Fourier transform of the N-periodic sequence x,, =

nm
in—,n=0,---,N—1.
sin —, n R
Problem 8.29. Give a version of the Parseval identity for discrete Fourier transform.

Problem 8.30. Let x(n) be N-periodic, and

(n) 1 ifo<n<hk-1,
T=Y0 ifk<n<N—1.

Compute the discrete Fourier transform. Using the Parseval identity (for DFT), compute

the sum
N-14 2mnk
2 1 — cos v
1 — cos 222

n=1 N




Chapter 9

Fourier Transforms

Before introducing the Fourier transform, let us “motivate” the idea a little bit. In Sec-

tion 8.5 we show that {e,}*°___ , where e, (z) = €™, is a complete orthonormal set in L?(T).

Similarly, let L?([— K, K]) denote the inner-product space
L*([-K,K]) ={f : [-K,K] — C| f is square integrable} / ~

equipped with the inner product

.99 = 5 | f@a@d

where ~ denotes the equivalence relation f ~ ¢ if and only if f — g = 0 except on a
0

set of measure zero. Then the set {exp (Z?Zx)} is a complete orthonormal set in
n=—0o0

L*([-K, K]); that is, any functions f € L*([~K, K|) can be expressed as

i f(n)em;gz, where f QKJ fly

n=—ao

wmy

(9.0.1)

0 ~ K
Moreover, >. |[f(n)|* = % f | f(z)|? dx. In other words, there is a one-to-one correspon-
-K

n=—a

dence between f € L2([—K, K]) and f € €y, where 2 is the collection of square summable

sequences; that is,
0¢]

=] Y lanf? <0}

n=—00
We look for a space X so that there is also a one-to-one correspondence between the square
integrable functions on R and X. Intuitively, we can check what “might” happen by letting
K — oo in (9.0.1).

371
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Suppose that K » 1 and K € N. Making use of the Riemann sum to approximate the
integral (by partition [—K7, K7] into 2K? intervals), we find that

/(@) T 2K ZJ 1y e dy ~ 2[( Z J fly eXp ( y)}dy

n=—au

(Z fly eXp[ (:U—y)]%)dy
1 K Kr

~ oo _K< _Kﬁf(y)exp(if(x— Y)) df) dy = — J f fly)ety) dy) dg

S JOO [\/—2? JO:O f(y)e—ffydy] e dg

Therefore, if we define f(§) = )e ™ dy, then the formal computation above

1
Wor fR fy
suggests that

f(x) £)erde. (9.0.2)

1 N
-— | 7
In the rest of this chapter, we are going to verify the identity above rigorously (for functions

f with certain properties).

9.1 The Definition of the Fourier Transform

For notational convenience, we abuse the following notion from real analysis.

Definition 9.1. The space L'(R™) consists of all complex-valued functions that are inte-

grable on R™ and whose integrals are absolutely convergent. In other words,
LR ={f: R"—><c” vl de <o}

that is, f € L'(R"™) if the limit lim |f(x)| dz = | f|l L1 (rn) exists.

R—w JB(0,R)
Remark 9.2. Even though we have not defined the integral for complex-valued function,
the definition of L!'(R") should be clear: when f is complex-valued function, the absolute

integrability of f is equivalent to that the real part and the imaginary part of f are both
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absolutely integrable, and

f(x)da::JnRe(f)( dm—HJnIm )(z) da

fl@) + f(=) f(@) — f(z)
5 +J}Rn 5 dx,

R"

Rn

where f(z) is the complex conjugate of f(x).

Definition 9.3. For all f € L'(R"), the Fourier transform of f, denoted by .Z f or f, is a
function defined by

F =f ——1 x)e iy e R"
(FNO=1O)= 7z | fweide  VER,

where - § = 2181 + 228a + - + Ty
9.2 Some Properties of the Fourier Transform
Proposition 9.4. .7 : L'(R") — %,(R";C), and

|-Z floo = sup (ZHE] < frr@n - (9.2.1)

Proof. Let £ € R™, and {£;}7, be a sequence converging to £. Define

L f@)e S and g(a) = o f(2)eS.

B 1
gr(z) = ﬁ Nl

Then {gi(z)}2, converges to g(z) for all {x € R"||g(z)| < o}, and for each k € N, g,

is integrable and |gx| < |f|; thus the Dominated Convergence Theorem (Theorem 6.102)
implies that

FNO = | s@dr=lim | gx)de = Jim (F)(€0)

k—o0 Rn

Therefore, (.Z f) is continuous on R™. The validity of (9.2.1) should be clear, and is left as

an exercise. o

Definition 9.5. A function f on R™ is said to have rapid decrease/decay if for all integers
N = 0, there exists ay such that

lz|V|f(z)| <an as x — .
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Definition 9.6. The Schwartz space .7 (R") is the collection of all (complex-valued) smooth

functions f on R™ such that f and all of its derivatives have rapid decrease. In other words,
S (R") = {ue €*(R") || |YD*u is bounded for all k, N € Nu {0}}.
Elements in .7 (R") are called Schwartz functions.
The reader is encouraged to verify the following basic properties of . (R™):
1. .Z(R") is a vector space.
2. (R") is an algebra under the pointwise product of functions.
3. pue L (R") for all u e . (R™) and all polynomial functions p.
4. . (R"™) is closed under differentiation.
5. Z(R") is closed under translations and multiplication by complex exponentials €.

Remark 9.7. Let 2 € R™ be an open set, and €°(€2) denote the collection of all smooth

functions with compact support in € (or equivalently, compactly supported in 2); that is,

€2 (Q) = {ue €™ (Q) |{x e Q| f(z) # 0} Q},

[

then €°(R") < .7 (R") . The set cl({z € Q| f(z) # 0}), where the closure is taken in the
metric space (€, |- |), is called the support of f and is denoted by supp(f).
The prototype element of .#(R") is e~17” which is not compactly supported, but has

rapidly decreasing derivatives.
The following lemma allows us to take the Fourier transform of Schwartz functions.
Lemma 9.8. If f € #(R"), then f e L'(R").

Proof. If f € #(R"), then (1 + |z|)"*|f(x)| < C for some C > 0. Therefore, with w,

denoting the the surface area of the (n — 1)-dimensional unit sphere,

< nl
fRn}f(x)\dx J(1+|x| —d LJ 1+ Wyt drds

< Cwnlf (147)2dr = Cw,_1
0

which is a finite number. o



§9.2 Some Further Properties of the Fourier Transform 375

Next we show that f is differentiable if f € .#(R"). Note that if f € #(R"), then the
function y; = z, f(z) belongs to .(R") for all 1 < j < n.

Lemma 9.9. If f € /(R"), then f is differentiable, and for each j € {1,--- ,n}, % is
given by ;
af —ix-§ 1
7 = \/% f —ir))f (@)™ = 7, | S ()] (©). 9.2.2)

Proof. Let £ e R" and 1 < j < n be given, and {h;};>; be a non-zero sequence converging

to 0. Define

ge() = \/S—an(ﬂ?)ew(&hk;;) e \/%nf(a:)e_ix{'e_m; —
Note that the mean value theorem implies that
‘eixj;:: — 1’ _ ‘Cos(xjhzi— cosO iSin(}thk> < 9a:
thus
}gk(x)|<%]xjf(x){ VreR" and k € N.
Moreover, the fact that f € (R"™) implies that the function y = \/22771‘% f (:v)‘ is integrable

on R™. Therefore, by the fact that

~

Jn gr(x)dx = fle+ hj]j:) — /) and khl{.lo gr(z) = ﬁ(—i%)f(x)e”f,

we conclude from the Dominated Convergence Theorem (Theorem 6.102) that

fin B =t [ oyt = || tmmpiecan

Corollary 9.10. If f € ./ (R"), then fe ¢*(R™). Moreover, if a = (v, ,ap) is a

multi-indez,

DEFE) = e Tl s )] ).

1('}f

7 amj

Lemma 9.11. If f € Z(R"), then for j € {1,2,--- ,n}, Z, [
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Proof. W.L.O.G., we assume that j = n. Write z = (2, z,,). Since f € #(R"), there exists
C > 0 such that

(14 |2"))"wnl| f (2, 20)| < © Vo= (2 2,) e R".
Then
1. For each 2/ e R"™| f(2/,+R) —» 0 as R — .

2. The function g : R" ! — R defined by g(z2') = is integrable on R"! (see

(1 +[=")"
the proof of Lemma 9.8), and |f(2', +R)| < g(«’) for each 2/ € R"™! and R > 1.

Therefore, the Dominated Convergence Theorem (Theorem 6.102) implies that

lim f(, +R)e™ @€ gp = 0;
R—0 [—R,R}"*l

thus Fubini’s Theorem and integrating by parts formula imply that
1 1 of

10f A
AL -
i 0%y ()] (€) 14/27 Revor —R,R]" OTn (z)e *
11 R 5 .
= -———— lim (J —f(a:)e_”fd:vn> dz’
L A/2m B—© JI_g Rgn—1 _p 0Ty,
— it (| page a7 i, [ e ]
i 27Tn R—o0 [7R,R]”_1 T Tn=—R " [7R,R}"
1 : —ixT- n
= &—— lim flx)e ™ ¢de = & f(€). o
2m R—o© [~R,R]"

~ 1 1
Corollary 9.12. P(&, -+, &)F(€) = Zu[P (50 -0 ) (@) () for all f € 7 (RY)
1 n
and polynomial P.
Corollary 9.13. The Fourier transform of a Schwartz function is a Schwartz function; that

is, Z . S(R") > S (R").

Proof. Let P be a polynomial and o = (ay,- -+, ;) be a multi-index. By Corollary 9.10
and 9.12,

~ ol ¥
POD IO = Plér ) 3 s (€
1
= Wym [P(iaila M) 1(911) ['rtlllng e xznf($):|:| (5)7
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thus PDO‘f is the Fourier transform of a Schwartz function ¢g defined by

1 10 10 a1 o o
g(r) = mp(?ﬁixl’ ERR ;E) [%19322 Ty f(x)} :
By Proposition 9.4 and Lemma 9.8, PDa]? is bounded. =

Remark 9.14. There exists a duality under A between differentiability and rapid decrease:

the more differentiability f possesses, the more rapid decrease f has and vice versa.

Definition 9.15. For all f € L'(R"), we define operator .Z* by

(F*f)() f(€)erede.

1
B \/271'” Rn
The function .Z#* f sometimes is also denoted by f

The operator .#*, indicated implicitly by the way it is written, is the formal adjoint of

Z . To be more precise, we have the following
Lemma 9.16. {Fu,v)r2rn) = (U, F V) 2rny for all u,v € L (R"), where (-, -)r2wn) is an
inner product on . (R™) given by

(U, V) 2y = f u(z)v(z) dz.

n

Proof. Let u,v € ¥ (R™) be given, and define f(z,y) = u(x)v(y)e *¥. By Tonelli’'s Theo-
rem (Theorem 6.106), f is absolutely integrable on R™ x R™; thus Fubini’s Theorem (Theo-
rem 6.107) implies that

(Fu,v)p2mn) = ( fRn u(x)e*im-ﬁdx>@ dé

1
Vor" Jgn
= ﬁ J ) J ) u(z)e™ v (§) d€ dx
= ﬁ f ) u(z) fRn ety (&) d§ dv = (u, FH0)ramny - D

9.3 The Fourier Inversion Formula

We remind the readers that our goal is to prove (9.0.2), while having introduced operators
Z and #*, it is the same as showing that .% and .#* are inverse to each other; that is, we

want to show that
FF=F*F =1d on Z(R").
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2
For a given t > 0, let P, : R — R be defined by P(z) = iexp (*%) Note that

Vi
P, e Z(R) for all t > 0, and P is normalized so that

mf e =1.

Now we compute the Fourier transform of P,. By Lemma 9.9, we find that
P, —i J
— ()= — | 2P,

\/ﬁJth cosfx)da:—m

Since the functions y = xP,(x) is absolutely integrable on R for each fixed ¢ > 0, the integral

x)e " dy

J zPy(x)sin({x) dx

J Py () cos(€x) dx converges absolutely; thus by the fact that = cos(€x) are odd functions
R

in x, we have
R
J xP,(x) cos(éx) de = lim J zP;(z) cos(éx) dx = 0.
R B—w J_g

As a consequence,

dP, 1 2
d_g(§> = —\/ﬁ L$€_% Sln(ﬂff)dl‘
Integrating by parts,
dP, f e
= o = — 1 2t d
T — (&)= \/ﬁ xre~ sm (x€)dx ot Lim » xe 2 sin(z)dx

R 22
ool + f_R Ete™ 2t cos(xf) dx}
g o (f e ST -

:_\/2771—151%1!1—1»130 _Re 2 cos(xg)dx:—mél_r)réo _Re 2 [ cos(z€) — isin(zf)] do
&t

_\/27Tt R

thus P,(¢) = Ce™ . By the fact that P,(0) = 12 J P,(xz)dz = 1, we must have
7T R

1 o2
=— lim [ — te™ 2 sin(

22 ~
B ey = —€tB(€),

&) =e 2 (9.3.1)
For z € R", if we define Py(z) = [] Pi(xyx) = (i)n -5 , then (9.3.1) and Fubini’s
k=1 Vi
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Theorem imply that F?t(f) = ¢3! Therefore,

5ue) = () P2

~

which, together with the fact that f(z) = f(—x), further shows that
X 1 \7 ~ 1\n 1 n
Pi(x :(—) Pi(—x :<—> (—) Pi(—x) = Py(x).
(2) = () it = (55) (55) =) = Puto)
Similarly, ﬁt(f) = P4(&), so we establish that
F*F(Py) = FF*(P,) =Py. (9.3.2)
The proof of the following lemma is similar to that of Theorem 8.20.

Lemma 9.17. If g € (R"), then P, x g — g uniformly on R™ as t — 0%, where the

convolution operator * is given by

(Py  g)(z) = ﬁ fRn Py(z —y)g(y) dy = ﬁ fRn Py(y)g(z —y) dy. (9.3.3)

Proof. Let € > 0 be given. Since g € .(R"™), g is uniformly continuous; thus there exists
0 > 0 such that

l9(z) — g(y)| < % whenever |z —y| <.
Since \/;n Pi(z)dx = 1, for all x € R™ we have
s Rn
1
e+ )(e) 9w = <] | sw =P du— | o@Piln)
1
== | e =)~ s@] P ay
e 1 J 2]gll
2727 Jyies V2m o Jypzs .
so we obtain that
e 2|9l
— < = o .
sup |(Pyx g)(@) — (@) < 5+ o Dy

Note that
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which, by the Dominated Convergence Theorem, approaches 0 as t — 07; thus there exists
h > 0 such that if 0 <t < h,

2H9Hoo £
Py(y)dy < .
\/27‘(‘ ly|=5 2

Therefore, we conclude that

sup |(P; * g)(z) — g(z)| <&  whenever 0<t<h
zeR™

which shows that P; x ¢ — ¢ uniformly as t — 0F. o

Lemma 9.18. If f and g € /(R™), then

- 1 e
(f*g)(x)ZW F(&)e™<g(€) de.

Proof. By definition of f and the convolution,
1 ~ 1\» .
Fro)w) == | Fa-wawar=(5)' | (| s@e %) ac)ay

By Tonelli’s Theorem (Theorem 6.106), the function h(£,y) = £(€)g(y)e’®¥)¢ is absolutely
integrable on R™ x R™; thus Fubini’s Theorem (Theorem 6.107) implies that

2

Frow = () | (| st ay)as

1 1T 1 —1y- o 1T g
| 10 (e | et dn) e[ G de

Theorem 9.19 (Fourier Inversion Formula). If g € .(R"), then §(§) = 3(5) =g(&). In
other words, 7 * = 7*.% = Id.

Proof. Applying Lemma 9.18 with f(§) = ﬁt(g) = ¢ 2% and using (9.3.2), we find that

(Py* g)(z) = (f*g)(x) = e 2P i EG (€) de.

1
V2r" Jga
Passing to the limit as ¢ — 07, by Lemma 9.17 and Dominated Convergence Theorem
(Theorem 6.102) we obtain that

o) = = | ae)e s = Gia).
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~

Let ™ denote the reflection operator given by f(z) = f(—z). Then the change of variable

formula implies that

oo | gty =

- x)e T = —

27T n g 27’(’ Rn g
1

— o | ateae s =),

or"

9(&) = (w)e”" 4 da

ﬁ

On the other hand,

1) = | aa)e"COde = 3€) = (0)
thus () = 3(€) = 3(6) = 9(6) u

Corollary 9.20. .7 : ./ (R") — .Z(R") is a bijection.

Remark 9.21. In view of the Fourier Inversion Formula (Theorem 9.19), .#* sometimes is

written as .Z !, and is called the inverse Fourier transform.

Remark 9.22. In most of the engineering applications the Fourier transform of a function
f is defined by

FNO = | 1w

In this case, the corresponding inverse Fourier transform .# ~! and the adjoint Fourier trans-

form Z* are given by

FAE) = (271r)” . (z)e'™* dx and F*[f)(€) = 5 Fl2)e™ da

so that .Z ~! # .Z*. Insome applied fields such as the signal processing the Fourier transform

of a function f is defined by

FUNO = | e da.

In such a case, the inverse Fourier transform and the adjoint Fourier transform are identical

and are given by
FUIE) = F*([f1(€) = . fla)e* ¢ du.

The proof of this fact is left as an exercise.
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Theorem 9.23 (Plancherel formula for . (R")). If f, g € .#(R"), then
<f7 g>L2(R”) = <]?, §>L2(Rn) .

Proof. Recall that {f, g)r2(mn) f f(z)g(z) dz. By Fubini’s theorem,

L gbraan = - [ wege|g(a) d
Fpn = | Fapg@ie = | [ | r@e=ao@iar
= | 1O o | ale ] de = . Brrscen.
Therefore, (f, g>L2(]R") = <f» g>L2(R”) = <J?7 §>L2(Rn)- o

Remark 9.24. The Plancherel formula is a “generalization” of the Parseval identity in the
following sense. Define the ¢ space as the collection of all square summable (complex)
sequences; that is,
a0
2 = {{ak},;'o:_oo c C‘ Z lax|? < oo}
k=—o0

with inner product
e}

<{ak}f=7w>{bk}?=foo>gz = Z aka-

k=—00

Define F : LA(T) — (2 by F(f) = {fi}?_... Then (8.5.5) shows that
e =<F(f), Flg)e ¥ fgeLT)
so that we obtain an identity similar to the Plancherel formula.

Remark 9.25. Even though in general an square integrable function might not be in-
tegrable, using the Plancherel formula the Fourier transform of L2-functions can still be
defined. Note that the Plancherel formula provides that

| lze@ey = 1 flre@ny  ¥f e S RY). (9.3.4)

If f e L*(R"); that is, |f| is square integrable, by the fact that .#(R") is dense in L?(R"),
there exists a sequence {f};2; < . (R") such that khm | fr = flz2@ny = 0. Then {fi}7, is
-0

a Cauchy sequence in L?(R"); thus (9.3.4) implies that {ﬁ}le is also a Cauchy sequence
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in L?(R™). By the completeness of L?*(R") (which we did not cover in this lecture), there
exists g € L*(R") such that

H [ f = g2 @n) = 0.
We note that such a limit g is independent of the choice of sequence {fi}72, used to ap-

proximate f; thus we can denote this limit g as f. In other words, % : L*(R") — L2(R™).
Moreover, by that f, — f and fk — fin L*(R™) as k — oo, we find that

I fle2@ey = | flr2@ny ¥ f e LX(R™),

and the parallelogram law further implies that {f, g)2@n) = <]?, Gyr2wn) forall f, g e L*(R™).
Similar argument applies to the case of inverse transform of L2-functions; thus we conclude
that

fr@re@ny = <J?, 912y = <f> J)r2(mn) Vf,ge L*(R"). (9.3.5)

We will talk about how to define the Fourier transform of L?-functions in another way in
Section 9.4.

Theorem 9.26. If f,g € ./ (R"), then Z(f xg) = fﬁ In particular, f*g e L (R") if
fr9e SR

Proof. By the definition of the Fourier transform and the convolution,

Frat©) = =7 (| 1= uotdv)(e)

g L[] s - wat an] e

1 )
— iz +Y)€ 1 ) 4
@n) fR g(y)( Rnf(ﬂf)e I) y
1 —ix- 1 —1y-
(e [ ) (e [ )
which concludes the theorem. o

Corollary 9.27. F*(f+g) = f§, F(fg) = f*§ and F*(fg) = f*§ for all f,g e S (R").

We have established the Fourier inversion formula for Schwartz class functions. Our
goal next is to show that the Fourier inversion formula holds for a larger class of functions.

Motivated by the Fourier inversion formula, we would like to show, if possible, that

sz ]%\: f V f e L'(R™) such that fe LY(R™).
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The above assertion cannot be true since f and f are both continuous (by Proposition 9.4)
while f € L'(R™) which is not necessary continuous. However, we will prove that the identity
above holds at points of continuity of f.

Before proceeding, we establish a lemma which is very similar to Lemma 9.16.

Lemma 9.28. Let f € LY(R") and g € .Z(R"). Then {f,g> = (f,§) and {f,q) = {f, D),
where {f,g) = JRH f(x)g(z)dx.

Proof. We only prove <f, gy ={f,q)if f e LY(R") and g € .(R"). By Proposition 9.4, f
is bounded and continuous on R"; thus fg is an absolutely integrable continuous function.

By Fubini’s Theorem,

Fr=| (oo | s@ean)oepie =—= | (| rae=<ar)ae
- = | (] r@e©esa)an = | @) (o | o ta)as
which is exactly {f, ). O

Recall that our goal is to show that

~
A~

if f, f e LY(R™), then f(z) =

x) = f(x) whenever f is continuous at x.

This amounts to treat f and f in the same vector space and check if f— f is the zero vector

in that vector space. This underlying vector space is introduced in the following

Definition 9.29. The space L _(R"™) consists of all functions (defined on R") that are

loc

absolutely integrable on all bounded open balls of R™. In other words,

Ly (R") = {f R"— C ‘ JB( )f(x) dx is absolutely convergent for all « € R" and r > O}.

Again, we emphasize that we abuse the notation Li (R") which in fact stands for a

larger class of functions. We also note that L'(R") < L] (R") and %,(R";C) < L (R™).

How do we determine if an locally integrable function h is the zero vector in L (R™)?
Our goal is to establish an equivalent condition of that A = 0 (or to be more precisely,
h(xz) = 0 if h is continuous at x) stated briefly as follows (the precise statement is given in

Lemma 9.35):

If he L

loc

(R™), then h = 0 if and only if (h,g) = 0 for all g € .#(R"). (9.3.6)
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We note that the difficulty here is that A and g belongs to different space so that we cannot
simply let g = h to conclude that J |h(z)|? dz = 0.
RTL

A special class of functions that will be used as the role of ¢ in (9.3.6) is called the
standard mollifiers. Let ( : R — R be a smooth function defined by

1 .
C(x):{ exp(xz_l) if |[z] <1,

0 if |z] > 1.

For z € R™, define n; (x) = C((|z|), where C' is chosen so that f m(z)dz = 1. The change
RTL

of variables formula then implies that 7.(z) = ¢ "n,(z/¢) has integral 1. We remark that
ne is smooth and 7.(z) # 0 if and only if x € B(0,¢); thus 7. € ./ (R") for all € > 0.

Definition 9.30. The collection of functions {1.}.~¢ is called the standard mollifiers.

Definition 9.31. Let f, g be functions defined on R™. The convolution of f and g, denoted
by f % g, is a function defined on R™ given by

(f*g)(x) = . flx—y)g(y)dy

whenever the integral makes sense for all x € R™.

We note that the change of variables formula implies that f % g = g * f whenever the

convolution makes sense.
Remark 9.32. Let {1.}.~¢ be the standard mollifiers.

1. Since 1.(y) # 0 if and only if y € B(0,¢), for each z € R™,

n

(n. % f)(x) = f ne(e — y)f(y) dy = f ne(e — ) f(y) dy

B(z,e)

and the integral exists if f e L (R").

loc

2. By the fact that 7. is smooth, the Dominated Convergence Theorem (Theorem 6.102)
shows that n. % f is smooth for each € > 0, and

D (. % f)(x) = f (Dn)(x — ) (y) dy,

n

where oo = (o, - -+ , @) is a multi-index. The detail proof is left as an exercise.
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Example 9.33. Let f = 1j,;), the characteristic/indicator function of the closed interval

[a,b]. Then for ¢ « 1, the function 7. % f is smooth and has the property that

1 ifrxelateb—g],
0 ifrefa—eb+el,

(% ) = |

and 0 < f < 1. Moreover, n. % f converges pointwise to f on R\{a, b}.

The following lemma shows that 7. % f converges to f at points of continuity of f if
fe Ll (R).

loc

Lemma 9.34. Let f € L}, (R™) and xq be a continuity of f. Then

loc

lim (n. * f)(xo) = f(xg).

e—0t

Proof. Let € > 0 be given. Since f is continuous at xg, there exists 6 > 0 such that

‘f(y) - f(a:o)| < % whenever |y — x| <.

Therefore, by the fact that n-(y)dy = 1, for 0 < e < ¢ we find that

% £)w0) = Sl =| [ n) =) dy— | nrteo) o

n

€

< JB(O’E) 77a(?/)|f($0 —y) — f($0)| dy < 2 JB(O’&:) n-(y)dy <e. ©

Lemma 9.35. Let f € LL _(R"). If{f,g) =0 for all g € S (R"), then f(xo) = 0 whenever

loc

f is continuous at xg.

Proof. Let {n.}.~¢ be the standard mollifiers, and zo be a point of continuity of f. Then
for all € > 0,

(% )aw) = |

n-(vo —y) f(y) dy = . FWne(y — x0) dy = {f, TuoMe)

n

where 7, is the translation operator defined by (7,,6)(y) = ¢(y — xo). Since 7. € .7 (R")
for all € > 0, the function 7,,n. € . (R"™) for all ¢ > 0; thus (7. * f)(z¢) = 0 for all € > 0.
By Lemma 9.34, we conclude that

o) = lim(n. * f)(z) = 0. :
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Remark 9.36. The reverse statement of Lemma 9.35 is also true: if f € LL _(R") has the
property that f(zq) = 0 whenever f is continuous at xq, then (f, gy = 0 for all g € Z(R")
since if f € L} _(R™), the collection of discontinuities of f has measure zero which shows
that f(x) # 0 only on a set of measure zero. Therefore, {f,g) = 0 for all g € Z(R"). In

other words, if f € L] _(R™), then

loc
(f,g) =0 for all g e .#(R") if and only if f(z¢) = 0 whenever f is continuous at x.
Lemma 9.35 establishes the non-trival direction “=".

Now we are in position of showing the Fourier inversion formula for functions of more

general class.

Theorem 9.37 (Fourier Inversion Formula). Let f € L'(R") such that f € L'(R"). Then

x) = f(z) = f(z) whenever [ is continuous at x.

Proof. Let f: R™ — C be such that f, fe L'(R™). By the fact that f(f) = f(=¢) for all
¢ € R, the change of variables formula implies that f e LY(R™).
Let g € .7 (R") be given. By Lemma 9.28 and the Fourier inversion formula for Schwartz

class functions (Theorem 9.19),
GF=Fp=UH=Gy wd  F=Fd=U00 =9
In other words, if f, f € L'(R™),
F-t.p=U-Fgp=0 vges®.

By Proposition 9.4, f, f € €,(R™; C); thus the collection of points of continuities of f — f

and f— f is identical to the collection of points of continuities of f; that is,

f is continuous at z if and only if f— f and f— f are continuous at x.

loc loc

f— f f— f e LL (R™). Therefore, the theorem is concluded by Lemma 9.35. O

loc

Moreover, by the fact that €,(R";C) < LL_(R") and L'(R") < L{.(R") we find that

Remark 9.38. Since an integrable function f : R® — R must be continuous almost

everywhere on R", Theorem 9.37 implies that if f : R — R is a function such that f,
fe L'(R™), then f: f: f almost everywhere.
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9.4 The Fourier Transform of Generalized Functions

It is often required to consider the Fourier transform of functions which do not belong to

L'(R™). For example, the normalized sinc function sinc : R — R defined by

SI) e 20
sinc(z) = s 7 (9.4.1)
1 if x =0,

does not belong to L}(R) but it is a very important function in the study of signal processing.
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Figure 9.1: The graphs of unnormalized and normalized sinc functions (from wiki)

Moreover, there are “functions” that are not even functions in the traditional sense. For
example, in physics and engineering applications the Dirac delta “function” ¢ is defined as

the “function” which validates the relation
| swowdr=o0)  voewm)

In fact, there is no function (in the traditional sense) satisfying the property given above
(reasoning later). Can we take the Fourier transform of those “functions” as well? To
understand this topic better, it is required to study the theory of generalized functions/
distributions.

To understand the meaning of distributions, let us turn to a situation in physics: measur-
ing the temperature. To measure the temperature 1" at a point z, instead of outputting the
exact value of T'(x) the thermometer instead outputs the overall value of the temperature
near x. In other words, the reading of the temperature is determined by a pairing of the

temperature distribution with the thermometer.



§9.4 The Fourier Transform of Generalized Functions 389

In mathematical point of views, to evaluate the function value of a locally integrable

function f at a point of continuity xy, we apply Lemma 9.34 and obtain that

f(.’l?o) = El_i>r(1)1+(775 * f) (I()) = 51_i>I(I)1+ <f7 Tm0n5>7 (942)

where 7., is the translation operator given by (7,,¢)(z) = ¢(z—x¢). Here 1. can be viewed as
a meter that can measure the function value of locally integrable functions, ¢ is a parameter
that corresponds to the accuracy of this meter, and 7,,7. is a meter that locates at position
zg. Nevertheless, for f € LL _(R™), the “pairing” {f, ¢) is defined not only on functions of

the form ¢ = 7,,7m. but also on ¢ € Z(R"), where

2R") = {¢ R" - C | ¢ € €°(R") and supp(¢) = {x € R" ¢(z) # 0} is compaet}.
This pairing induced a (continuous) linear functional 7y : Z(R") — C defined by

Ty(9) =<{f, ). (9.4.3)

Moreover, if T : 2(R") — C is a continuous linear functional, and there exists f € L} _(R™)
such that T'(¢) = (f, ¢) for all ¢ € Z(R™), then f is uniquely determined except perhaps
on a set of measure zero (or to be more precise, f is uniquely determined at all points of
continuity of f). Therefore, with Z(R")" denoting the collection of all (continuous) linear
functionals defined on Z(R"), there is a natural injection ¢ : Ll (R") — Z2(R") (given by
() = T)).

On the other hand, a (continuous) linear functional defined on Z(R™) might not take

the form of (9.4.3). For example, there exists no locally integrable function f such that

T(0)= | fwewdy=0(0) voe 2@, (944)

To see this, suppose the contrary that there exists f € Ll _(R") such that (9.4.4) holds.
Then

(ne % f)(z) = . JW)(man)(y) dy = ne ()

which vanishes if # ¢ B(0,¢). This implies that f = 0 almost everywhere so that {f,¢) =0
for all ¢ € Z(R™), a contradiction. Therefore, ¢ : Li. . (R™) — Z(R™)’ (given by «(f) = Ty) is
not surjective; thus (continuous) linear functionals on Z(R") defines more “functions” than

Ll

loc

(R™). Such kind of linear functionals are called generalized functions or distributions.
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The Fourier transform can be defined on a smaller class of generalized functions, the
space of tempered distributions. A tempered distribution is a continuous linear functional
on . (R™). In other words, 7" is a tempered distribution if

T:R") - C, T(cp+ ) =cT(p)+ T () for all ce C and ¢, € L (R"),
and lim 7(65) = T(9) if {6,}2, = F#(R") and 6, — ¢ in F#(R").

The convergence in . (R") is described by semi-norms, and is given in the following

Definition 9.39 (Convergence in .(R")). For each k € N u {0}, define the semi-norm

pr(¢) = sup (0)*|D¢(x)],
zeR™ |a|<k
where (z) = (1 + |2[%)2. A sequence {¢;}52, € ' (R") is said to converge to ¢ in ./ (R") if
pr(¢; — @) — 0 as j — oo for all ke N u {0}.

We note that pp(¢) < pri1(e), so {¢;}52, < (R") converges to ¢ in .7(R") whenever
pr(¢j — @) — 0as j — o for k » 1. We also note that if {¢;}72, converge to ¢ in ./(R"),

then {¢;}72, converges uniformly to ¢ on R".

Definition 9.40 (Tempered Distributions). A linear map 7" : .(R") — C is continuous if
there exists N € N such that for each £ > N, there exists a constant '} such that

T(¢)] < Crpr(¢)  Voe L (R).

The collection of continuous linear functionals on .(R") is denoted by . (R™)". Elements

of Z(R") are called tempered distributions.

Example 9.41. For 1 < p < oo, let LP(R™) denote the collection of Riemann measurable

functions whose p-th power is integrable; that is,

LP(R") = {f R" - C ‘ f is Riemann measurable and ‘f(:c)’p dr < oo},

Rn
and let L*(R™) denote the collection of bounded Riemann measurable functions. Every
LP-function f : R™ — C can be viewed as a tempered distribution for all p € [1, c0]. In fact,

the tempered distribution 7% associated with f is defined by

Tr(¢) = . f(x)p(z) de Ve s (R"). (9.4.5)
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Now we show that Ty given by (9.4.5) is indeed a tempered distribution. Let pe SR

be given. Then || romn) < pr(¢) for all k € N, while for 1 < ¢ < o0 and £k > 5

< < Rn<x>_kq dx) %pk(qﬁ)

olueer = ([ lo@as)” = ([ @ ltiow] )’

< (s [ ) ) o).

Q0
Note that (1+ 7“2)_%7“"’%{7’ <wif k> g; thus for all ¢ € [1, 0], there exists C 4, > 0
0
such that
|¢la@mn) < Crgnpr(¢) — VE> 1. (9.4.6)

Therefore, if f € LP(R™), by the Holder inequality we have
[KFs ) < 1 ler@n) |0l @ny < Crprnl Flis@mpr(e) ¥ > 1,

where p’ € [1,00] is the Holder conjugate of p satisfying ; + ;, = 1; thus Ty € ./ (R")" if
f € LP(R™). Note that the sinc function belongs to L*(R) so that Ty, € % (R)'.

Example 9.42. Let f : R — R be a 27-periodic, Riemann measurable function such that
f |f(z)]dx < o0, and ¢ € .#(R). By the definition of the p; semi-norm,

22| (z)| < pa(0) Voe S (R") and x € R™.

Therefore,
<f, ¢>\—) 2 JH%W x)dz| < Z f (z)||p(z + 2k7)| dx

k=—oo Y —m+2k7 k=—o0 Y~

:J| )|o(x)| do + >’ [ |f(2)||o(x + 2km)| da

k[>1~ T

<p f )| dz + Z 5 }f(@‘mpz@)dm

|M>1“*

< (J: £ ()| dx) (1 + 2;1 ﬁ)pg(aﬁ)

which implies that Ty is a tempered distribution. In particular, T, € ./(R)’ for all constant
ceR.
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From now on, we identify f with the tempered distribution 7% if f is an ordinary function
(or a function defined pointwise). In other words, if 7" € .(R™)" and f : R™ — C is a function,
we say that 7' = f in /(R")" if T' = T, where T is the tempered distribution associated
with the function f. Moreover, if T € .#(R")" and ¢ € L (R"), T(¢) is also expressed as

(T, ).

Example 9.43 (Dirac delta function). Consider the map 0 : € (R™) — R defined by d(¢) =
¢(0). Then [5(¢)| < po(¢) < pr(¢) for all ¢ € .#(R") and k € N U {0}; thus 6 € .7 (R")".
Therefore, we also write §(¢) as (J, ¢). This explains why the Dirac delta function has the
property that

since the integral above is an informal expression of {0, ¢).
Similarly, the Dirac delta function at a point w defined by {(d,,¢) = ¢(w) is also a

tempered distribution.

Remark 9.44. Not all ordinary functions are tempered distributions. For example, the
function f(x) = e is locally integrable (since it is continuous), but f f(x)e ™ de = .
R

1
loc

requires that |f(z)| < C(1 + |z|V) for any N € N. In such a case, Ty € (R") is well-
defined.

!/

Therefore, being in L (R") is not good enough to generate elements in .%(R")’, and it

As shown in the example above, a tempered distribution might not be defined in the
pointwise sense. Therefore, how to define usual operations such as translation, dilation, and
reflection on generalized functions should be answered prior to define the Fourier transform
of tempered distributions. For completeness, let us start from providing the definitions of

translation, dilation and reflection operators.
Definition 9.45 (Translation, dilation, and reflection). Let f : R" — C be a function.
1. For h € R™, the translation operator 7, maps f to 7, f given by (7, f)(z) = f(z — h).

2. For A > 0, the dilation operator dy : .#(R") — (R™) maps f to d\f given by
(drf)(@) = f(A ).

3. The reflection operator ~ maps f to f given by f(z) = f(—x).
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Now suppose that T € .#(R")". We expect that 7,7, d)\T and T are also tempered
distributions, so we need to provide the values of (7, T, ¢), (d\T, ) and (T, ) for all ¢ €
S (R™). If T = Ty is the tempered distribution associated with f € L'(R™), then for
g € ./ (R"™), the change of variable formula implies that

(tnf,9) = . flx = h)g(x) dz = . f(x)g(x + h)de = (f,7-ng),
o= fA"2)g(z) do = @) dw = (f, Ndarg),
Fp=[ sng@rds = fagt-)ds =1,
The computations above motivate the following

Definition 9.46. Let h € R", A > 0, and 75, and d, be the translation and dilation operator
given in Definition 9.45. For T' € ./ (R™), 7,7, d,\T and T are the tempered distributions
defined by

(T, ¢y = (T, 7-16), (d\T, ¢y = (T, N"dr-1¢) and (T,¢)=(T,¢) Voe 7 (R").

We note that 7,7, d\T and T are tempered distributions since

pr(T_p®) < sup <x>k‘Da¢(:ﬂ — h)‘ < sup {x+ h>k’D“¢(;E)|

zeR™ |a|<k zeR",|a|<k
x4 h)2\ 5
< (sup CERTY(0) < (14 1) pi(o).
zeR" <ZL‘>

pe(N'dy-19) < X" sup (@) AN(D*¢)(Ax)| < A" max{A*, XM} pi(9).

zeR™ |a|<k

pk(ﬁg) = (@)

so that by the fact that (T, ¢)| < Cypi(e) for k » 1, for all ¢ € .#(R") we have

(T, ¢y = (T, 76| < Cu(1 + [B]) pi(6) = Cipi(9),
Kd\T, ¢p| = (T, N'dy-18)| < CpA™ max{\*, X *}py(¢) = Crpr(9),
KT, ¢)| = (T, d)| < Crpi().

Example 9.47. Let w, h € R™ and A > 0.

1. Th(Sw = Ow+h since if ¢ € y(Rn)’ <Th5¢m ¢> = <5w7 Tfh¢> = (b(w + h) = <5w+h7 ¢>
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2. d)\éw = )\”5/\0_} since if d) € y(Rn)v <d)\6wa ¢> = <(5wa Andl/z\¢> - )\n¢<)\w) = <)‘n5/\w> ¢>

3. 0, = 0, since if ¢ € L (R"), (5, ¢ = (0, By = d(—w) = {6_, B

From the experience of defining the translation, dilation and reflection of tempered distri-
butions, now we can talk about how to defined Fourier transform of tempered distributions.
Recall that in Lemma 9.28 we have established that

Fo=g amd o= Vige'R.
Since the identities above hold for all L!-functions f (and L!-functions corresponds to tem-
pered distributions 7y through (9.4.5)), we expect that the Fourier transform of tempered
distributions has to satisfy the identities above as well. Let T' € .#(R")’ be given, and define
T:.7(R") — C by
T(¢) =(T,¢)=(T.¢y VYoeSR"). (9.4.7)
Let k > 2 and k is a multiple of 4. Then

n(@)= s (©D°9(©)| = sup <§>k\%[w¢<x>}<s>]

£eR” |a|<k EER™ |al<k
< sup (n+1)§_1<1+ [STEEEE T )‘ [ “o(x )} (f))
¢eR™ |a|<k
<Ori s \mwz b)) O]
¢eR™ |a|<k
Since
sup | F, [2%¢(x)](§)] < Supj 2% (x)| d SJ (@)¥|¢(z)| d
¢eR™ [a|<k lo|<k Jrn R"

< T M gy SR (@) < [T gy gy Prsrn (9)

and for 1 <7 <n

k
Z[05, @ o@)] () < D CF sup | FL [0 )2k 0(@)](€)

sup
£eR™ ol <k — &R, \a|<k
k—t ¢ oo —k+¢
ZO‘iﬁL%f 51l = 3 g G420 e

2 Ce k! SUP H< >4Dﬁ¢ HLI R7) < k! Z C?H<'>7n71HLI(Rn)pTL+Z+1<¢)

/=0 18l= =0

S k'H<>_n_1 HLl(]RTL) pn+k+1(¢) Z Céf = k'QkH<>_n_1 HLl(R”) pn-i—k—i—l(gb) )
=0
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we conclude that

~

(@) < (n +1)2 71 (1 + k29[, @y Purkr1(0) = C(n, k)pnsnin(9).  (9.4.8)
Therefore,
(T, 6| = KT, )| < Cipr(d) < CLl(n, k)prsnsa(d) Yk > 1 (9.4.9)

which shows that 7' defined by (9.4.7) is a tempered distribution. Similarly, 7" : .%(R") — C
defined by (T, ¢) = (T, ¢ for all ¢ € .#(R") is also a tempered distribution. The discussion

above leads to the following

Definition 9.48. Let T' € .(R")’". The Fourier transform of 7" and the Fourier * transform
of T', denoted by T and T respectively, are tempered distributions given by

(T.¢)=(T,¢) and (T.¢)=(T.¢) Voe L (R".
In other words, if 7' € (R"™), then f,f e Z(R™) as well and the actions of IA”, T on

¢ € Z(R™) are given in the relations above.

Example 9.49 (The Fourier transform of the Dirac delta function). Consider the Dirac
delta function § : .(R") — C defined in Example 9.43. Then for ¢ € .7 (R"),

1 VR B
| T | S dr =)

thus the Fourier transform of the Dirac delta function is a constant function and §(¢) =
1 < 1 A x
——. Similarly, () = —, s0 d = 0.
o ¥, 0(8) = =
Next we consider the Fourier transform of ¢, the Dirac delta function at point w € R™.
Note that for ¢ € ./ (R"™),

8,0y = d(0) = qﬁ(ac)e*”'“ de =

~ ~ 1 . fz:):w
00 0) = (W) = = | d(@)e  de = (E—.0) = (0,0
o 9) = ¢w) = = . (z) N O 5
thus the Fourier transform of the Dirac delta function at point w is the function 5;(5) =
—i&-w
\6/2771. The inverse Fourier transform of ¢, can be computed in the same fashion and we
Y
> i€-w v x ~
have ¢,(§) = 6771‘ We note that d, = d,, = 9d,,.
€)==

Symbolically, “assuming” that {4, ) = ¢(w) for all continuous function ¢,

e "t dy = . e i@t = e e

1
— 0w m m
vV o Jn (x V2T T=w V2T

~

5W(€) =
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and "
~ 1 . 1 . ez W
o (&) = —— | Gu(x)e™dy = —_¢iw€| =
(g) VvV 27 Rn (x)e . vV 27 ¢ T=w vV 27

Example 9.50 (The Fourier transform of ). By “definition” and the Fourier inversion

formula, for ¢ € . (R™) we have

(e ¢y = | é*h(x)dr =2r" - ! o(x)e ™ dx = mng(w) = V2r $(w);

Rn V2r" Jgn
thus
(€7, 6) = V21 "p(w) = (V21 "0,, ).

Therefore, the Fourier transform of the function s(z) = €®* is v/27 "8, where §,, is the
Dirac delta function at point w introduced in Example 9.49. We note that this result also
implies that R

52 =0 VweR".
Similarly, (wa = ¢, for all w € R™; thus the Fourier inversion formula is also valid for the
Dirac ¢ function.

Example 9.51 (The Fourier Transform of the Sine function). Let s(z) = sinwz, where w

1w —lwx
— €

5 , we conclude that the

denotes the frequency of this sine wave. Since sinwz =

Fourier transform of s(x) = sinwz is

o)

since if 17, Ty are tempered distributions, then T' = T} + T, satisfies
(T,¢) =Ty + Ty, 6) = {Th,0) + (Tp, &) = (D1, ¢y + (T, ¢) = Ty + Ta, 6) Ve S (R")
which shows that T = f’l + TAQ.

Theorem 9.52. Let T'e .(R")'. Then T=T=T.

Proof. To see that T and T are the same tempered distribution, we need to show that
(T, ¢y = (T, ¢ for all ¢ € .(R"). Nevertheless, by the definition of the Fourier transform

and the inverse Fourier transform of tempered distributions,
(T,¢)={T, ¢y =T, ¢y =(T,¢) Ve S (R").

The identity T =T can be proved in the same fashion. =
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Example 9.53 (The Fourier Transform of the sinc function). The rect/rectangle function,

also called the gate function or windows function, is a function II : R — R defined by

gy {1l
Y700 a1

Since IT € L'(R), we can compute its (inverse) Fourier transform in the usual way, and we

have
~ 1 : Lt 1 e =1 2 sin &
= —— | I(x)e ™ de = — e B dy = — — VE#Q
‘) \ 2T JR (z) Vor ) Vor —i€le=1 V& £
sinz
= 2 . . . . ifx#0,
and I1(0) = 4/ =. Define the unnormalized sinc function sinc(z) = x
i 1 ifz=0.

Then [1(£) = \/zsinc(gf). Similar computation shows that I1(¢) = I1(¢) = \/Zsinc(g).

Even though the sinc function is not integrable, we can apply Theorem 9.52 and see that

— — ™

sinc(€) = sinc(§) = 511(5) VEeR.

Theorem 9.54. Let T € /(R")". Then

(T 8y = (D), (€)™, (AT, ) = (D.dry and (T.¢) =(T.¢) Voe I®RY).

A short-hand notation for identities above are ﬁ({) = f(ﬁ)e*’f'h, d/ﬁ(g) = )\”f()\f), and
() =T(9).
Proof. Let ¢ € . (R"). For h € R", define ¢p,(z) = ¢(z)e ", Then

(T0)(€) = D(E+ 1) = ol (6 g —

1 —ix-h —ix-& _ -
f o | o) e e = 61(6).

By the definition of the Fourier transform of tempered distribution and the translation

operator,

T 6) = (T.746) = (T.6n) = (T(), d(x)e ") = (T(€), (€)™,

On the other hand, for A > 0,

(dr-19)(€) = B(NE) =

o | o deear | o(§e o= Ao,
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Therefore,
(AT, ¢y = (T, N'dy10) = (T, dx§) = (T, drg) = (A\"dy 1T, 6.

The identity <T YIS <T , @) follows from that quﬁ = gzvﬁ, and the detail proof is left to the

readers. o

~

Remark 9.55. One can check easily that 7, £(&) = F(&)e ®h and dyf(&) = A F(AE) if
f e LYR).

Next we define the convolution of a tempered distribution and a Schwartz function.
Before proceeding, we note that if f, g, ¢ € .(R"), then the Fubini Theorem implies that

xg= [ (Fxa@ode= | (| rwo—ydy)o) s
— [ 10| ote =t dz) dy
= |t ([ =t de) dn=ra 0.

The change of variable formula further shows that

thus
(fxgop={fTxd)=Cf.g*xdy={f.g% ) VfgpeS(R".

The identity above serves as the origin of the convolution of a tempered distribution and a

Schwartz function.

Definition 9.56 (Convolution). Let 7' € .(R")" and ¢g € .(R"). The convolution of T’
and g, denoted by T % g, is the tempered distribution given by

(Txg,0)=(TGxd)=(T.g% ¢y Ve SR,

where T is the tempered distribution given in Definition 9.46.
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Remark 9.57. We will explain why 7" % g € /(R")" (if T € Z(R") and g € ./ (R"))
later in Remark 9.60. For the time being we can temporarily treat the convolution given

above as a “computational” definition (without knowing that if 7' % ¢ is continuous); that
is, T'% g : /(R™) — C is defined by

(T'* g)(¢) =<T.g*¢) V¢es(R")
since (T, * ¢) is well-defined, and (T * g, ¢, is another expression of (7" * ¢)(¢).

Example 9.58. Let d,, be the Dirac delta function at point w € R™, and g € .(R™). Then
0w % g = 7,9 since if ¢ € S (R"),

(BT % 6) = (7 % $)(w) = f 3(y)b(w — y)dy = j 9(z - W)$(2) dz = (7.9, 6

n n

In symbol,
(0w ¥ g)(z) = [ du(y)g(r —y)dy = g(z —w) = (T.9)(v). (9.4.10)

Rn
Similar to Theorem 9.26 and Corollary 9.27, the product and the convolutions of func-

tions are related under Fourier transform.

Theorem 9.59. Let T € S (R") and g € S (R"). Then

(T*g,0)=(T,3¢6) and (Txg,dy=(T,3¢) Voe SR,

and
(T+G,6)=<T,g¢) and (Tx3,¢y=(T,g6) Vée SR,
where S ¥ b = \/217(”(5 % h) if Se .S (R and he 7 (RY).

Proof. Note that the “convolution” * also satisfies that
(Txg,6)=(T.G+¢)=(T, g% ).
By Theorem 9.26 and Corollary 9.27,
(T 0,8) = (T3 %) = 1.5+ ) = (1.7 3]y = (1.50) = (1.50)
and by the definition of the convolution of tempered distributions and Schwartz functions,
(T.96) = (T,g8) = (T, 7*(4d)) = (T.5+ ) = TG+ 6) = (T +3,0).

The counterpart for the inverse Fourier transform can be proved similarly. =



400 CuAPTER 9. Fourier Transforms

Remark 9.60. Let g,¢ € Z(R"), and T € .Z(R") satisfy [(T,u)| < Cypy(u) for all
ue . S(R") and k » 1. By Theorem 9.59, we find that

(T*g,8)=2r"(T*g,6)=2r"(T,§o).
By the fact that

pr(gh) = sup <w>k‘Da(gh)(a:)|< sup Z C§<x>k|D“_ﬂg(aj)D5h($)‘

zeR™ |a|<k IERH"O‘KkOSﬁSa

< (s Y C5)pulopnh) = Mipulglpu(h)  Vg.he (R,

lal<k o< B<a

we conclude from (9.4.8) and (9.4.9) that for k » 1,

}<T *9, ¢>‘ < mncké(% k)pk+n+1<§$) < mncké(n, /f)MkPk+n+1(§)pk+n+1 (QQS)

~,

S ZWnC’kaé(n’ kK)C(n, k +n+1)prionsa(9)Prionto (¢)
= 5(7% E)pr+on+2(9)Pr+ant2(0).

Therefore, T' % g is a tempered distribution.

Remark 9.61. For T € . (R")" and g € .(R"), define ¢T : . (R") — C by

GT,¢) ={T,g9¢) Voe.7(R").

Then the fact that T'% g € .(R")’ (from Remark 9.60) and Theorem 9.59 show that

(Txg.¢)=(GT,¢y and (Txg,d)=(Gl,¢) Ve S R"),
and
(T*xg,¢)={gT,¢) and (T'xg,¢)={gT,¢) Voe L (R"),
In other words, we have T/*\g = §f, m = f}f, ﬁ =T x g and 577/“ =T « g in .Z(R"™)".

Therefore, Theorem 9.59 can be viewed as the generalization of Theorem 9.26 and Corol-
lary 9.27.

Remark 9.62. If S € .(R")’ satisfies that S * ¢ € .(R") for all ¢ € .(R"), we can also
define the convolution of 7" and S by

(T*8,¢)=(T.S*¢y VopeI(R").
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In other words, it is possible to define the convolution of two tempered distributions.

For example, from Example 9.58 we find that d, % ¢ = 7,0 for all ¢ € #(R"); thus
0w * ¢ € L(R") for all #(R") (and w € R™). Therefore, if T' is a tempered distribution,

T % 0, is also a tempered distribution and is given by
(T x0s,0)=(T,md) VoecIR").

Further computation shows that

(T % 64,0) =T, 700> =T, 7o)y ={r,T,6) VYoe S R".

The identity above shows that T % d,, = 7,7 for all T' e #(R")’. This formula agrees with
(9.4.10).

9.5 Exercises

§ 9.1 The Definition of the Fourier Transform

Problem 9.1. Find the Fourier transform of the following functions.
1. f:R — R given by f(z) = ze ™’ for t > 0.

2. f:R — R given by f(z) = 1(_4,)(2), the characteristic (indicator) function of the

set (—a,a).

' e @ ifx >0,
3. f:R— R given by f(z) = 0 ifz<0 where t > 0.

Problem 9.2. Compute the Fourier transform of the following functions.
(a) y =211 1(2);
(b) y=sinz - 1 7(x);
(©) y= e H(z);

(d) y = el cosa;

1

() y = x2+6x+13;
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l‘ .
@+ 17

1
(8) y= W

() y=

Here, H is the Heaviside function (that is, H(x) = 1j; o)(x)) and 1, 3)() is the characteristic

function of [a, b]; that is, 1f,p)(z) = 1 for = € [a,b] and O else.

~

Problem 9.3. Suppose that the Fourier transform of a Schwartz function f € .#(R) is f(&).

Find the Fourier transform of the function y = f(2z + 1) cos z.

Problem 9.4. Let a > 0 be given. Show that the Fourier transform of the function
flz) = L JOO to‘*le*tefgdt, reR",

is positive.

§ 9.2 Some Further Properties of the Fourier Transform

A~

Problem 9.5. Suppose that the Fourier transform of a Schwartz function f € .Z(R) is f(&).

Find the Fourier transform of the function y = f(2z + 1) cos z.
§ 9.3 The Fourier Inversion Formula
Problem 9.6. Prove Corollary 9.27.

~

Problem 9.7. Suppose that f : R — C is continuous, absolutely integrable, and f(&) =

1ﬂ<1§52>_ Find /(0) and fooo f(z) da.

Problem 9.8. 1. Let f : R — C be a continuous integrable function such that f is also
integrable. Show that

fle) = o f ( fRﬂy)cos[(x—y)s]dy) & VreR.

2. If in addition to condition in 1, f is an even function. Show that
2 0 a0
Fla) =2 | (] o) costae) costye) dy) de.
T Jo 0
3. If in addition to condition in 1, f is an odd function. Show that

ra) =2 [ ([ rwsinGee)singue) ay) de.
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o0
4. For a function g : [0, 00) — C satisfying J ‘ g(:c)‘ dx < oo, the Fourier cosine transform
0

and the Fourier sine transform of g, denoted by Z..s[g] and Fg,[g] respectively, are

functions defined by

Yeos(y)dy and  Funlg] )sin(y€) d
NG NG

(a) Show that if F..s[g] € L*(R), then
9(2) = Foos[Feoslg]] (z) whenever z € [0,0) and ¢ is continuous at z,

or equivalently,

2 0 o0

@) == | (| atw) costye) dy) costae) g
o “Jo

whenever z € [0,00) and ¢ is continuous at x.

(b) Show that if F,[g] € L'(R), then
9(2) = Fan [ Fanld]] (z) whenever z € [0,00) and ¢ is continuous at x,

or equivalently,

o) = 2 [ (| gtw) sintu dy) sn)

o “Jo
whenever z € (0,00) and ¢ is continuous at x.

Hint of 4: Consider the even or odd extension of g, and apply conclusions in 2 and 3.

Problem 9.9. Let f : R — C be an integrable function, and g(z) = f(z)cos(ax), h(z) =
f(z)sin(azx), where a # 0 is a real constant.

~

1. Show that §(&) = = [f(€ —a) + f(¢ + a)].

l\DM—t

2. Show that Z..s[g](€)

)

os[f](§ + CL) + gzcos[f](g - a)]

o= NIR o =

3. Show that F,[g](§) =

)

sl F1(€ + @) + Fanl I(€ — a)].

)

4. Show that Feos[h](€) = = [Feos[f)(€ + @) — Feos [ fI(€ — a)].
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1

5. Show that Fu[h](€) = 3 [Fanlf1(§ — @) = Faulf1(€ + a)).

where %, and Z, denote the Fourier cosine transform and sine transform, respectively.

Problem 9.10. Find the Fourier Sine and Cosine transform of the function f(z) = e™* and

JOO cos(z€) dp — foo x sin(z€) gy — Tt
0 0

hence show that

x?2+1 2+ 1 2
Problem 9.11. Let a > 0. Find the Fourier sine transform of the function f(z) = .
x
and use it to evaluate
w0 T
J sin z arctan — dx .
0 a
Problem 9.12. Find the Fourier cosine integral representation of the function
2?2 f0<z<a,
f(x)—{ 0 ifz>a.
sinz if0<z<m,
Problem 9.13. Let f : [0,00) — R be defined by f(z) = _ Show
0 ifx>mw.
that
J JOO 2cos(&x) + cosé(m + ) + cos&(m — x)
dg
1—¢&2
and hence evaluate J o8 ?2 dt.
o 1—

Hint: Use the Fourier cosine integral representation of f.

Problem 9.14. Find the function f is its Fourier cosine transform is given by

sinag) ¢
@ = o) e

Problem 9.15. Find the function f is its Fourier sine transform is given by

1 &y .
(a) e™%, a > 0. (b) \/72?(@_5) 0 <& <2a,

0 if £ > 2a.

1-X if0<A<1,

Q0
Problem 9.16. Solve the integral equation J f(z) cos(Ax) dox = ,
0 0 ifA>1.

®© sin2t
t2

dt =

Hence deduce that j
0

SE
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Problem 9.17. A vector-valued function w = (uy,ug,- - ,u,) : R* — R™ is called a
Schwartz function, still denoted by u € . (R"), if u; € #(R") for all 1 < j < n. Show the

Korn inequality

- 2 1 0
MZﬂ H‘fij(u)Hm(R") > ) 122 H (;;Z

Vue 7 (R,

L2(R")

where €;;(u) = 5(6:0 + (9a:J~
j i

Hint: Use the Plancherel formula.

) is the symmetric part of Du.

Problem 9.18. Let ¢ : R — R be a smooth function with compact support; that is,
{x e R | o(x) # 0} is bounded. Show that if f € Ll _(R"), then the convolution ¢ [ is

smooth and
D% 1)) = [(D°6)x)(@) = | (D°6)(a~ )W)y,

where oo = (o, - -+ , oy, ) be a multi-index.
Note that the standard mollifiers {7.}.~¢ are one of such kind of functions, so this problem
shows that n.% f is smooth if f € L (R").

1—22 iflz] <1

Problem 9.19. Find the Fourier transform of the function f(x) = { 0 iffe>1
if |« ,

and hence evaluate o .
rcosx —sinx
———5—cos_dr.
0 x 2

_ _ . a—lz| if|z]<a
Problem 9.20. Find the Fourier transform of the function f(z) = 0 £ 2] >
if 2| > a,

and hence prove that

Problem 9.21. 1. Let d, denote the dilation operator defined by d, f(z) = f(%) Show
that

F(df) =r"dy, F(f)  VfeSR). (9-5.1)

2. In some occasions (especially in engineering applications), the Fourier transform and

inverse Fourier transform of a (Schwartz) function f are defined by

fler=] rweemseand )= | fee e,
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Show that under this definition, f: f: f for all f e .(R"). Note that you can use

the Fourier Inversion Formula that we derive in class.

§ 9.4 The Fourier Transform of Generalized Functions
In the following problems, assume that you can use the Fourier inversion formula (with-
out checking that whether f and f belong to L!'(R™)).

Problem 9.22. Let f : R — R be given by
_ [V

— ixt dt .
o) = [ e
Compute the following.
0o 0
(a) The Fourier transform of f. (b) f f(z)coszdx. (c) J | (2)]? da.
—» .
Problem 9.23. Suppose that f : R — C has the Fourier transform f({) _ 1122‘ sizﬁ'
©0]
Compute J |f(z)]? d.
—0

1
Problem 9.24. Let function f : R — R be defined by f(x) = J Ve cos(wt) dt. Compute
0
Q0
f ’f’(m)‘z dx.
-

. .
Problem 9.25. Use the Fourier transform to compute J T
o (2?4 1)

Problem 9.26. Let f(z) = e **I" and ¢(x) = e ", Find the Fourier transform of f (and

g) and use the inversion formula to compute f * g.

Problem 9.27. Use the Fourier transform to find a function f such that

0
f flr—y)e Wdy = 2¢7 1ol —e72lel
—0
Problem 9.28. For a and b positive, use the Fourier transform to compute the integrals

(a) JOO sin(at) sin(b(u — t)) & (b) foo sin(at) sin(bt) gt

o t(u—t) ' o 2

Problem 9.29. Suppose that f : R — C has the Fourier transform f(f) = |€’31+1

pute [ (%) (o) da.

Com-
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Problem 9.30. Let a > 0. Use the Fourier transforms of sinc and sinc?, together with the
basic tools of Fourier transform theory, such as Plancherel’s identity, substitution, and etc.
to show the following. (Use only rules from Fourier transform theory. You should not do
any detailed computation such as integration by parts.)

(a) foo sin®(azx) do — 3a27r. (b) foo sin(azx) dr — 2a37r.

P 4 Tt 3

~

Problem 9.31. Deduce what you can about the Fourier transform f(&) if you know that

f satisfies the dilation equation
f(t) = f(2t) + f(2t—1) VteR.
Problem 9.32. Show that every polynomial is a tempered distribution.

Problem 9.33. Let {1}~ is the standard mollifiers, and ¢ € .7 (R™). Show that {n.* ¢}c=o
converges to ¢ in . (R").

Problem 9.34. In this problem we consider the concept of the convergence of sequence of

tempered distribution given by the following

Definition 9.63 (Convergence in . (R")’). A sequence of distributions 7,, € Z(R™)" is
said to converge to T' € .(R™)" in the sense of distribution, or in the distributional sense,
if (T, ) — (T, ) as n — w for all p € S (R").

Complete the following.

1. Show that if T e .(R")" and {¢,}> 2, < . (R") is a sequence which converges to ¢

n=1 —

in . (R"), then liirgO<T, Ony =T, ¢).

2. Given the definition above, show that if T'e #(R")’, then {n. % T'}c~o converges to T'

in the sense of distribution, where {7}~ is the standard mollifiers.

Problem 9.35. 1. Let a > 0. Compute the Fourier transform of the function

e~ ifxr=>0,

—e* if x < 0.

fule) = {

2. Show that lim f;(f) = sgn(€); that is,

a—0t

lim (fo, 6) = GBO(E),6) Yo SR,
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where sgn is the sign function given by

1 ifz>0,
sgn(z) =< —1 ifz <0, (9.5.2)
0 ifz=0.

3. Find the Fourier transform of the Heaviside function H using H = %(1 + sgn).

4. Use the Fourier transform of sgn to compute the Fourier transform of the following

functions:
1
(a) filt) =+ (b) fa(t) = [t].
Use (a) and (b) to compute the Fourier transform of

© fo) =% (@) filt) = =

Problem 9.36. In this problem we discuss the derivative of tempered distributions. Com-

plete the following.

1. Show that
<‘9f >—_<f > Vfge SR

This leads to the definition of the derlvatlves of tempered distributions: Let T €
< (R™)" be a tempered distribution. The partial derivative of 7" w.r.t. z;, denoted by

T
?—7 is a tempered distribution defined by
oxj

<ax,¢>——<T0 N Wee SRY).

. or . . e . .
Verify that oy indeed a tempered distribution; that is, show that there exists a
Ly

sequence {C}}{_, such that
‘<6T ¢>‘ < Cipi(0) Voe S(R") and k> 1.
51}]' ’

2. Show that for 1 < j < n,

orT

Fa [8%
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or to be more precise,

T )= (Fenio@) Yo SR

ox;j

and 5
<a—£jT > (T(z),—izd(x)) Ve Z(R").

In other words, the Fourier transform of derivatives of tempered distributions still

obeys Lemma 9.9 and 9.11.
Problem 9.37. Let {n.}0 be the standard mollifiers, and T' € . (R")".
1. Show that the distribution 7" % 7, is indeed a smooth function.

2. Show that if 77/ = 0 in .(R)’, where the derivative of tempered distribution is given
by Problem 9.36, then T is a constant; that is, there exists C' € R such that

<T,¢>=<c,¢>=ch¢<x>dx Voe S (R).

Problem 9.38. Let sgn : R — R be the sign function defined by

1 ifz>0,
sgn(z) =< —1 ifzx <0,
0 ifx=0.

Then clearly sgn is a tempered distribution since

[(sgn, )| < [Gllmy < 7p2(9)  Voe S (R).

Show that %sgn(w) = 2§ in L (R)’, where the derivative of tempered distributions is defined
in Problem 9.36 and ¢ is the Dirac delta function.

Problem 9.39. 1. Let a > 0 be a constant. Find the Fourier transform of the function
f(z) = e H(x), where H is the Heaviside function defined by

0 ifz<O0,

H(w) =10 (7) = { 1 ifz>0.

1

2. Find the Fourier transform of the functions g(z) = DT —

by
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(a) Rewriting g as the sum of two fractions and apply the result in part 1.

(b) Convolution.

Problem 9.40. Compute the Fourier transform of the function f : R® — R given by

f(z) = |x|*, where —n < a < 0, by the following procedure.
1. Show that f ¢ L'(R").

o0
2. Recall that the Gamma function I' : (0,00) — R defined by I'(z) = J t*"te~t dt.

Show that

1 *© [e] 2
|z|* = WJ 572 lemslel gs Vo #0.
T 2/J0

3. Find that Fourier transform of f.

4. Find the Fourier transform of the function g : R" — R given by g(z) = |z|%, where

21 is the first component of z and —n — 2 < a < —2.

Hint: 3. Compute (|z|%, $(x)> by applying Fubini’s Theorem several times.
0

- 2a—|x|°”r2 so that you can apply the results above. See Prob-
« i)

lem 9.36 for the Fourier transform of derivatives of tempered distributions.

4. Note that g(z) =

Problem 9.41. Let f € L'(R). Show that the function y = J f(t)dt can be written as
-0

the convolution of f and a function ¢ € L} _(R).

Problem 9.42. In this problem we use symbolic computation to find the Fourier transform

of the function
sin(wz)

ifx #0,

fx) =

w ifx =20,

without knowing that it is the Fourier transform of the function y = \/g 1 (z). Complete
the following.

1. Note that f ¢ L'(R) but f € .%(R"). Therefore, f € .#(R). Find the derivative of ,

where the derivatives of tempered distributions is given in Problem 9.36.
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2. Suppose that you can use the Fundamental Theorem of Calculus so that

~ ~ 1N
7€) - flo) = j eyt

Note that in Problem 6.39 and 8.19 you are asked to show that J dr = g Use

0 x
this fact and treat 4, as the evaluation operation at +w to find f({ ) (for & # f+w).

VG s

Problem 9.43. Let w be a positive real number, and f : R* — R be defined by

Hint: 1. Recall that we have shown in Example 9.51 that .Z, [sin(wz)]|(§) =

sin(w|z|) 0
f(z) = 2] ’
w ifx=0,

where |z| = 4/2? + 2% + 2% if © = (1,72, 23). In this problem we are concerned with the
Fourier transform of f. Complete the following.

1. Show that f € .7 (R3).

2. Show that the Fourier transform of f is given by

~ w1
[ Z\F—f pdS
o) 2w Jop(ow)

for all ¢ € .#(R3), where f ©dS is the surface integral of ¢ on the sphere
0B(0,w)
0B(0,w) defined by

2m
J wdSEJ f ¢(w cos 0sin ¢, w sin O sin ¢, w cos ¢)w? sin ¢ dfd¢ .
oB(0w) 0 Jo

Hint of 2: You can show part 2 through the following procedures:

Step 1: By the definition of the Fourier transform of the tempered distributions,

1 —ix-£
Foy=Cr@=tim | s (s | e@e ) an

and the Fubini Theorem implies that

Fy=—atim | ([ st an)elpc,
< > V2 7r m=90 Jrs N\ JB(0,m)
We focus on the inner integral first. Show that for each 3 x 3 orthonormal matrix O,

J f(x)e—i:cf dr = J SlH(u}|yD i(0T¢)y dy )
B(0,m) Bom) Yl
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Step 2: For each £ € R3, choose a 3 x 3 orthonormal matrix O such that OT¢ = (0,0, |¢]).
Using the spherical coordinate y = (p cos @ sin ¢, psin 0 sin ¢, p cos ¢) to show that

J f(x)efim-é dr = JWL 2Sin<(,up) sin(|§|p) dp
B(0,m) 0

€]

so that we conclude that

{frop=

i [ Jm 2sine) ). )

T Mmoo |§|

Step 3: For each r > 0, define 9 (r) as the surface integral of ¢ on dB(0,r); that is,

T 27T
W(r) = f pdS = J J ¢ (r cos @sin ¢, rsin 0 sin ¢, r cos ¢)r* sin ¢ dfd¢ .
2B(0,r) 0 Jo

Using the spherical coordinate & = (r cos @ sin ¢, r sin 0 sin ¢, r cos ¢) to show that

2(r)

sin(wp) sin(r dr)d .
{frop = \/%f J p)sin(rp)——=dr )dp

Step 4: Apply the conclusion in Problem 9.8.

Problem 9.44. 1. Show that the function R : R — R given by
R(z) = r ifx>=0,
v = 0 otherwise,
is a tempered distribution.
2. Let T be a generalized function defined by
o(x) o(x) o
(T,¢p) = lim dx = hm Voe € (R).
e—0t R\[—e¢,¢] T EH0+

Show that T € ./(R)’.

3. Let H be the Heaviside function given by

0 ifz<O0,
H(z) =

1 ifz>0.

Show that H = —~T + \/T 0, here 0 is the Dirac delta function.
V2 2
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2
Hint: 3. Let G(z) = exp (*%) For each ¢ € . (R), define ) = ¢ — ¢(0)G (which belongs
to .Z(R)). Use the identity

to make the conclusion.

Problem 9.45. The Hilbert transform of a function f : R — R, denoted by [f], is a
function defined (formally) by

KON
T —y

Y

A(f)(x) = - lim fl N

T e—0t

1. Show that JZ|[f] is well-defined if f € ./(R).

~

2. Show that .7 [A[f]](€) = isgn(§) f(§) for all f e S (R).

3. Show that H%”[f]HLQ(R) = | fllL2(m) for all f € #(R), where ||g|;2@) = (J}R ‘g(gy)f dac) 3

Hint: Consider the tempered distribution 7" defined in Problem 9.44 by

(T, $) = lim ) g — tim f J dr Ve S (R).

e—0t R\[—¢,¢] T e—0t

1. Show that JZ[f] = (T, 7. f> for all f e .(R), where 7, is a translation operator.

2. Show that the tempered distribution S defined by (S, ¢) = (T'(x),z¢(x)) is indeed

the same as the tempered distribution

wkwx:@,@.

Use Problem 9.36 to show that 075 &) = \/;zjgsgn(ﬁ), where sgn is given in
Problem 9.38. Use the fact that 2—T = 0 if and only if there exists C' such that
T

(T, ¢)={C,¢) for all p € .7 (R) to conclude that

T(e) = —\/@sgn@ e

for some constant C'. Find the constant C' and also show that JZ[f] =

\/ET*f.

Txf =

1
T
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3. Use the Plancherel formula.

Problem 9.46 (Fourier-analytic direction for generalized ridge density). In this problem

you are asked to prove the “=" direction of Proposition 7.90:

Proposition 7.90 If M(Q) is dense in € (R";R) in the sense of uniform convergence on
compact subsets, then the only polynomial in H™ that vanishes identically on L(Y) is the

zero polynomial.

Use the notation and setting from Problem 7.23. This completes the proof of Proposi-
tion 7.67.

Hint. Argue by contradiction. Suppose there exist k € N and p € H\ {0} such that p(§) =0
for all £ € L(Q2). Write

p(g) = Z bmgm-

|m|=k

Choose a nontrivial ¢ € € (R"; R) and define

(@) = Y bm D™¢().

|m|=k

Then ¢ € € (R™;R), ¢ # 0, and

D(€) =i H(€) p(€).

Show that ¢ defines a nontrivial continuous linear functional on %’ (R™;R) that annihilates

M(Q).

1. Fix A e Q and let m := dim L(A). After an orthogonal change of coordinates, write
x = (z',2") with '’ e R™ and x” € R"™ so that L(A) = R™ x {0}. Define

H(z') = f P(x', 2") dx”.
Show that H = 0 by proving H(c') = 0 for all ¢’ € R™.

2. Use the fact that A(z’, ") = A(z’,0) to show that for any g € € (R%R),

fRn g(Az) )(x) dx = H(z') g(Ale',0)) da'

]Rm
Conclude that

J g(Az)p(z)de=0 VYAeQ Vge FRER). (9.5.3)
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3. Deduce from (9.5.3) that M(2) cannot be dense in € (R"; R).

Problem 9.47 (A Baire-category proof of UAT). In this problem we establish the “="
direction of the Universal Approximation Theorem by combining Theorem 7.91 with the

Baire Category Theorem (Theorem 7.82).
Let 0 € ¥(R;R) and assume that ¢ is not a polynomial. Denote by

¢F(R;R) = {77 R—-R ‘ ne € (R;R), supp(n) :={xr e R | n(x) # 0} is compact}
the space of smooth compactly supported functions. Complete the following steps.

1. Show that for every n € €°(R;R), the convolution

(0 % n)(a) = f o(y) n(z — ) dy

R

=7 lleo

belongs to €*(R;R) n ¥X1(0) , where the closure is taken with respect to uniform

convergence on compact subsets.

Hint. For smoothness, differentiate under the integral sign and apply the Dominated
Convergence Theorem (Theorem 6.102) or the Bounded Convergence Theorem (Corol-
lary 6.68). For density, approximate the integral defining o % n by Riemann sums and

observe that each Riemann sum is a finite linear combination of translates of o.

2. Assume that o % 7 is a polynomial for every n € €°(R;R). Show that there exists
m € Z such that o % n is a polynomial of degree at most m for all n € €°(R;R).

Hint. For each k € Z, define
Vi = {77 € ¢.°(R;R) ’O’ * 1 is a polynomial of degree at most k}

Then

e}

Vi = 67 (R;R).

k=0
Use the Baire Category Theorem to show that some V; has nonempty interior. Since
each Vj is a vector space, deduce that this Vj; must coincide with the whole space.
(To make this argument rigorous, equip €.°(R;R) with a suitable complete metric; for

example, use the standard countable family of seminorms on compact sets.)
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3. Show that if there exists m € Z, such that o % 7 is a polynomial of degree at most m
for all n € €*(R;R), then o itself is a polynomial of degree at most m.
Hint. Use a standard mollifier (Definition 9.30) and apply Lemma 9.34 to pass to the
limit as the mollifier concentrates at a point.

4. Combine the previous steps with Theorem 7.91 to complete the proof of the “=7"

direction of the Universal Approximation Theorem.
§ 9.5 Chapter Review

Problem 9.48 (True or False). Determine whether the following statements are true or

false. If it is true, prove it. Otherwise, give a counter-example.

1. If the Cesaro mean {b,}>_; of a sequence {ay};; converges, the sequence {ay};> ; also

converges.



Chapter 10

Applications

10.1 Application on Signal Processing - the Sampling
Theorem and the Nyquist Rate

In the study of signal processing, the Fourier transform and the inverse Fourier transform

are often defined by
fe) = i f@)e ¢y and  f(z) = i f(©e*™td¢ v fe Ll'R™). (10.1.1)
For T'e . (R™)’, the Fourier transform of 7" is defined again by
(T.¢y=(T,¢y VoeISR").

We also note that the definitions of the translation, dilation, and reflection of tempered

distributions are independent of the Fourier transform, and are still defined by

(T, ) = (T, 7 n¢y, (d\T, ) = (T, N'dy1¢) and (T,¢)=(T,dy Voe .S (R").

Concerning the convolution, when the Fourier transform is given by (10.1.1), we usually

consider the % convolution operator

(f*g) (@)= | [flyylz—y)dy= N flea—ygly)dy ¥V f,geL'(R").

RTL

instead of * convolution operators. The convolution of 7" and f € .#(R") is defined by
(Txf,¢) =(T. fxo) =T, fx6) VoS R
Then similar to Theorem 9.52, 9.54, and 9.59, we have

417
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A~
~

=T =T forall T e ./ (R").

)¢

1.
2. T/;ﬁ“(ﬁ) = f(ﬁ)e*%ish, AT = )\"d§f, and T'=T for all T € .7 (R"Y".

3. T{Qf = f]? and ﬁ = ]?%Iéf for all f € L(R") and T € .#(R™)'. Moreover, if
S e Z(R™)" has the property that Sx¢ € % (R"™) for all ¢ € R", then TS =T8S in
S (R™) for all T € ./ (R")".

Moreover,
1.0 =05=1in LR, and 6,(&) = 0(§) = 6_p = T_p0 = e 2" in F(R™) for all
h e R"™
2. By Euler’s identity, cos(2rwz)(§) = %((L +0_,,) and sin(2rwz)(§) = 2%((% —0_y).

3. 0%6 =0, and 0,%0, = dq4p for all a,b e R".
4. 0%¢ = ¢ and 6, %¢ = 1,¢ for all p € S (R").
5. Re-define the rect function II: R — R by

1 if |z] <

)

() = (10.1.2)

0 if |z| =

N =N =

Then ﬁ(f) = ﬁ(f) = sinc(¢), where sinc is the normalized sinc function given by
(9.4.1).

6. Let A : R — R be the triangle function define by

Ar) = 1—|z| if |z] <1,
TV 0 iffa] =1

Then by the fact that A is an even function, if & # 0,

A(g) = 2L (1 — ) cos(2mzé) de = 2 [(1 - x)%

_ 1—cos(2m§)  sin®mg
- 2m2£2 - m2e2

w=1 L sin(2mz€)
+ | ———Fdx
|

=0

while A(0) = 1. Therefore, A(¢) = sinc?(¢). Using the property of convolution, we
have IIxII = A.
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When a continuous function, z(t), is sampled at a constant rate F; samples per second ( 12

# #) F, =333 P~#& ) , there is always an unlimited number of other continuous functions

1
that fit the same set of samples; however, only one of them is bandlimited to §FS cycles per

second (hertz), which means that its Fourier transform, Z(f), is 0 for all | f| > %FS.

Definition 10.1. Let f : R — R be a function. f is said to be a bandlimited function if

supp(f) is bounded. The bandwidth of a bandlimited function f is the number sup supp(f).
f is said to be timelimited if supp(f) is bounded.

Definition 10.2. In signal processing, the Nyquist rate is twice the bandwidth of a

bandlimited function or a bandlimited channel.

In the field of digital signal processing, the sampling theorem is a fundamental bridge
between continuous-time signals (often called "analog signals”) and discrete-time signals
(often called "digital signals”). It establishes a sufficient condition for a sample rate ( B~
#4F & ) that permits a discrete sequence of samples to capture all the information from a
continuous-time signal of finite bandwidth. To be more precise, Shannon’s version of the

theorem states that “if an analog signal contains no frequencies higher than B hertz, it is

completely determined by giving its ordinates at a series of points spaced 2B seconds apart.”

In the following, we examine the sampling theorem rigorously. We start with the simplest

version that the signal is continuous, integrable and bandlimited.

~

Theorem 10.3. Let f: R — R be a continuous integrable function. If supp(f) < [—B, B,
a0

then f is fully determined by the sequence {f(%)} , and

k=—00

fa)= Y f(%)sinc(?Bx _ k) VzeR. (10.1.3)

k=—00

Proof. Let f € L'(R) n ¢ (R;R) such that Supp(f) < [-B, B]. Then fe LY(R) (since it

must be bounded by Proposition 9.4); thus the Fourier inversion formula implies that
fo) = [ Foem=ae= [ foemde  vaer,
R -B

In particular,
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~ _ 0
Treating f as a function defined on [— B, B], the identity above implies that { o5 f (%) }
k=—0o0

is the Fourier coefficients of f
Note that the boundedness of f implies that f € L*(—B, B). Therefore, if g € L*(—B, B),
the Parseval identity (or (8.5.5)) implies that

f FOu@de = Foppcnm = Y =1GD)F. (10.1.4)

k=—00

1 _imkx

E_B

where g, =
For each x € R, the Fourier coefficients of the function g(¢) = e~27¢ is given by

~ 1 B im 1 B . (2Bz+k)
O = — o~ 2mizé o~ gt dé = — e S d¢ = sinc(2Bx + k);
B

thus the Fourier inversion formula and (10.1.4) imply that if x € R,

k
J fle E f(5 2B SlnC(2B:v + k) Z f( 35 )sinc(2Bx — k).
k=—o k=—w
k 0
The identity above shows that f is fully determined by the sequence { f (—2 B) }k . =
=—00

Remark 10.4. Equation (10.1.3) is called the Whittaker-Shannon interpolation for-

mula.

Remark 10.5. Suppose that f € € (R;R) n.#(R)" be such that f, in the sense of tempered
distribution, belongs to L?*(R) and is supported in [—B, B| (that is, {:1: eR ‘ ]?($) # 0} c
[~ B, B]). By the definition of the Fourier transform for .#(R)’ we have

(F-1.6)=0 V¥oe FR):

thus by the fact that fe ¢»(R; R), Lemma 9.35 implies that

\><

f(z) = Jf > q¢ VzeR.

~ _ 0
Therefore, the Fourier coefficients of f is again the sequence {% f (%) }k so that the
=—00

same argument of showing Theorem 10.3 establishes (10.1.3).
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Remark 10.6 (The inner product point of view). Let ex(z) = sinc(z — k) = (mgsinc)(x).
Then ej, € L*(R) since

) 1 )
J sinc?(z — k) dw = J sinc’rdr = J ST gy = —f Sm2xdx < .
R R R

r T2 s x

By the Plancherel formula (9.3.5),

{ers eoyr2m) = {Tesing, TgSil’lC>L2(R) = f TT1(€)e*™HeT1(€)e2mité d¢ = J e2mith=0¢ e
" >

which is 0 if £ # ¢ and is 1 is k = £. Therefore, we find that {ey}xrez is an orthonormal set

in L?(R).
Now suppose that f € L2(R) (so that f € L2(R) by the Plancherel formula) such that
X 11
supp(f) < (—55) Then
<f7 €k>L2 <f, Tk sin C>L2 = J f 6 2mikE d& B f(g) 2mik€ dg

~
A~

- j Fe)ete de = F(k) = (k)

if f is continuous at k. By Remark 10.5, if f € L*(R) n ¢ (R) such that supp( A) < (- % %),
then

0

- Z f(k)sinc(x — k) = Z (fser)r2mex(z) VzeR.

k=—00 k=—00

In other words, one can treat {ey}rez as an “orthonormal basis” in the space

{f € L%R)(m%"(ﬂ%)) ‘supp(A) c (—%, %)}

10.2 Application on Partial Differential Equations

10.2.1 Heat Conduction in a Rod

Consider the heat distribution on a rod of length L: Parameterize the rod by [0, L], and
let ¢ be the time variable. Let p(z), s(z), x(x) denote the density, specific heat, and the
thermal conductivity of the rod at position x € (0, L), respectively, and u(x,t) denote the

temperature at position x and time ¢. For 0 < x < L, and Az, At « 1,

JH Ip(y)s(y) [u(y,t%—At)—u(y,t)} dy = £+ [—/i(x)ux(gg,t’)—i—/i(:v—i-A:U)ux(ijAx,t’)} dt’,

T
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where the left-hand side denotes the change of the total heat in the small section (z, x +Ax),
and the right-hand side denotes the heat flows from outside. Divide both sides by AzAt
and letting Ax and At approach zero, if all the functions appearing in the equation above

are smooth enough, we find that
p(x)s(x)u(z,t) = [/{(I)ux(x,t)}x O<z<L, t>0. (10.2.1)
Assuming uniform rod; that is, p, s, k are constant, then (10.2.1) reduces to that
uy(z,1) = QPuge(,t), O<xz<L, t>0, (10.2.2a)

where a2 = = is called the thermal diffusivity. By re-scaling the length scale, we can
s

P
assume that a = 1.
To determine the state of the temperature, we need to impose that initial condition

u(z,0) = up(x) O<z<lL (10.2.2b)

for some given function ug : [0, L] — R and a boundary condition. Usually one of the

following four types of boundary conditions is imposed:

1. Dirichlet boundary condition: The Dirichlet boundary condition is used to de-
scribe the phenomena that the temperature at the end points of the rod is known/

controable. Mathematically, it is expressed by
uw(0,t) = a(t) and w(L,t) = b(t) Vt>0
for some given functions a(t) and b(t).

2. Neumann boundary condition: The Neumann boundary condition is used to
describe the phenomena of insulation; that is, there is no heat flow at the end points.

Mathematically, it is expressed by
uz(0,t) = uy (L, t) =0 Vit >0.
In general, we can consider the boundary condition
ur(0,t) = a(t) and wu,(L,t) = b(t) Vt>0

for some given functions a(t) and b(t).
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3. Mixed type boundary condition: We can also consider the case that at one end
point the temperature is known while there is no heat flow on the other end point. In

general, this is expressed by
w(0,t) = a(t) and wu,(L,t) = b(t) Vt>0

or

u.(0,t) = a(t) and wu(L,t) = b(t) Vt>0
for some given functions a(t) and b(t).

4. Periodic boundary condition: Suppose that instead of rods we consider modelling
the temperature distribution in a (big) ring (with perimeter L). Choosing a point on
the ring as the “left-end” point and parameterizing the point of the ring by arc-length,

we then have the “boundary” condition
u(0,t) = u(L,t) Vt>0.
This is called the periodic boundary condition.

The Dirichlet problem

In this sub-section we consider the heat equation with Dirichlet boundary condition:

U — Uz, =0  in  (0,L) x (0,00), (10.2.3a)
u=wuy on (0,L)x {t=0}, (10.2.3b)
u(0,t) =a, u(L,t)=0b forallt > 0, (10.2.3c)

—a

where a and b are given constants. Let v(x,t) = u(x,t) — x — a. Then v satisfies

Vp — Uy =0 in (0,L) x (0,00), (10.2.4a)
v =g on (0,L) x {t =0}, (10.2.4b)
v(0,t) =v(L,t) =0 for all ¢ > 0, (10.2.4¢)

—a

where vy : [0, L] — R is given by vy(z) = ug(z) — b x — a. As long as the solution v

to (10.2.4) is found, the solution u to (10.2.3) can be constructed using u(z,t) = v(z,t) +
b—a
L

x + a. Therefore, we focus on solving (10.2.4) (using the Fourier series method).



424 CuaprTeER 10. Applications

The idea of using the Fourier series to solve (10.2.4) is that for each fixed t > 0 we
express v in terms of its Fourier series representation (using proper “basis”). Recall that for

a function f : [0, L] — R, we have the Fourier representation

c el 2rkx 2rkx
f(x)u:7’§0+;ckCOS 7 + g sin 7 ze [0, L],

2 (L 2rkx 2 (L . 2mkx
where ¢, = Lfo f(z)cos 7 dx and sj, = Lfo f(z) sin —— dx, so
)« 27k 27k
v(z,t)“=" Co; ) + 2 cr(t) cos Ui sk(t) sin e ze|0,L],
k=1

for some sequence of functions {ck(t)}]iozo and {sk(t)}zo:l. However, this particular Fourier
series representation of v is not a good choice of solving (10.2.4) since it is difficult to validate
the boundary condition (10.2.4c).

Note that for f : [0, L] — R instead of the Fourier series representation above we can
also consider the “cosine” series or “sine” series that are obtained by treating f as the
restriction of an even or an odd function defined on [—L, L] to [0, L]. In other words, define

fes fo 1 [—L, L] — R, called the even and odd extension of f respectively, by

f(z) ifxel0,L],
f(=z) ifxe[-L,0),

f(z) ifxel0,L],

Je(w) = { —f(—z) ifze[~L,0),

wdf) - |

then f = f, = f. on [0, L]. Since

0

= k k
fe(x)“:”é—o—i-;ckcosﬁ—[/x and folz) =" Zsksin% xe[-L, L],

k=1

L L

f(z) cos % dx and sy, = ZJ f(x) sinﬂ—j_jx dx, we have

2
where ¢, = LJ
0

0

e > . mkx
flx)“="—=+ > c¢,cos — and flz)«=7 SkSIHT z € [0, L].
k=1 k=1

Using the sine series, for each ¢ > 0 v(z,t) can be expressed as

0
k
v(x,t) =" de(t) sin7TL—x z € [0, L].
k=1
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for some sequence of function {dk(t)}zozl to be determined. We note that using this partic-
ular representation of v the boundary condition (10.2.4c) automatically holds. Therefore, it
suffices to find {dk(t)}zozl such that (10.2.4a,b) hold.

Assume that the differentiation of the series can be obtained by term-by-term differen-

tiation; that is,

Tk O 0 ka Tk
6t2dk Sin—zza— s1n— de sm—
and . .
Tk 02 Tk k*m? Tkx
3.2 Z di(t) sm— = kzl a— ) sin T) = kZ:l 732 di(t) sin ——

Then (10.2.4a) implies that

wkx

- , k272 .
];1 [dk(t) n ?dk@)} sin "t =0 zeoL].

As a consequence,
k22
di(t) + ?dk(t) =0 VkeN. (10.2.5a)
To determine dj, uniquely, an initial condition for dj has to be imposed. Noting that (10.2.4b)
implies that

0
vo(z) ‘=" de((}) sinLix z € [0, L];

thus

L
du(0) = o = f vo() sin Lj,j‘”"' dz. (10.2.5b)

Solving the initial value problem (10.2.5), we find that
dp(t) = Gope” B ' YkeN;

thus the solution to (10.2.4) can be written as

0

~ _kr%, . kmx
U(xat) = Zvoke L2 tSlnT.
k=1

Therefore, the solution to (10.2.3) can be written as

® 2,2 k b_
t) = ZUAOke_kL? sm%x+ La

r+a. (10.2.6)
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e the long time behavior: Suppose that the temperature at the left-end and right-end points
are fixed as a and b (as described in the boundary condition (10.2.3c)). Then we expect that
no matter what the temperature distribution is given initially, the temperature distribution

—a
r+aast— o for

approaches a linear distribution; that is, we expect that u(x,t) —

all x € [0, L]. This expectation is in fact true, and we try to prove this here.
Using (10.2.6), we obtain that

u(z, t) — b_ax—a‘ 2‘00,46 3

By the fact that

" 2 (* 2
‘UO]@‘ < ZJ; ‘UO(ZL')‘ dr = EHvoHLl(O,L)v
we find that
© 0
’U(Sﬁ,t) — b- CLJJ — a‘ %‘UO|L1(O,L) 2 eikngt < %UOHLl(O,L) 2 67%:772[2@*1)6716?2(2
k=1 k=
2

o0
—HUOHLI 0,L)€ T Z

h

: . 2 o2 XL kr?
thus with C' denoting the constant EHUOHU(O,L)@LQ > e 17, we have
k=1

b—a ,ﬁt
sup |u(z,t) — < Ce 12", (10.2.7)

z€[0,L] L

. . . b—
Since C' < 0, we conclude that the function u(-,t) converges to the function 2 +a

uniformly on [0, L] as t — c0.

The Neumann problem

In this sub-section we consider the heat equation with Neumann boundary condition:

W —Upe =0 in (0,L) x (0,0), (10.2.8a)

u=ug on (0,L)x {t=0}, (10.2.8b)

uz(0,t) =a, wu,(L,t)=0b forall ¢t >0, (10.2.8c¢)
b

where a and b are given constants. Let v(x,t) = u(x,t)— —La (22 +2t) —az. Then v satisfies
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Vp — Ugy =0 in (0,L) x (0,00), (10.2.9a)

v =1 on (0,L) x {t =0}, (10.2.9b)

v:(0,t) = vy (L,t) =0 for all ¢t > 0, (10.2.9¢)

where vy : [0, L] — R is given by vy(z) = up(x) — b2_Lax2 — ax. As long as the solution v

to (10.2.9) is found, the solution u to (10.2.8) can be constructed using u(z,t) = v(z,t) +
b—

2L
look for {d(t)}, such that

222 + qx. Therefore, we focus on solving (10.2.9) (using the Fourier series method). We

7rk:x
) cos —

validates (10.2.9a,b).
Assume that the differentiation of the series can be obtained by term-by-term differen-

tiation; that is,

0 < 20 wkx = wkx
8—2 Cos— = Z E(dk(t) cos T) = Zd,;(t) cos ——,
— k=1 k=1
0 <« > 0 wkx 2 kT wkx
a—z cos— = Ea—x(dk(t)cosT) = _Zfdk(t)smT’
k=1 k=1 k=1
and
0?2 & wkx 2 02 wkx gy R wkx
@de( COS* Z 67 COS T) = —Z ?dk(t) COST.

Then (10.2.9¢) holds automatlcally, and (10.2.9a) implies that
ORI k*r? kx

Therefore, dj is a constant and dy, satisfies (10.2.5) as well. Moreover, expressing vy in terms

of cosine series, (10.2.9b) implies that

L
dk(O):UAOkEzJ vdx)cos#dx VkeNu{0}.
0

Solving (10.2.5) with the initial condition above, we obtain that

27r2
d(t) = Gore 1 VkeN;
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thus the solution to (10.2.9) can be written as

1 (" o k2 krx
v(z,t) = Lfo vo(x) d +I;6E)k€_ L2 tCOST.
Therefore, the solution to (10.2.3) can be written as
L 0
1 k2%, krx b—a, o
u(z,t) = LJO vo(x) dz + ;Uoke Peos —— + ¢ (x® +2t) + ax.

e the long time behavior: Suppose that the rod is insulated at the end-points; that is, the
temperature u satisfies u,(0,t) = u,(L,t) = 0 for all £ > 0. Then vy = o and we expect that

no matter what the temperature distribution is given initially, the temperature distribution
L

. 1
approaches the average temperature; that is, we expect that u(z,t) — Lf uo(x) dx as
0

t — oo for all x € [0, L]. Similar to the derivation of (10.2.7),

1 L 2 0 k22 2 0 k222, 4 k22
‘u(x,t) - Lfo uo(x) dx) < E|UO|L1(O’L)I;€ Tt < EHUOHD(O’L) ;e (1) 45
2 7‘_2 X 27\,2
< ZHUOHLl(O,L)e_ﬁ(t_I) Z e_kLQ ;
k=1
2 w2 O k2x
thus with C' denoting the constant EHUOHLl(O,L)eﬁ k;21 e 17, we have
1 L 772t
sup ‘u(:n,t) - J up () d:v‘ < Ce 12’ (10.2.10)
2e[0,L)] L Jo

L

1
Since C' < o, we conclude that the function u(-,¢) converges to the function LJ uo(x) dz
0
uniformly on [0, L] as t — c0.

10.2.2 Heat Conduction on R"

Consider the heat equation on R"

u— Au =10 in R" x (0,00), (10.2.11a)
u = g on R" x {t =0}, (10.2.11b)

where A is the Laplace operator, called Laplacian, defined by

= 0%
Au= ) — (=di :
u ; o2 (= divVu)
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For a function f of « (and probably also t), let .7 (f) = f denote the Fourier transform
of f in x; that is,

A~

F(f)&t) = f(§ 1) = f(x, t)e " dx .

\/%

Then by assuming that (-, t) exists for all £ > 0, Lemma 9.11 implies that

n n

FouEn =73 ai{;;ﬂ) -7 (aik j;‘k) (&)

k=1 k=1
= Y ieF (20 )60 = Y (i ale. ) = —lgPae. o).
k=1 k=1
Assume further that
(5 t) = J —wl dy = 1nf gu(w t)e " da
(% \/ﬁ n V2r . Ot

wy(z,t)e” " dr = 0y (€,1).

\/ﬂ Jn
Taking the Fourier transform of (10.2.11a), we find that

0 ~ ~

au(g,t) + [€]PT(E ) = F (up — Au)(€,t) = 0. (10.2.12)

Since u(&,0) = F(u(-,0))(§) = up(&), solving the ODE (10.2.12) with this initial condition

we obtain that

Q(E,t) = @ (€)e ™ = @y (€) Par(€),

where P;(x) = \/1?16_27‘. By Theorem 9.26, we conclude that
1 _lz—y|?
u(x,t) = (ug* Po)(z) = N f e o uy(y)dy. (10.2.13)

This induces the following

1
\/47rtn

Having introduced the heat kernel, the solution to (10.2.11), given by (10.2.13) can be
expressed by

212
Definition 10.7. The function H(z,t) = e~ is called the heat kermel.

u(z,t) = (’H(-,t)aleuo) (x).
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e Non-uniqueness of solutions: The Fourier transform method only picks up solutions whose
Fourier transform is defined, and it is possible that there are other solutions to (10.2.11).

Consider the function

o (k) (4
(e, t) =Y 7 1) o (10.2.14)
where ¢ is given by

exp(—t~2) ift >0,
9lt) = { 0 ift=

Then there exists @ > 0 such that

k! 1
(k) 142
g™ ()| < Wexp( 5t ) Vt>o0. (10.2.15)
In fact, using the Cauchy integral formula,
k!
g(k) £ — 9(2) d

- 2mi |z—t|:9t(z — t)FH!

where 6 € (0, 1) is chosen so small such that |g(z)| < exp (—%t”) on |z —t| = 6t. The choice

of such a 6 is possible since by writing z = = + 1y,

2_ 2 o 2 _ .2 2 2
N y° —x +2zwy‘_ Yyt —x - 0c—(1—-0)* o . 1
l9(@ +iy)| = }exp( (@2 + y2)2 )| = Xp((x2+y2)2) \exp(((1+6)2+02)2t ) if 0 < 9
!
By the fact that (212)' < %, we find that

© gk © 2k 5
g™ (@) Zk‘ z Ly F = 1, }
;;)‘ (2k)! T s ];)k!(gt)k exp ( 5 ) = exp t( 7 3t )| Vt>0,zeR. (10.2.16)

Therefore, by comparison the series in (10.2.14) converges for all ¢ > 0, and trivially also
converges for ¢t = 0. Moreover, (10.2.16) shows that for each ¢t € R, (10.2.14) is a convergent
power series; thus

2

J o 9" (t) 02a? g™ () 2k—2
Uz (T, 1) = axzu(:z:,t)—kzzo ok 2 —;mx Vt >0,z eR.
On the other hand, by the fact that (k(;;ﬁ)l') < T _1 o if £ > 1, using (10.2.15) we find that

forallt > 0 and x € R,

0 (k+1)<t) o / 0 . "
’g(Qk)_! T ) <lg'(t)] + Z 5 exp(—gt )

k=0



§10.3 Exercises 431

0 (k+1) t
Therefore, the series ), J e k:)$ ) 2?* converges uniformly on any bounded set of R; thus
k=0 :

0 (k+1) (¢ 0 *) (¢
_ <y (‘ Sk =30 90wy ) Vis0zeR.

k=0

This implies that u satisfies the heat equation

Up — Ugy = 0 in R x (0,00),

u=0 on R x {t=0}.

Note that using the Fourier transform method to solve the PDE above we obtain trivial so-
lution. The reason for not seeing the solution given by (10.2.14) using the Fourier transform

method is that the Fourier transform of the function u given by (10.2.14) does not exists.

10.3 Exercises

§10.1 Application on Signal Processing

In this part of exericse, the Fourier transform is always defined by
FEO = fl@e ¥ ds and f(z)= | f(O)e¥™de VY feL'(R"). (10.1.1)
R7 R

Problem 10.1. Let f € L*(R) be given by f(t) = sin(at)sin(bt)/t, with a and b positive.
Show that f is band-limited in the sense that f(f) = 0 for || > a4+ b. You may use that
standard properties of the Fourier transform remain valid for L2-functions, even though we

have not gone into this is detail.

Problem 10.2. If § and 2 are two numbers with 0 < 7/ < ¢, find a function f € L*(R),
such that f(f) =0 for [(| = Q and f(nd) = 0 for n € Z, but f # 0 as an element of
L?(R). This shows that the Shannon-Nyquist sampling distance At = 7/ yax is the largest
possible.

Hint: Use Problem 10.1.
Problem 10.3. Complete the following.

1. Show the Poisson summation formula

Y fky = fn)  YfeS(R).

k=—00 n=-—00
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2. Suppose that f € .7 (R). Show that

I = ,
> fe=) =T 3 fD)e™™™  yeeR.

k=—0 n=-—0uo
In particular, if f € .(R) and supp(f) c [—%, %},
fo=T % roamyete vee[-o 1]

n=—oo

~ 11
This implies that if f has compact support in [_f’ f}’ f can be reconstructed based

0

on partial knowledge of f, namely {f(nT)};>_..

3. Show that the Poisson summation formula

>, k)= 3 )

k=—00 n=-—ow

also holds for function ¢ satisfying

6(z)| +|p(z)| < C(L+|2))°  VaeR,

a0
Hint of 1: For f € (R), define FF : R - R by F(z) = >, f(n+ x). Show that

n=—a

F e ¢'(R;R) and F is periodic with period 1. Express F in terms of Fourier series and find
that value F'(0).

Hint of 2: For each £ e R, let f(z) = g(Tz)e "¢ and use 1.
Hint of 3: Make use of the conclusion in Problem &.11.

Problem 10.4. Let Il : .(R) — C be the Shah function, also called the Comb function,
denoted by

0

M, gy= >, ¢(n) VoeL(R).

n=—a

1. Show that I is a tempered distribution.

2. Show that Il = II in .%(R)'; that is,

(I, ¢y =L, ¢y Ve s (R).
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3. For p > 0, define III, = ;dpm. Show that

M, ¢y= > ¢(pn)  and T, = Il .

n=—a

=

1
p

4. Show that if ¢ : R — C is integrable (that is, ¢ € L'(R)) and ¢ satisfies that supp(¢) <
(0,p) for some p > 0, then III, % ¢ is a tempered distribution and is the periodic

extension of ¢ with period p. In other words, for such a ¢ one has

(I % ¢)(z) = p(x) Yxe(0,p) and (I % ¢)(z+np) = (I % ¢)(z) VoeR.



Appendix A

The Inverse and Implicit Function
Theorem
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A.1 The Inverse Function Theorem for Functions of
One Real Variable

dripdeig - Bach - P B FHE L 0k Slion o A ’rﬂ—g AP AT aPd -2 (&
g H Rdcad) PR THF AP AT ? AR Al X EP H RS ok s,gc ¥ I G
NP RAFY - EHA Y hE L I, AR F IO LI“' °

Theorem A.1 (Rolle). Suppose that a function f : [a,b] — R is continuous, and is differ-
entiable on (a,b). If f(a) = f(b), then there exists c € (a,b) such that f'(c) = 0.

Proof. By the Extreme Value Theorem (Corollary 4.26), there exists zo and z; in [a, b] such
that

F(ro) = min f({a,b]) and f(z) = max f([a,b]).
Case 1. f(x¢) = f(x1), then f is constant on [a, b]; thus f'(x) = 0 for all x € (a,b).

434
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Case 2. One of f(xg) and f(x;) is different from f(a). W.L.O.G. we may assume that
f(xg) # f(a). Then zg € (a,b), and f attains its global minimum at xy. Therefore,

f/<l’0) = 0 0O

Theorem A.2 (Cauchy’s Mean Value Theorem). Suppose that functions f,g : [a,b] — R
are continuous, and f, g : (a,b) — R are differentiable. If g(a) # g(b) and g'(x) # 0 for all

x € (a,b), then there exists c € (a,b) such that

Proof. Consider the function

h(z) = (f(x) = f(a)) (9(b) — g(a)) — (£(b) — f(a)) (9(2) — g(a)).

Then h : [a,b] — R is continuous, and is differentiable on (a,b). Moreover, h(b) = h(a) = 0.
By Rolle’s theorem, there exists ¢ € (a,b) such that

H(e) = () (9(b) — gl@)) — (F() — F(@))/(c) = 0. .

Corollary A.3 (Mean Value Theorem). Suppose that a function f : [a,b] — R is continuous,
and f: (a,b) — R is differentiable. Then there ezists c € (a,b) such that

f(0) — f(a)

/ —_

f (C> - b —a .

Proof. Apply the Cauchy Mean Value Theorem for the case that g(x) = x. =

DEEE-EEE-1T% TS T

Theorem A.4 (Inverse Function Theorem). Let f : (a,b) — R be differentiable, and f'
be sign-definite; that is, f'(xz) > 0 for all x € (a,b) or f'(x) < 0 for all x € (a,b). Then
f:(a,b) — f((a,b)) is a bijection, and f~1, the inverse function of f, is differentiable on

f((a,b)), and
1
“N(f(x)) = — Ve (a,b). A1l
IYUE) = 7 (0.5) (A1)
Proof. W.L.O.G. we assume that f’(z) > 0 for all = € (a,b). Then f is strictly increasing;
thus ! exists.

Claim: f~': f((a,b)) — (a,b) is continuous.
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Proof of claim: Let yo = f(x0) € f((a,b)), and € > 0 be given. Then f((zg—¢,20+¢)) =
(f(zo —€), f(zo +¢€)) since f is continuous on (a,b) and (zo — €,z + €) is connected. Let
6 = min{f (o) — f(zo —€), f(zo +€) — f(x)}. Then § > 0, and

(yo — 6,40 +6) = (f(wo) = 8, f(x0) +6) = f((xo — &, 20+ €));

thus by the injectivity of f,

F 7 ((yo — 6,50 +9))
< [T (f((xo—e,m0+¢€) = (w0 —e,x0+€) = (f (o) — &, f ' (vo) +¢).

The inclusion above implies that f~! is continuous at .

Writing y = f(z) and z = f~(y). Then if yo = f(xo) € f((a,b)),

) =) x—
Y=Y f(z) = f(zo)

Since f~! is continuous on f((a,b)), * — o as y — yo; thus

lim S W) = 7 (W) = lim — = L
y=vo Y—% z—wo f(x) — f(wo)  f'(0)
which implies that f~! is differentiable at yq. o

A.2 Some Additional Tools in Analysis

A.2.1 The contraction mapping principle

Definition A.5. Let (M, d) be a metric space, and ® : M — M be a mapping.  is said

to be a contraction mapping if there exists a constant k € [0, 1) such that
A(O(x), (y)) < kd(z,y)  Ya,ye M.

Remark A.6. A contraction mapping must be (uniformly) continuous. To see this, let
e > 0 be given. Take § = %, where k is set as in the definition of contraction. Now if

d(x,y) < 0, then
£

d(®(z), ®(y)) < kd(z,y) < k- ?

= £.
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Example A.7. For what 7 < 1 do we have f : [0,7] — [0,7] where f(z) = 2* a contraction?

Answer: By the mean value theorem, f(x) — f(y) = f'(¢)(z — y), ¢ between z, y; thus
[f(x) = FW)] = [f(©)]lz =yl = 2¢|lz —y| < 2z —y|.

Hence for all r < %, the map f :[0,7] — [0, 7] is a contraction where f(x)

=2x
1
On the other hand, we show that f cannot be a contraction if r = 3 Suppose the
1
contrary that there exists k € [0, 1) such that for all z,y € [0, 5}, |£L‘2 — y2| < k“x — y‘. Then
2 _ .2
sup [#* v’ <k<l.

x#y,m,ye[o,%] ‘w - y’

1 1 1 1
Butwecantakexzi,yn:5—57n:1’27...,x’yne[0’5].SO
_ |x2—yn2‘_ ) L L1 1,
Jﬂﬁom—gﬂ\x+%\—,}ﬂg(§+§—g)—1~

=)

This means sup < 1 is not possible.

z#y,2,y€[0,1] |z —yl
Definition A.8. Let (M,d) be a metric space, and ® : M — M be a mapping. A point
xo € M is called a fized-point for ® if ®(xy) = zy.
2
Example A.9. Let & : R — R be given by ®(z) = ’ ;_2. Then 1 is a fixed-point, and 2

is also a fixed-point.

Theorem A.10 (Contraction Mapping Principle). Let (M,d) be a complete metric space,
and ® : M — M be a contraction mapping. Then ® has a unique fixed-point.

Proof. Let xq € M, and define x,; = ®(z,) for all n € N U {0}. Then
d([L‘n+1, xn) = d<(1)(xn)7 (I)(xn—l)) < k’d(l’n, xn—l) < k‘nd(Il, xO)v
thus if n > m,

d<xna xm) < d<xm7 ‘rm+1) + d(merla xm+2) +---+ d<xn717 xn)

< (K™ + k™ 4+ BN d (2, o)

km
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m

Since k € [0,1), lim Ld(xl,xo) = 0; thus

m—>OO].—kZ

Ve>0,3N >03d(zp,xm) <e Vn,m=N.

In other words, {z,}°_, is a Cauchy sequence. Since (M, d) is complete, x, — = as n — o
for some x € M. Finally, since ®(x,) = x,,1 for all n € N, by the continuity of ® we obtain
that

O(z) = 7}1_1){}10 O(x,) = 7}1_1)210 Tpi1 =2

which guarantees the existence of a fixed-point.

Suppose that for some z,y € M, ®(z) = x and ®(y) = y. Then
d(z,y) = d(®(x), P(y)) < kd(z,y)
which implies that d(x,y) = 0 or x = y. Therefore, the fixed-point of ® is unique. =

Remark A.11. The proof of the contraction mapping principle also provides an iterative
way, Trr1 = P(z), of finding the fixed-point of a contraction mapping ®. Using (A.2.1),

the convergence rate of {z,,}>_, to the fixed-point x is measured by

m

d(xp, ) = nh_I)rolo AT, Ty) < md(:cl,xo).

Therefore, the smaller the contraction constant k, the faster the convergence.
Remark A.12. Theorem A.10 sometimes is also called the Banach fixed-point theorem.

Example A.13. The condition £ < 1 in Theorem A.10 is necessary. For example, let M =
R, d(z,y) = |z —y|, and ® : R — R be given by ®(z) = z+1. Then |®(z) — ®(y)| = |z —y|.
Suppose z, is a fixed-point of ®. Then z, = ®(x,) = x, + 1 which leads to a contradiction
that 0 = 1.

Example A.14. Let @ : [1,00) — [1,0) be given by ®(z) =z + é Then if z # y,

B(x) — (y)| = |z —y + - 1\:|<x—y><1—x—1y>\<|x—y|.

x oy

However, there is no fixed-point of ®.
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Example A.15 (The secant method). Suppose that f is continuously differentiable, f'(z) >
0 for all z € [a,b] and f(a)f(b) < 0. By the intermediate value theorem there must be a
(unique) zero of f. How do we find this zero?

Assume that sup f'(x) < oo. Let

z€[a,b]

M = max{ sup f'(z), — f(a) J() }—i— 1

xe[a,b} b*Gﬁb*(L

f(z)

be a positive constant, and consider ®(x) = = — SR Then by the mean value theorem,

F©)
M

_ mingefe) f'(§)

() ~ ()] = |z~ )1 - 2

)| < (1 N —y| < klz—yl,

where k € [0,1) is a fixed constant. Moreover, ®'(z) = 1 — f;\(;) > 0; thus @ is strictly
increasing. Since the choice of M implies that a < ®(a) < ®(b) < b; thus @ : [a,b] — [a, b].
Therefore, the contraction mapping principle implies that one can find the fixed-point of ®
(which is the zero of f) using the iterative scheme zy,1 = ®(z) (by picking any arbitrary

initial guess zg € [a, b]).

A.2.2 The mean value theorem for functions of several variables

Theorem A.16. Let U < R"™ be open, and f : U — R™ with f = (f1, -+, fm). Suppose
that [ is differentiable on U and the line segment joining x and y lies in U. Then there

exist points c1,-- - ,c, on that segment such that
fity) = filz) = (Dfi)(ci)(y —x)  Vi=1-- ,m.
Moreover, if U is convex and sup |[(Df)(x)||z@nrm) < M, then
zeU

[f(@) = f)|em < Mz = ylen  Va,yeU.

Proof. Let 7 :[0,1] — R™ be given by (t) = (1 —t)z +ty. Then by Theorem 5.47, for each
i=1,---,m, (fio~):[0,1] — R is differentiable on (0,1); thus the mean value theorem
(Corollary A.3) implies that there exists ¢; € (0, 1) such that

fily) = fil@) = (fioy)(1) = (fioy)(0) = (fio ) (t:) = (Dfi)(c) (v (),

where ¢; = v(t;). On the other hand, v'(¢;) =y — «.
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Let g(t) = (f o)(t). Then the chain rule implies that ¢'(t) = (Df)(v(t))(y — x); thus

lg"(®)[em < [(DF) (7)) rn zm)

y—z|gm < M|z —y|ge.

Define h(t) = (g(1) — g(0)) - g(¢). Then h : [0,1] — R is differentiable; thus by the mean
value theorem we find that there exists £ € (0,1) such that

thus by the fact that g(0) = f(z) and g(1) = f(y),

1f(x) = F@)&m = h(1) = h(0) < (1) — g(0) |zl g” (&) [
< M|[f(x) = f() ez = ylen

which concludes the theorem. o

A.3 The Inverse Function Theorem ( ¥ S #c 232 )

AT RIS Qe e E SR ¢ - SR S (Theorem Ad) A e
FRARGE FTOEEIEFU AT LR B o R A A RS EL T 0 M
AR ARHFEEREATR SLE - BRA A FAPRE (ALL > BET F A
P RBOR ML TR T iR > T (Df)(z) i&® bounded linear map ¥ i 4 o

¥oob s Bk fe @t 78B4 Theorem 5.11 AP drif h— BB 2o 40% (Df) (o) 7 i
G 0 PRA - BAREAZ (Df)(2) FRF i o TN T G e S TILOE RS Ry (Df)
h- BEFHERESD > FIZAPD R ALY FEOF SBF TR

Theorem A.17 (Inverse Function Theorem). Let D < R™ be open, g € D, f: D — R" be
of class €, and (D f)(xq) be invertible. Then there exist an open neighborhood U of xo and
an open neighborhood V' of f(xo) such that

1. f:U —V is one-to-one and onto;
2. The inverse function f=*:V — U is of class €*;
1

8. Ifx = f1(y), then (Df)(y) = ((Df)(x))

4. If f is of class €™ for somer > 1, so is f~1.
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Proof. Assume that A = (Df)(z9). Then |A™'|g®n gy # 0. Choose A > 0 such that
2A| A @n rny = 1. Since f € €, there exists § > 0 such that

|(Df)(z) - A

sanzn = (D)) = (Df) (o)

PR < A whenever x € B(xy,0) nD.

By choosing ¢ even smaller if necessary, we can assume that B(zg,d) € D. Let U = B(zo,9).
Claim: f: U — R"™ is one-to-one (hence f : U — f(U) is one-to-one and onto).

Proof of claim: For each y € R", define ¢, (z) = x4+ A™'(y — f(z)) (and we note that every
fixed-point of ¢, corresponds to a solution to f(z) =y). Then

(D) (z) =1d = A™H(Df)(z) = A7 (A= (Df)(=)),

where Id is the identity map on R™. Therefore,

_ 1
(D)) gy < 147 A = (DY) |y < 5 ¥ € Bz, ).
By the mean value theorem (Theorem A.16),
1
Hcpy(xl) — gpy(xg)HRn < §Hx1 — Zo|ge V1,29 € B(x0,9), 11 # X2; (A.3.1)

thus at most one x satisfies ¢,(z) = z; that is, ¢, has at most one fixed-point. As a
consequence, f : B(zg,d) — R™ is one-to-one.

Claim: The set V = f(U) is open.

Proof of claim: Let b € V. Then there is a € U with f(a) = b. Choose r > 0 such that
B(a,r) € U. We observe that if yy € B(b, \r), then

ley(a) — alrn < A (y — f(@))lrr < |A7 | @n )y — blre < AJA™Y | z@n )T =

I

No| 3

thus if y € B(b, A\r) and x € B(a,r),

1 T
loy(x) — alrn < [@y(2) = @y(a)] g + ley(a) — alrn < Sl —alge + 5 <.

Therefore, if y € B(b, Ar), then ¢, : B(a,r) — B(a,r). By the continuity of ¢,,

@y : B(a,r) — B(a,r).

On the other hand, (A.3.1) implies that ¢, is a contraction mapping if y € B(b, Ar); thus by

the contraction mapping principle A.10 ¢, has a unique fixed-point « € B(a, ). As a result,
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every y € B(b, A\r) corresponds to a unique x € B(a,r) such that ¢,(x) = x or equivalently,
f(x) =y. Therefore,
B(b, Ar) < f(B(a,r)) c f(U)=V.

Next we show that f~:V — U is differentiable. We note that if x € B(zg, ),

1

[(Df) (o) = (DF) ()| z@n ) | A

thus Theorem 5.11 implies that (D f)(z) is invertible if z € B(x,0).

Let b € V and k € R™ such that b + k € V. Then there exists a unique a € U and
h = h(k) € R" such that a + h € U, b = f(a) and b+ k = f(a + h). By the mean value
theorem and (A.3.1),

1
les(a+h) — (@)l < 5lhlee:
thus the fact that f(a + h) — f(a) = k implies that

1
[h— A7 ke < 5 I
which further shows that
1 1 _1 1
Il < A7 klre < |A™ | p@n me) [KlRe < 3 (KR (A.3.2)

As a consequence, if k is such that b+ ke V,

[0+ k) = S710) = (PH@) Mg flath—a— ((Df)(@) k],
1| L8

<|(Df)@) " (R R") AL f<ah)|;n(Df>(a)(h) - !ZHEZ

_ @@ gz [+ ) = F(a) — (D) @)W

h A |l '

-1

Using (A.3.2), h — 0 as k — 0; thus passing k& — 0 on the left-hand side of the inequality
above, by the differentiability of f we conclude that

R = 170 = (D)(@) bl

=0.
kHO k|| g
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This proves 3.
To see 4, we note that the map g : GL(n) — GL(n) given by g(L) = L™ is infinitely

many time differentiable; thus using the identity

(DF () = (D)) = (g0 (Df) o fH)(y),

by the chain rule we find that if f € 6", then Df~! € "' which is the same as saying that
fleer. =

Remark A.18. Since f~! : V — U is continuous, for any open subset W of U f(W) =
(f~H~ (W) is open relative to V, or f(W) = O n V for some open set O < R™. In other
words, if U is an open neighborhood of x; given by the inverse function theorem, then
f(W) is also open for all open subsets W of U. We call this property as f is a local open

mapping at xg.

Remark A.19. Since (Df)(zo) € Z(R",R"), the condition that (D f)(xo) is invertible can

be replaced by that the determinant of the Jacobian matrix of f at x( is not zero; that is,

det ([(Df)(z0)]) # 0.

The determinant of the Jacobian matrix of f at xzq is called the Jacobian of f at xy. The
a(fl"" 7fn)

Jacobian of f at x sometimes is denoted by J;(z) or —"—"""£.
d(@1, -+, xp)

Example A.20. Let f: R — R be given by

1
x+2x%sin— ifx #0,

flz) = x
0 ifx=0.

Let 0 € (a,b) for some (small) open interval (a,b). Since f'(z) =1 — 2cos — + 4z sin 1 for
x # 0, f has infinitely many critical points in (a, ), and (for whatever reasons) these crltlcal
points are local maximum points or local minimum points of f which implies that f is not
locally invertible even though we have f/(0) = 1 # 0. One cannot apply the inverse function

theorem in this case since f is not €.

Corollary A.21. Let U < R" be open, f: U — R™ be of class €*, and (D f)(x) be invertible
forallx e U. Then f(W) is open for every open set W < U.
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BZEM Tl R (local)) F S #ic® I (Theorem A17) 2. 18 » AP ET K& B hf_>
i (global) F Sn#ic i i /- %i% g’acé;cs’ir%}% enk S IR o AP § R AL
AR (Df)(r) wE B S R 2 PR SR e T SRR IR
HY A:zBiz if'r’a.gﬂ—%;g’ﬁ - m}'n“%.‘f

Example A.22. Let f: R? — R? be given by

f(z,y) = (e" cosy, e”siny).
Then

(D). y)] = [

e*cosy —e¥siny
e*siny e*cosy ] '

It is easy to see that the Jacobian of f at any point is not zero (thus (D f)(z) is invertible for
all z € R?), and f is not globally one-to-one (thus the inverse of f does not exist globally)
since for example, f(x,y) = f(z,y + 27).

Rt pErekd N @RF a,ﬁ;;ﬁ_}_»i*lafi,; LEBAE LR e h- B
L ?ﬁ-&n—\&gn deﬁmtei*z\rr:l.ﬁ;;* AR EEREA S A3 AR PER TR A
(Df)(x) 3l '3" HoomARG I FRT g (—lir'_F Bl)e T iHHETIL (DEHFE S
b/ Qe &-Lﬂ)’likﬂ?fﬁi—fij\@h?p.}a Bofide T R AE S IR IE B R Sl BE
PR A A ROREER Y S E - - e B ER A aﬁmr—,,t;m T H e
>enl Tl Aok - H R8s oo E e E_sign definite > FRA S B E R P % 2 E - H- o
(F] % Bete 5 3 b 02 ) o

Theorem A.23 (Global Existence of Inverse Function). Let D < R" be open, f: D — R”
be of class €, and (Df)(x) be invertible for all x € D. Suppose that K is a connected
compact subset of D, and [ : 0K — 0f(K) is one-to-one. Then f: K — R" is one-to-one.

Proof. Define E = {z € K ’ Jye K,y #x 3 f(z) = f(y)}. Our goal is to show that E = .
Before proceeding, we note that Corollary A.21 implies that if = € int(K), then f(z) e

int(f(K)). Therefore, f: 0K — 0f(K) and f :int(K) — int(f(K)).

Claim 1: E is closed.

Proof of claim 1: Suppose the contrary that E is not closed. Then there exists {zx}, € E,

xp — x as k — oo but x € K\E. Since z; € E, by the definition of F there exists y, € F

such that y; # x; and f(xx) = f(yx). By the compactness of K, there exists a convergent

subsequence {yx, } of {yx}7Z, with limit y € K. Since x ¢ E and f(xx,) = f(yr,) — f(v)

as j — 00, we must have r =y; thus yp, — z as j — .
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Since (D f)(x) is invertible, by the inverse function theorem there exists ¢ > 0 such that
f : B(xz,0) — R™ is one-to-one. By the convergence of sequences {a:kj}j,o:l and {ykj };O:l,
there exists N > 0 such that

xkjwykjEB(x?(s) VJ>N

This implies that f : B(x,d) — R™ cannot be one-to-one (since Ty; # Yr; but f(:ckj) =
f (ykj)), a contradiction. Therefore, F is closed.

Claim 2: FE is open relative to K; that is, for every x € E, there exists an open set U such
that re U and U n K € E.

Proof of claim 2: Let x; € E. Then there is x5 € F, x5 # 1, such that f(z1) = f(x2).
By the assumption that f is injective from 0K to the boundary of f(K), we find that
x1, 9 € int(K). Since (D f)(z1) and (D f)(xs) are invertible, by the inverse function theorem
there exist open neighborhoods U; of x1 and U of x5, as well as open neighborhoods V7,
Vo of f(x1), such that f: U; — V; and f : Uy — V; are both one-to-one and onto. Since
Ty # X9 and x1, 9 € int(K), W.L.O.G. we can assume that Uy n Uy = & , Uy, U, € K and
Vi, Vo € f(K). Since Vi n V5 is open, the continuity of f implies that f~1{(Vin V) = O nD

for some open set O; thus

f:U n O — VN Vyis one-to-one and onto,

f:Uyn O — Vi nVyis one-to-one and onto.

Let U = Uy nO. Then U is an open neighborhood of x;. Moreover, every x € U corresponds
to a unique T € Uy n O such that f(z) = f(Z). Since U; n Uy = ¢J, we must have x # 7.
Therefore, x € E, or equivalently, U < F.

Now we show that F = ¢J. Since E is open relative to K and E is closed, the
connectedness of K implies that £ = K or E = ¢J. Since f : 0K — Jf(K) and
f o int(K) — int(f(K)), the injectivity of f on 0K implies that 0K & FE; thus K ¢ E.
Therefore, £ = (. O

Example A.24. Let f : R? — R? be given as in Example A.22, and D = {(;1:, Y) }:L’ eR,0<
Yy < 27r}. Then f : D — R? is one-to-one. If K is a compact subset of D, then f : K — R?

is also one-to-one (thus f : dK — R? must be one-to-one as well).

Corollary A.25. Let D < R" be a bounded open convex set, and f : D — R™ be of class
€1 such that
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1. f and Df are continuous on D;
2. the Jacobian det ([(Df)(z)]) # 0 for all z € D;
3. f:0D — R" is one-to-one.

Then f : D — R™ is one-to-one. Moreover, f~' : f(D) — R" is continuous, and f~' :
f(D) — D is of class €.

Proof. We first claim that there exists a small € > 0 such that f : D. — R" is one-to-one,
where

D. ={zeD|d(z,0D) <e}.

Assume the contrary that for every k > 0, there exists zy, yx € D such that
1 1
(o) mi# i (0) dla 090) < T and d(ue,2) < 1 (0) ) = Flue).

Since {zx}72; and {yx}72,; are bounded (due to the boundedness of D), by the Bolzano-

Weierstrass Theorem (Theorem 2.51) there exist {xk]. }?;1 and {yk]. }50:1 such that x, — z €
D and yy, — y € D. By (b), 2,y € dD; thus the fact that f : 9D — R" is one-to-one implies
that © = y. Therefore, 3, — x and y, — x as j — o0.

T, — Yk,
|k, — vk, |rn
Theorem again there is a convergent subsequence {ujz}zozl with limit u # 0. Moreover, by

Let u; = Since {u;}72, is bounded in R", by the Bolzano-Weierstrass

the convexity of D, the mean value theorem implies that for each i = 1,--- ,n, there exists

cie on the line segment joining xy;, and y,, such that

0= fi(mkje) - fi(ykje) = (Dfi)(cz[)(a:kje - ykje) = Hﬂﬂkn — Yk, HR"(Dfi)(CM)(ujg)

which by (a) further shows that (Df;)(cic)(uj,) = 0 for all i = 1,--- ,n and £ € N. Since
ciy — x as { — oo, passing ¢ — o we conclude that (D f;)(z)(u) = 0. This holds for each
i=1,---,n; thus (Df)(z)(u) = 0. Therefore, det ([(Df)(x)]) = 0, a contradiction.

Now suppose that there exists x,y € D such that f(x) = f(y). Choose a compact set
K < D such that z,y € K and 0K < D, (this can be done, for example, by choosing that
K = D\D;s for some small 6 > 0). Since f : D. — R is one-to-one, f : 0K — R is
one-to-one. By Theorem A.23, f : K — R" is one-to-one. Then xz = y; thus f : D — R" is
one-to-one.

Next, we show that f : D — R” is one-to-one. Assume the contrary that there exists

x € D and y € 0D such that f(z) = f(y). By the inverse function theorem there exists
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open neighborhood U of z and V of f(x) such that f : U — V is one-to-one and onto.
By choosing U even smaller if necessary, we can assume that there exists {yx}r~; < D\U
and yp — y as k — . By the continuity of f, f(yx) — f(y) as k — co. However, since
f : D — R" is one-to-one, {f(yk)}zo:l ¢ V; thus {f(yk)}zozl cannot converge to f(y) as
k — oo (since f(y) € V), a contradiction.

Finally, the inverse function theorem implies that f=' : f(D) — D is of class ¢, and
the continuity of f~' on f(D) follows from the fact that (f~')~'(F) = f(F) is closed in D
for all closed subset F' of R™. D

Remark A.26. Suppose that D < R” in Corollary A.25 is open, bounded, connected but
not convex. The Whitney extension theorem (which is not covered in this text) implies that
there exists a function F : R* — R” so that F = f and DF = Df on D. Then Theorem A.

23 can be applied to guarantee that F' is one-to-one on D.

A.4 The Implicit Function Theorem (‘£ 3 # 7 32 )

Theorem A.27 (Implicit Function Theorem). Let D < R™ x R™ be open, and F : D — R™
be a function of class €*. Suppose that for some (zo,yo) € D, where xy € R™ and yo € R™,
F(zo,90) =0 and

ayl aym
[(DyF)(%,yo)} = : : (%0, Yo)
oF,, N oF,,
L dy1 OYm

is invertible. Then there exists an open neighborhood U < R™ of x(, an open neighborhood

VS R™ of yo, and f : U — V such that
1. F(z, f(z)) =0 forallz € U;

2. yo = f(x0);

3. (Df)(z) = —((DyF)(Z',f(CC)))_I(DxF) (z, f(z)) for all x € U, where the matriz rep-
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resentation of D, F(x, f(z)) € B(R",R") is given by

ox1 oxy,
OFm  OFm
| 01 0xy, |

4. f is of class €*;

5. If I is of class €" for somer > 1, so is f.

Proof. Let z = (z,y) and w = (u,v), where z,u € R" and y,v € R™. Define G by

G(z,y) = (z, F(z,y)), and write w = G(2). Then G : D — R™™™, and

L, 0
[(DG)(x,y)] = ,
(Do F)(x,y) (DyF)(x,y)
where I, is the n x n identity matrix. We note that the Jacobian of G at (zg,yo) is
det ([(DyF) (o, yo)]) which does not vanish since (D, F)(zo,yo) is invertible, so the inverse

function theorem implies that there exists open neighborhoods O of (zg,y0) and W of
(x(b F(xo, yg)) = (20, 0) such that

(a) G: O — W is one-to-one and onto;
(b) the inverse function G™! : W — O is of class €";
(©) (DG)(w. F(r,y) = (DG)(w,)) ™"
By Remark A.18, W.L.O.G. we can assume that O = U x V', where U < R" and V < R™

are open, and xg € U, yp e V.

Write G~ (u,v) = (¢(u,v), 9 (u,v)), where ¢ : W — U and ¢ : W — V. Then

(u7v) = G(@(uav>v¢(u7v)) = (90<U7U)7F(u7¢(u7v)))

which implies that ¢(u,v) = u and v = F(u,¢(u,v)). Let f(z) = ¢(z,0). Then (u, f(u)) €
U x V is the unique point satisfying F (u, f(u)) =0 if u € U. Therefore, f : U — V, and

F(z, f(x)) =0 Vzel.
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Since G(zo,10) = (20,0) = G(xg,f(l"o)), (70, Y0), (5Uo,f(350)) € O,and G : O - Wis
one-to-one, we must have yo = f(xg).
By (b) and (c), we have G~ is of class ¢!, and

(DG (u,v) = ((DG)(z,y)) "

As a consequence, 1) € €', and

(Dup)(u,v) - (Duip)(u,v)] _ 1, 0
(D) (uv) (Dy)(u,0)|  [(DoF)(,y) (DyF)(,y)
B i I, 0
(D, F) ) T (DeF) @) (DyF)(,y)

Evaluating the equation above at v = 0, we conclude that

(D)) = (Duth) (u,0) = = ((DyF)(u, £ (u))) ™ (DaF) (u, f ()
which implies 3. We also note that 4 follows from (b) and 5 follows from 3. o

Alternative proof of Theorem A.27 without applying the inverse function theorem. Let z =
(2,9), 20 = (w0, %0), A = (Do F')(20,%0) and B = (D, F)(zg, yo). Define

r(z,y) = F(z,y) = Az — 20) = B(y — ).
Note that the condition F(zg,yo) = 0 implies that r(zo,yo) = 0. Our goal is to solve the
equation
0= Az — o) + B(y — yo) + r(z,y)
for y (given z). By the invertibility of B, this is equivalent of finding a fixed-point of the
map
,.(y) =yo— B! [A(a: —x9) + r(z, y)] )
Since 7 is of class €' and (Dr)(zo,yo) = 0, there exists § > 0 such that

. 1 1
|(Dr)(@, y) | #(en gy < min {4m” i %} V2 e Bl(z,0). (A4.1)

Therefore, the mean value theorem (Theorem A.16) implies that

Ir(z, y)|rm = HT(JC,ZJ) - T(ﬂfo’yo)HRm S Z ‘7“2'(1’3,3/) - 7"@'(56'0,3/0)‘ = Z ’(Dri)(ci)(z - Zo)’

=1 =1
|z — 2o||gn+m 5

N 4| B gmmgmy 4B g®m mm)
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for all z = (z,y) € B, 6) x B(yo, 6) < B(z,9), and

_ 1
| @2 (11) = Pal¥2) | g < IB | z@m mmyllr(z, 1) — vz, y2) [om < ;lHyl —yalrm  (A4.2)

0 )
ifze B(:I:O, 5), Y1, Y € B(yo, 5) and y; # yo. As a consequence, for each (fixed) x satisfying
) é}
4(1+ Al z@n zr)) 1B~ z@m gmy” 207

|z — xo|gn < T = min{ if |y — yolrm < g we have

[92(y) — Yollrn < | B~ | m@m zmy |A(x = 20) + 7(2,9) | gm

< | B z@m mm [ Al e w2 — zoflre + (2, y)[rm)] < (A.4.3)

| s

Let M = {y € R™| |y — yo|rm < g} Then for each x € U = B(xo,7), (A.4.2) and (A.4.3)
imply that &, : M — M is a contraction mapping; thus there is a unique fixed-point y € M.

Denote this unique fixed-point as f(z). Then f: U — V = B(yj, g) (the choice of this V'
guarantees that U x V' < B(zp,0)) and

F(z, f(z)) = A(z — @0) + B(f(2) — o) + 7 (2, f()) =0.

Moreover, since F(x,y) = 0 if and only if y is a fixed-point of ®,, and the contraction
mapping principle provides the uniqueness of the fixed-point if (x,y) € U x M. Since
(20, Yo0), (x0, f(x)) € U x M, we must have yo = f(x).

To see the differentiability of f, we first claim that f : U — V is continuous. Since f(z)
is the fixed-point of P,

f@) =yo— B (A(z — o) + r(z, f(2))).-

If 21,29 € U, then (z1, f(x1)), (22, f(22)) € B(20,9); thus (A.4.1) (together with the mean
value theorem) (A.4.2) imply that

Hf(ifl)—f(@)HRm = HB_lA(% - 932)”Rm + HT(%, fz1)) —r(z2, f(-’EQ))HRm

< HBilAHE@(Rn’Rm)”l'l — .TQHRn

+|B7| g@m mm) sup HDT z,y) (xlaf(xl))_(x%f(x?))HRm

( )e @(Rm ’Rm)
T,y

_ 1 1
< | B Al g@n gy |21 — 22 |re + §H$1 — Talrn + §Hf(931) — f(w2)|rm .

Therefore,
[£(02) = Fl@2)|gn < 1B~ Alsnem) + 1)1 — w2l (A44)
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which implies that f: U — V is (Lipschitz) continuous.
Now let @ € U and € > 0 be given. Define b = (a, f(a)), and A = (D,F)(b), B =
(DyF)(b). We would like to show that there exists §; > 0 such that

|f(x) = fla) + B 'A(z — a)|pm < elz—alrn Ve B(a, o).

Since F € ¢! and the map L — L~! is continuous, there exists d, > 0 such that

3

|(DyF)(2) " (Do F)(2) = (DyF)(20) (Do F) (2

Moreover, since r € €, there exists d; > 0 such that

€
r(z) —r(b) — (Dr)(b)(z —b < 2z — bllgn+m Vze B(b,6
H ( ) ( ) ( )( )( )H]Rm 2”Bil||!@(Rm7Rm) H HR + ( 3)

and

3
b <
) )H,@(R"+W,Rm) 2| B~ @m mm

|(Dr)(2) = (Dr |2 = bllgnsm ¥z e B(b,53).

)
d2 6

. 03
Choose 9; = min «{—, 3
' 27 27 22[B~ 1Al g@nzm) + 1)

}. Then if |z —allgn < 61, using (A.4.4)
we find that

rn + | f(x) = fla)

Rm < IIlll’l{(SQ, (53}7

|, f(@) = (@, f(a)) | guin < |2 —a
thus if |z — afen < 3,
[f(@) = f(a) + BT A(x — a)| .,

= |(B'A~B™'A)(x —a) + B~ (r(x, f(z)) — r(a, f(a)))
<|B'A- B‘lAH%(

e

]RnJRm) HZE - aHRn

r(z, f(x)) = r(a, f(a)) — (Dr)(b)(z — a, f(z) — f(a)) g
+ | B gz oy [ (D7) (0) (2 — a, f(z) — f(a))

+ H B_l HQ’;(R'NLJRWL)

Rm < 8”'%. - CLHRn N

Therefore, f is differentiable on U, and

(D)) = =((DF)(x, f(x))) (Do) (x, f(x))  VaeU. (A.4.5)

Since F is of class € and f is continuous on U, we find that Df is continuous; thus f is of

class €. o
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Example A.28. Let F(z,y) = 2* +y* — 1.

L. If (zo,y0) = (1,0), then F,(zo,y0) = 2 # 0; thus the implicit function theorem implies

that locally x can be expressed as a function of y.

2. If (zo,y0) = (0,—1), then F,(x,y9) = —2 # 0; thus the implicit function theorem

implies that locally y can be expressed as a function of x.

3. If (zo,y0) = (— %, \f), then F,(xg,90) = —1 # 0 and F,(x0,90) = V3 # 0; thus the
implicit function theorem implies that locally x can be expressed as a function of y

and locally y can be expressed as a function of x.

Example A.29. Suppose that (z,y,u,v) satisfies the equation

zu+ yv? =0
v + y?u® =0

and (x()ayOaanUO) = (177171771) Let F(‘Tay7uvv) = (‘IL‘U + y”U2,$U3 + y2u6)' Then
F(z0, Yo, uo, vo) = 0.

0Fy 0F

1. Since (D, ,F)(z0o, Yo, uo, Vo) = x. 0y (o, Yo, Uo, Vo) = [ o ] is invertible

©y R T 0Fy 0F R T -1 =2 ’
ox oy

locally (x,y) can be expressed in terms of u,v; that is, locally x = x(u,v) and y =

y(u,v).
oFy O0Fy
: Oy ou 1] .. :

2. Since (D, F') (%o, Yo, wo, vo) = oF, OF, (20, Yo, Uo, Vo) = {_2 6] is invertible, lo-

Oy ou

cally (y,u) can be expressed in terms of z, v.
Example A.30. Let f : R? — R? be given by
f(z,y,2) = (ve’ + ye*, xe® + ze¥).
Then f is of class ¢, f(—1,1,1) = (0,0) and

e¥ we¥ +e* ye®
e? ze¥ xe +e¥|’

[(Df)(z,y,2)] =
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Since (D, . f)(—1,1,1) = {2 (j is invertible, the implicit function theorem implies that the
system

re! +yer =0

re® +ze¥ =0
can be solved for y and z as continuously differentiable function of = for x near —1 and (y, 2)

near (1,1). Furthermore, if we write (y, z) = g(z) for  near —1, then
, xe¥ + e* ye* ey
g(x) = ze¥  xe* 4 €Y e*|’
A.5 An Application: The Lagrange Multipliers
In this section we are concerned with the optimization problem

“find the extreme value of function y = f(x) subject to the constraint g(z) = 0", (A.5.1)

where f : R® — R is a real-value differentiable function, and g : R” — R™ is a vector-valued
¢"'-function for some m < n. We assume that the feasible set {z|g(z) = 0} is non-empty
and does not contain isolated points (or the extreme value of f is not attained at isolated
points of the feasible set), and all the local extreme points of f do not belong to the feasible
set (otherwise we can ignore the constraint and find the local extreme value of f directly).

Suppose that f attains its extreme value, subject to the constraint ¢ = 0, at point a,
and the Jacobian matrix of g at a has rank m (that is, [(Dg)(a)] has full rank). Without

loss of generality we can assume that the square matrix

og1 o091
A (a) e (a)
0Gm 0Gm
Txl(@ m(a)

is invertible (thus has rank m). Then the implicit function theorem implies there exist an
open neighborhood V' of (@41, -+ ,a,) and a € -function ¢ : V. — R™ such that in a

neighborhood of a, the feasible set can be expressed as

(1, Tm) = @(Timg1,+ , Tn) (Tmg1, - ,Tn) €V
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Under these settings, the original optimization problem (A.5.1) is transformed as “the func-

tion y = f(@(xmﬂ, S X)), Tl ,xn) attains its extreme value at (@i, -+ ,a,)";
thus
afL'erl (Trmg 1y Zn)=(@mt 1, 5an) ) ) s , , ,
0
T2 (@mt1,,Zn)=(am+1, 0 )f(@(l’m_H, o ’xn>’xm+l’ T ’x"> =0,
i f(w($m+1 ZL’n) Tm41 I’n> =0
axn (Im+1,~~~,zn):(am+17.,,7an) ’ ) ) ’ ) s

or using the chain rule,

of of oo of .
g5 YL 9% . 2 la) = <iji<
[83}1 (a) . (a)} o (@1, Qp) + o1 (a)=0 form+1<j<n. (A52)
Noting that the implicit function theorem implies that
091 091 (] [0 L 9
1@ 7 T @ a0, @
(Do) (amsrs - an)] ==+ o : S
Tml(a) @(a) OTmt a oz, (a)
we find that for m +1 < j < n,
91 A9 17 [0,
. 2@ @] | o
%(aﬂﬂ-l’”' 7an):_ :
J
o (@) o, (@) 22, (a)
Define
291 91 a1
. . 2, (@) 2, (@)
[)\1 A2 )‘m} - (%Jfl( ) an(a) : :
" 9m 9m
(37951(@) T 87(‘1)
Then (A.5.2) implies that
of g1 292 Ogm .
a5 “91 Y92 o ZIm 0y = <j<n. 5.
31 (a) + )\ 31 (@) + A 32 (@) + -+ A Py (@) =0 form+1<j<n (A.5.3)
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On the other hand, by the fact that

dg1 g1 g g
7, (@) A, (@) 7, (@) 2, (@)
. . . . - Imxma
OGm O9m Jgm Ogm
Txl(a) (97(@) 371(“) ﬁ(a)
for 1 < j <m,
91 og1 o9,
571(@) %(a) axj( )
: : : - ej7
Tm(a) m(a) 67],(@)

where {e;}7., is the standard basis of R™. Therefore, left multiplying the equation above

B R -
by the row vector a—xl(a) Ao (a)|, we obtain that
91 292 Ogm, \_ _Of .
)\1(97]-(&) + >\267j(a> +- 4+ )\maTj(a) = o, (a) for 1 <j<m. (A.5.4)
Combining (A.5.3) and (A.5.4), we conclude that
of 091 292 o gm [ \ _ :
or equivalently,
(Df)(@)] +[M X2 - An] [(Dg)(a)] =0.

We then establish the following

Theorem A.31 (Lagrange Multipliers). Let U < R™ be an open set, f : U — R be
differentiable, g : U — R™ be of class €' for some m < n, and S = {x € U|g($) = O}.
Suppose that S # & and f|s, the restriction of f on S, attains its extreme value at a € S.
If [(Dg)(a)] has full rank, then there exist Ai, Ao, -+ , Ay € R such that

(OH@]+ [ de o Au] [(Dg)a)] =0.

A.6 Exercise

§ A.3 The Inverse Function Theorem
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Problem A.1. Prove Corollary A.21; that is, show that if U < R" is open, f: U — R" is
of class €, and (Df)(z) is invertible for all z € U, then f(W) is open for every open set
WcVu.

§ A.4 The Implicit Function Theorem

Problem A.2. Assume that one proves the implicit function theorem without applying the

inverse theorem. Show the inverse function using the implicit function theorem.

Problem A.3. Suppose that F(z,y,z) = 0 is such that the functions z = f(x,y), = =
g(y, z), and y = h(z,x) all exist by the implicit function theorem. Show that f,-g,-h, = —1.

Problem A.4. Suppose that the implicit function theorem applies to F'(x,y) = 0 so that
y = f(z). Find a formula for f” in terms of F' and its partial derivatives. Similarly, suppose
that the implicit function theorem applies to F'(x1,x2,y) = 0 so that y = f(x1,25). Find

formulas for fi,z,, friz, and fi,., in terms of F' and its partial derivatives.

Problem A.5. Given F': R* —» R? and suppose that F(z,y) = 0, where z = (21, z2) and

y = (y1,y2). State conditions which guarantees that the equation

Oy1 02 | Oy O

FEN SR S M

holds. Prove or justify your answer.
§ A.5 An Application: The Lagranege Multipliers

Problem A.6. Find the extreme value of f(z,y) = 4zy subject to the constraint

2y
9

+L =1,

—_

2
6

Problem A.7. Find the extreme value of f(z,y) = 2? + 6(y*> + y + 1)? subject to the

constraint x? + (y3 — 1) = 1.

Problem A.8. Find the minimum value of f(z,y,z) = 22? + y* + 322 subject to the
constraint 2z — 3y — 4z = 49.

Problem A.9. Find the extreme value of the function f(z,y, z) = 20+ 2z + 2y + 2? subject
to two constraints 22 + y?> + 22 =1l and 2 +y + 2z = 3.
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Problem A.10. Find the extreme value of f(z,y,z) = z subject to the constraints z* +

y* — 2 =0and y = 2.

Problem A.11. Suppose that C' € R" is a convex set (that is, tx + (1 — t)y € C for all
x,ye C and t € [0,1]), and f : C' — R be a differentiable real-valued function. Show that

if f on C attains its minimum at a point x*, then
(VH(x") (x—2*) =0 VeeC. (*)

Hint: Recall that (Vf)(z*) - (z — «*), when f is differentiable at z*, is the directional
derivative of f at «* in the “direction” (z — x*).

Remark: A point x* satisfying (x) is sometimes called a stationary point of f in C.
Problem A.12. Let B be the unit closed ball centered at the origin given by

B = {:1:: (x1, 29, ,Tp) GR”‘”Q:HQ =34+ 4l < 1},
and f: B — R be a differentiable real-valued function. Consider the minimization problem

min f(x).

xzeB

(1) Show that if f attains its minimum at &* € B, then there exists A < 0 such that

(VF)(a*) = Aa*.

(2) Find the minimum of the function f(z,y) = z* + 2y*> — x on the unit closed disk
centered at the origin {(z,y) |2* + y* < 1} using (1).

Problem A.13. Let a € R? be a vector, b € R, and C be a half plane given by
C= {;13: (.Tl,l’27$3) €R3‘a' T< b}J

and f: C — R be a differentiable real-valued function. Consider the minimization problem

miél f(x). Show that if f attains its minimum at «* € C, then there exists A < 0 such that
e

(V)(&*) = Aa.
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B.1 Equi-continuous family of functions

The first part of this section is devoted to the investigation of the difference between the

pointwise convergence and the uniform convergence of sequence of continuous functions.

Definition B.1. Let (M,d) be a metric space, (V,| - ||) be a normed vector space, and
A < M be a subset. A subset B < 6,(A;V) is said to be equi-continuous (% &g ¥ ) if

Ve>0,30>0 3 |f(z1) — f(z2)| <& whenever d(z1,x2) <0, x1,29 € A, and f € B.

Remark B.2. 1. If B € %,(A;V) is equi-continuous, and C' is a subset of B, then C' is

also equi-continuous.
2. In an equi-continuous set of functions B, every f € B is uniformly continuous.

Remark B.3. For a uniformly continuous function f, let d;(e) (we have defined this number
in Remark 4.47) denote the largest ¢ that can be used in the definition of the uniform
continuity; that is, d7(e) has the property that

|f(z) — f(y)| <& whenever d(z,y) <d,z,yc A < 0<I<d(e).

458
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Suppose that every element in B < %,(A;V) is uniformly continuous on A. Then B is

equi-continuous if and only if Jicntfg dr(e) > 0.
€

Example B.4. Let B = {f € 6,((0,1); Hf < 1 for all z € (0, 1)} Then B is equi-

continuous (by choosing ¢ = € for any given e, and applying the mean value theorem).

Example B.5. Let f; : [0,1] — R be a sequence of functions given by

f

1

kx fog<x < <
o1 2

fu(x) =4 2—kx le< <o

0 ifxz>

) H

\

and B = {fx}>;. Then B is not equi-continuous since the largest ¢ for each k is % which

converges to 0.

Lemma B.6. Let (M,d) be a metric space, (V, | -|) be a normed vector space, and K < M

be a compact subset. If B <€ € (K;V) is pre-compact, then B is equi-continuous.

Proof. Suppose the contrary that B is not equi-continuous. Then there exists ¢ > 0 such
that

1
Vke N, Hl’k,yk e K and fk eB > d(l’k,yk) < E but ||fk(«rk) — fk(yk)H =€

Since B is pre-compact in (¢'(K;V),| - |») and K is compact in (M,d), there exists a
subsequence { fy, } and {my, }72, such that { fi, } converges uniformly to some function

fe (CE:V), ] o ) and {r,}72, converges to some a € K. We must also have {y, |7~

. 1
converges to a since d(w;, y,) < P
J
Since f is continuous at a,

35>09Wﬂ@—fmw<§ if v € B(a,d) N K.

Moreover, since { Jx; }j converges to f uniformly on K and wy;,yx, — a as j — o0, there

=1
exists N > 0 such that

\Wﬁ@—f@”<% if j>Nandze K
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and
d(xp;,a) <6 and  d(yx,,a) <0 if j > N.

As a consequence, for all j > N,
e < || fi, (@r,) = oy (i) | < | fi; (i) = flany)| + | fzr,) — fa)]
+ [ f k) = F(@] + [ Cury) = fr, (i) < %

which is a contradiction. o

Alternative proof of Lemma B.6. Suppose the contrary that B is not equi-continuous. Then

there exists € > 0 such that

1
VkeN,Jay, yp € K and fr € B 3 d(xy, yx) < T but || fu(2x) — fe(ye)l| = €.

Since B is pre-compact in (¢'(K;V), | - [«), there exists a subsequence { fkj}jozl converges
to some function f in (¢'(K;V),| - ||l»). By Proposition 7.46, { f, }?;1 converges uniformly
to f on K; thus there exists N7 > 0 such that

| fr, () = f(z)] < Z Vi= N and x e K.
Since f € €(K;V), by Theorem 4.49, f is uniformly continuous on K; thus

15> 03 | f(z) — f()] <Z if d(z,y) <dand 7,y € K.

Let N = max {Nl, [%} — 1}, and j = N. Then d(zy,,yr;) < ¢ and this further implies that

o < o) iy G < iy o) — P )]+ 10 Gan) = o)+ o) — i )] <
a contradiction. o

Corollary B.7. Let (M, d) be a metric space, (V, |-|) be a normed vector space, and K < M

be a compact subset. If { fi}i2, converges uniformly on K, then {fi} ., is equi-continuous.

Example B.8. Corollary B.7 fails to hold if the compactness of K is removed. For example,
let {fi}72; be a sequence of identical functions fi(z) = % on (0,1). Then {f;}7, converges
uniformly on (0, 1) but { fx}{, is not equi-continuous since none of f; is uniformly continuous
on (0,1) which violates Remark B.2.
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We have just shown that if { i };°; converges uniformly on a compact set K, then { i},
must be equi-continuous. The inverse statement, on the other hand, cannot be true. For
example, taking {fr}>; to be a sequence of constant functions fi(xz) = k. Then {fi}72,
obviously does not converge, not even any subsequence. Therefore, we would like to study
under what additional conditions, equi-continuity of a sequence of functions (defined on
a compact set K) indeed converges uniformly. The following lemma is an answer to the

question.

Lemma B.9. Let (M,d) be a metric space, (V,| -||) be a Banach space, K < M be a
compact set, and {fi}7, < €(K;V) be a equi-continuous sequence of functions. If {fi}i,
converges pointwise on a dense subset E of K (that is, E < K < cl(E)), then {fx}{,

converges uniformly on K.
Proof. Let € > 0 be given. By the equi-continuity of { fx},
35> 0 3 | fulz) — fo(y)] < % if d(z,y) <0, z,y € K and k € N.

Since K is compact, K is totally bounded; thus

" b
Hyr, yymp S K 9K < UB(yj’ﬁ)'
j=1

By the denseness of £ in K, for each j = 1,--- ,m, there exists z; € E such that d(z;, y;) < g
Moreover, B(y;, g) < B(z;,0); thus K < L_JIB(ZJ-, J). Since {fi}72, converges pointwise on

j
E, {fi(z;)}r., converges as k — oo for all j =1,--- ,m. Therefore,

€
AN; >0 3 fu(z) = fulz)l <5 VKL= N
Let N = max{Ny,---, Ny}, then

8 .
ka’<zj)_f€(zj)“<§ Vk{>Nandj=1,--,m.

Now we are in the position of concluding the lemma. If x € K, there exists z; € E such
that d(z, z;) < 9; thus if we further assume that k,¢ > N,

[ (@) = fe(@)| < I Fe(e) = fulz) |+ 1u(2) = fe(zp) + [ fe(z5) = fe()] < e

By Proposition 7.7, {fi};2; converges uniformly on K. o

Remark B.10. Corollary B.7 and Lemma B.9 imply that “a sequence {fi}~, < € (K;V)
converges uniformly on K if and only if {fi}72, is equi-continuous and pointwise convergent

(on a dense subset of K)”.
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B.2 Compact sets in ¢ (K;V)

The next subject in this section is to obtain a (useful) criterion of determining the compact-
ness (or pre-compactness) of a subset B € € (K;V) which guarantees the existence of a

convergent subsequence { fi, };Ozl of a given sequence {fi}i2; € B in (€(K;V),| - [x).

Lemma B.11 (Cantor’s Diagonal Process). Let E be a countable set, (V,|-||) be a Banach
space, and fr : E — V be a sequence of functions. Suppose that for each x € E, {fk(x)}zozl

is pre-compact in V. Then there exists a subsequence of {fr}, that converges pointwise on

E.

Proof. Since E is countable, E = {x,}}2;.
1. Since {fk(xl)}zo:l is pre-compact in (V, || |), there exists a subsequence { fy, }jozl such
that {fkj (ml)}jil converges in (V, | - |).

2. Since {fk(xg)}zo:l is pre-compact in (V, |- |), the sequence {fkj(l'z)};il - {fk(:cg)}zo:l
has a convergent subsequence { i, (3:2)}20:1

Continuing this process, we obtain a sequence of sequences S7, Sy, - -+ such that
1. S consists of a subsequence of {fi}72; which converges at xj, and
2. 5,2 Sk+1 for all k € N.

Let gr be the k-th element of Si. Then the sequence {gx}, is a subsequence of {fi}7,

and {gx}r, converges at each point of E. o

The condition that “{ fk(x)}koozl is pre-compact in V for each x € E” in Lemma B.11

motivates the following

Definition B.12. Let (M,d) be a metric space, (V,|| - |) be a normed vector space, and
compact
A © M be a subset. A subset B < %,(A;V) is said to be pointwise pre-compact if the
bounded
compact
set B, = {f(z)|f € B} is pre-compact in (V,]| ) for all z € A.
bounded
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Example B.13. Let fi : [0,1] — R be given in Example B.5, and B = {fx};~,. Then B
is pointwise compact: for each x € [0,1], B, is a finite set since if fx(0) = 0 for all £ € N,

while if z > 0, fy(z) = 0 for all k large enough which implies that #B, < o0.

ERiE™ kg €(K;V) & 1 compact sets 3 HAZFiFEET o gARAPLG W
P B < %(K;V) 4_compact set o % %~ B38| {fi})2, € B> MNP Eaog i 7o 45 1)
— ¥ f sup-norm T T agen Subsequence { Tr; } ( # sequentially compact ) » @ Diagonal
Process (Lemma B.11) > AP E & K ¢ - BHRG+ F & E 7 {fi}, &2 F 2
¥_ pointwise pre-compact (ig B8 > F %2 7 ¥ 1235 | subsequence 1% BhiT ac) 0 R 1S 4
+ Lemma B.9 eh¥§le4 > § F i 4o b equi-continuity e7if 2 2 {5 > R Bz ac € 153 4k
& o Flt o fp ARy AP g & K B % & pointwise pre-compact B 3 equi-continuous iE
BiEiEkEFd B A C(K;V) ® ¢ compact set = @ - B compact set K ¥ it 7 it 35 ¥
- BB EEPED T 5 2B Lemma #7#k & o

Lemma B.14. A compact set K in a metric space (M,d) is separable; that is, there ezists
a countable subset E of K such that cl(F) = K.

Proof. Since K is compact, K is totally bounded; thus Vn € N, there exists E, < K such
that

#E, <o and K C U B(y,%).

yeER

o0
Let E = |J E,. Then E is countable by Theorem 0.20. We claim that cl(F) = K.
n=1

To see this, first by the deﬁmtlon of the Closure of a set, cl(E) € K (since K is closed).
Let z € K. Since K < B(y, ) x e B(y, ) for some y € F,,. Therefore, B(x l) NE #

yEER

& for all n € N. This implies that z € E = cl(E). o

Theorem B.15. Let (M,d) be a metric space, (V,| - |) be a Banach space, K < M be a
compact set, and B < €(K;V) be equi-continuous and pointwise pre-compact. Then B is
pre-compact in (€(K;V), | - [«)-

Proof. We show that every sequence {f;};~; in B has a convergent subsequence. Since K is
compact, there is a countable dense subset F of K (Lemma B.14), and the diagonal process
(Lemma B.11) implies that there exists { Tx; } that converges pointwise on F. Since E is
dense in K, by Lemma B.9 { Jx; } converges unlformly on K; thus { Jx; } converges in
(€(K;V), | - ) by Proposition 7.46. o
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Remark B.16. Lemma B.6 and Theorem B.15 imply that “a set B < ¢ (K;V) is pre-
compact if and only if B is equi-continuous and pointwise pre-compact”. (That B is pre-

compact implies that B is pointwise pre-compact is left as an exercise).

Corollary B.17. Let (M,d) be a metric space, and K < M be a compact set. Assume that
B < € (K;R) is equi-continuous and pointwise bounded on K. Then every sequence in B

has a uniformly convergent subsequence.

Proof. By the Bolzano-Weierstrass theorem the boundedness of { fk(x)}zo:l implies that
{ fk(x)}zozl is pre-compact for all € E. Therefore, we can apply Theorem B.15 under the
setting (W, || - |) = (R, ]| - |) to conclude the corollary. o

The following theorem provides how compact sets look like in €' (K;V).

Theorem B.18 (The Arzela—Ascoli Theorem). Let (M,d) be a metric space, (V,| - |) be
a Banach space, K < M be a compact set, and B < €(K;V). Then B is compact in

(CK(K; V), | - Hoo) if and only if B is closed, equi-continuous, and pointwise compact.
Proof. “<=" This direction is conclude by Theorem B.15 and the fact that B is closed.

“="” By Lemma B.6 and the fact that compact sets are closed, it suffices to shows that
B is pointwise compact. Let z € K and { fk(:c)}zo:l be a sequence in B,. Since
B is compact, there exists a subsequence { Jr; };il that converges uniformly to some
function f € B. In particular, { fkj(x)};ozl converges to f(x) € B,. In other words, we

0

find a subsequence { Jx; (x)} of { fk(x)}lzozl that converges to a point in B,. This

j=1
implies that B, is sequentially compact; thus B, is compact. =

Example B.19. Let f; : [0,1] — R be a sequence of functions such that
(1) |fr(z)| < M; forall ke Nand z € [0,1]; (2) |[fi(z)] < My for all k e N and x € [0, 1].

Then {fi}72, is clearly pointwise bounded. Moreover, by the mean value theorem

which implies that {fi};”, is equi-continuous. Therefore, by Corollary B.17 there exists a
subsequence { Jx; }30:1 that converges uniformly on [0, 1].
Question: If assumption (1) of Example B.19 is omitted, can { fi};2, still have a convergent

subsequence?
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Answer: No! Take fi(z) = k, then {f};2; does not have a convergent subsequence (note
that fj is continuous and f;(x) = 0; that is, Assumption (2) is fulfilled).

Example B.20. We show that Assumption (1) of Example B.19 can be replaced by f(0) =
0 for all kK € N.

Proof. (a) If £,(0) = 0, then by the mean value theorem we have for all z € (0,1] and k € N,
fr(x) = fr(0) = fi(ck)(x — 0). Then Assumption (2) of Example B.19 implies that

|fu(@) = fe(0)] = | filew)| 2] < Ma|z| < Mo

which shows that {f};2, is uniformly bounded by M.

(b) {fx}r, are equi-continuous (same proof as in Example B.19). o

B.3 Exercise

Problem B.1. Which of the following set B of continuous functions are equi-continuous in

the metric space M? Are the closure B compact in M?
1. B= {sinkzx‘k = 0,1,2,-“}, M =%€([0,7];R).
2. B={sinvo+4k>n2|k=0,1,2,---}, M = 6([0,0); R).
22
3. B— {:Mw(k;zo,m,m}, M =%€([0,1;R).
4. B={(k+1)a"(1—-2)|ke N}, M =%([0,1];R).

Problem B.2. Let (M, d) be a metric space, (V, | - |) be a normed space, and A € M be
a subset. Suppose that B € %,(A;V) be equi-continuous. Prove or disprove that cl(B) is

equi-continuous.

Problem B.3. Let f; : [a,b] — R be a sequence of differentiable functions such that fi(a)
is bounded and |f/(z)| < M for all = € [a,b] and k € N. Show that {f;};>, contains an

uniformly convergent subsequence. Must the limit function differentiable?

Problem B.4. Let €%<([0, 1];R) denote the “space”

#(0,1R) = { /e (0. 1R

PLCES Y

z,y€(0,1] |$ - y’a
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where « € (0,1]. For each f e €%%([0,1];R), define

||fH<gO,a = Sup |f($)| + sup M

€[0,1] eyel. |z — y|*
1. Show that (¢°*([0,1];R), | - [l40.«) is a complete normed space.
2. Show that the set B = {f € €([0,1];R) | | f|l40.. < 1} is equi-continuous.
3. Show that cl(B) is compact in (€([0,1];R), | - [)-

Problem B.5. Given f : R — R a continuous periodic function of period 1; that is,
fx+1) = f(x) for all z € R, and z4,--- , 2, € [0,1] arbitrary m points, define a new
function
1
I(f;x1, yom)(z) = E[f(x%—:vl)%—---—l—f(x%—xm)} VzelR.

Prove that the set
B = {[(f7l'1, 7xm)|$17"' y Tm € [O,l],meN}

is uniformly bounded and equi-continuous in the space €([0, 1]; R). Moreover, show that the

1

derived set B’ = {f f (a:)da:}; that is, the derived set of B consists of one single function
0 1

which is a constant function y = | f(x)dx.

Problem B.6. Let (M,d) be a metric space, (V,| - |) be a Banach space, K < M be
compact, and {fi}>, € F(K;V) be a sequence of continuous functions. Suppose that
for all x € K, if {z}7 . {ye}i, © K and kh_r){.lo Ty = kh_r)glo yr = x, the limits kh_r& fr(zy) and
kh—IBo fr(yx) exist and are identical. Show that { fx}2, converges uniformly on K. How about

if K is not compact?

Problem B.7. Assume that {f;}2 is a sequence of monotone increasing functions on R

with 0 < fy(z) < 1forallzeR and k € N.

0

1. Show that there is a subsequence { fx,;}7~; which converges pointwise to a function f

(This is usually called the Helly selection theorem).

2. If the limit f is continuous, show that {f} }72, converges uniformly to f on any

compact set of R.
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